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PREFACE 


It is now generally recognized that the mathematical equipment 
of the well-trained physicist or engineer of thirty years ago is no longer 
adequate for the physics and engineering of today. To understand 
wave mechanics it is not sufficient to master an old-fashioned treat- 
ment of vector analysis with its limitations to plane and space vectors 
with real coordinates and its emphasis on a visual realization of the 
basic concepts and relations. We must become familiar with multi- 
dimensional vectors with complex coordinates and with the matrices, 
or linear vector functions, which operate on these vectors. A thorough 
and detailed treatment of these vectors and matrices is given in 
Chapters 1 and 2 of this book. Chapter 3 is devoted to the concept 
of function-vectors and of the linear integral operators associated with 
them; it includes an account of the various Fourier scries which are 
attached, each to a given orthonormal sot of function-vectors. Chap- 
ter 4 gives a full account of the concept, so important from the practical 
point of view, of curvilinear coordinates of a vector and of a linear vec- 
tor function. The next two chapters treat the solutions of Laplace's 
equation which may be derived by the method of separation of vari- 
ables, particxxlar attention being given to spherical harmonics and 
Bessel functions, and the application of the method of inversion to the 
determination of the electrostatic capacities of various condensers is 
considered in detail. Chapter 7 treats boundary-value problems and 
the associated Green's function, and Chapter 8, which is devoted to 
the Fredholm and Hilbert-Schmidt theory of integral eciuations, 
culminates with a proof of Rayleigh's principle. The last two chap- 
ters treat the calculus of variations (with particular emphasis on 
d 3 mamical applications) and the operational calculus. 

The subject matter of this book is that of a graduate course in 
applied mathematics which I have given for the past twenty years at 
Johns Hopkins. The course met three hours weekly for thirty weeks 
and was attended by graduate students in physics, engineering, 
chemistry, and mathematics. The content of the course has changed 
somewhat in the two decades during which it has been given, but the 
emphasis has always been on vectors and matrices, boundary-value 
problems, integral equations, and the calculus of variations with its 
applications to dynamics. 
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In. the days when Ireland was known as the Land of Saints and 
Scholars, the usual inscription on a literary effort was “To the Glory 
of God and the Honor of Ireland.” Now that my work at Hopkins 
is over and as I leave to teach mathematics in Brazil, I think it appro- 
priate to close my preface with the inscription 

To the Glory of God, Honor of Ireland, 
and 

Solidarity of the Americas. 

Feancis D. Murnaghan 

BaUimore, Maryland 
May, 1948 
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VECTORS AND MATRICES 


!♦ Two-dimensional vectors 

Let Oxy and O'x'y' be any two rectangular Cartesian reference frames 
in the (a:, j/)-plane, and let (Zi, wii), (Z*, m») be the direction cosines of 
the positive x'- and y'-axes with respect to the Oxy reference frame. 
In other words, if cos (axe') denotes the cosine of the angle between the 
positive a:-axis and the positive x'- 
axis, and so on, let 

= cos (axs'), mi — cos (ya:'); 

— COS (®y0> = cos (yy'). 

If P is any point in the (®, y)-plane 
we denote its coordinates with re- 
spect to the Oxy reference frame by 
(x, y) and its coordinates with re- 
spect to the OVy' reference frame 
by (a:', y'), and we use the symbol 
^ ■ (®> y) to denote thatP is the point 
whose coordinates with respect to the Oxy reference frame are (a:, y). 
If O':(a:o, j/o), the coordinates of P with respect to the reference 
frame O'xy (i.e., the reference frame whose origin is O' and whose 
axes have the same directions as the axes of the Oxy reference frame) 
are (x — x^,, y — yo), and these coordinates are related to the coordi- 
nates (a;', y') of P with respect to the OVy' reference frame as follows: 



X — Xo — hx' -t- Uy'; y — yt = mix! •+• 

Let P + AP be any point, other than P, in the (a;, y)-plane, and 
denote the coordinates of P + AP with respect to the Oxy reference 
frame by (a: H- Aa:, y H- Ay) and with respect to the OVy' reference 
frame by (a:' + A®', y' + Ay'), Thus the numbers {Ax, Ay) are the 

1 
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(» + Aa; — *0, y + Ay — yo) 


and so 

x + ^x-Xo = Ux' + Aa:') + W + Aj/'); 
y + Ay — yo =‘ mi(x' + Ax') + rriiiy' + Aj/')- 

On combining these with the two equations which furnished x - xo 
and y - yo in terms 6f x' and y' we obtain 

Ax = h Ax' + h Aj/' ; 


Ay = Ax' + w^2 A^/'. 

The projections Aa: and Ay of the line segment P-^P + AP on the 
axes of the Ostyy reference frame do not determine the segment 

P^P + AP 


(in other words, there are many line segments P -* P + ^ which 
have the same projections on these axes; m fact the initial point 
P • (x y) of the line segment may be chosen arbitranly, and then the 
temlnal point P + AP:(® + Aa:, y + Ay) is unambiguously deter- 
mined by the numbers (Ax, Ay)). All these line segments have tho 


same mc^gniivde 


lAPl - {(Ax)* + (Ay)*}^ 


and direction. We term the collection of all these equally long and 
equally directed line segments a vector {not many vectors), and we 
say that any one of the. multitude of line segments (all of which have 
the same projections (Ax, Ay) on the axes of the Oxy mference frame) 
is a represenMivn of the vector. The numbers (Ax, Ay) are termed the 
coordinates of the vector (of which the line segment P^P + AP is a 
representation) in (or with respect to) the Oxy reference frame. 
Similarly the numbers (Ax', Ay') are the coordinatiss of the same vector 
in the O'x'y' reference frame. In this tenninology wo have, then, the 
following fundamental result: 

The coordinates (Ax, Ay), in the Oxy reference frame, of an arbi- 
trary vector are connected with the coordinates (Ax , Ay ), in the 
O'x'y' reference frame, of the same vector by the formulas 


Ax = Ax' + Is Ay'; Ay = mi Ax' + ms Aj/'. 
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Here Oxy, O'n/y' are any two rectangular Cartesian reference frames in 
the (®, j/)-plane. 

These formulas may be conveniently remembered by means of the 
following diagram: 


As 

Ay 


When the four direction cosines Qi, mi), (h, ma) are written in this way 
we say that we have set up a table of direction cosines. To read from 
the table the expression for Ax we multiply each number in the first 
row of the table by the projection, in the O'x'y' reference frame, which is 
directly above this number, and we add the two products so obtained: 

Ax = h Ax' 4- h Ay'. 

Similarly Ay is obtained from the second row of the table: 

Ay = mi Ax' -f ma Aj/'. 

Now Oxy and O'x'y' were any two rectangular Cartesian reference 
frames in the (x, y)-plane. Hence the two reference frames may be 
interchanged. Since li = cos (xx'), m* = cos (yy') this interchange 
does not affect the value of h or the value of m* (why?) ; on the other 
hand, mi = cos (yx'), h = cos (xy') so that the interchange of the 
roles of the reference frames interchanges mi and h (why?). We thus 
obtain the new table of direction cosines: 


A»' 

Ay' 

which is read as follows: 

Ax' = Zi Ax -H mi Ay; Ay' = Za Ax ma Ay. 

An equivalent statement of this result is as follows: The table of 
direction cosines 


Ax 

Ay 


Ax' Ay' 


h 

h 

mi 

mi 


Ax Ay 


h 

mi 

u 

mi 


Ax' Ay' 


h 

u 

mi 

nii 
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may be read either by rows or by colunms; thus 

Ax = h Ax' + l» Ay'} Ay = mt Ax' + m* Ay'} 

Ax' = h Ax + mi Ay} Ay' = ItAx + mj Ay. 

EXERCISES 

1. Show that when Oa'y' is obtained by rotating through T then Aa/ => —A®, 

Ci.y' •• —Ay. 

V 

2. Show that when Ox^'y' is obtained by rotating Ox-y through - then Ax' “Ay, 

2 

Ay' « —Ax, What are the formulas for Ax' and Ay' when Ox'y' is obtained by 
rotating Oxy through — 

2 

TT 

3. Show that when Ox'y' is obtained by rotating Oxy through — then 

Ax' = 2r^(Ax + Ay), Ay' •= A® + Ay). 

We have been led to the consideration of plane vectors by consider- 
ing line segments P—*P + AP in the plane. We have seen that a 
vector is unambiguously determined by its coordinates (Ax, Ay) with 
respect to any given reference frame Oxy (its coordinates with respect 
to any other reference frame O'x'y' being furnished, in terms of Ax 
and Ay, by means of the table of direction cosines). Instead of 
regard^g the representation of a vector (by any one of a multitude of 
line segments) as fundamental, we now adopt the point of view that 
the important thing is the manner in which the coordinates of the 
vector change when the reference frame is changed. Thus, instead of 
saying that “a vector is the collection of all line segments which have 
the same projections on the axes of any reference frame,” wo say 
that 

A vector is a collection of pairs of numbers (Ax, Ay), it being under- 
stood that there is one pair for each reference frame and that the 
pairs for any two reference frames are connected with each other by 
means of the table of direction cosines which is defined by the two 
reference frames. 

Thus the pair for any given reference frame Oxy may be arbitrarily 
assigned, and then the vector is determined, the pair for any other 
reference frame O'x'y' being furnished by the formulas 

Ax' = Zi Ax -f mi Ay; Ay' = Zj Ax + m 2 Ay. 

The numbers (Ax, Ay) are termed the coordinates in the Oxy reference 
frame of the vector (Ax being the x-coordinate and Ay the y-coordi- 
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nate). Similarly Aa:' is the a;'-coordiiaate aad Ay' the j/'-coordinate of 
the vector. 

Remark. This definition of a vector will undoubtedly seem some- 
what vague and abstract at first, and the familiar definition may seem 
preferable: “A vector is that which possesses, in addition to the quality 
of magnitude, the quality of direction.” Actually it is this “col- 
loquial” definition that is vague. How can we tell when something 
“possesses the quality of direction”? The only answer is that it must 
have assigned to it, in each reference frame, a pair of numbers, and 
the various pairs, one in each reference frame, must be connected with 
each other in exactly the same way as are the projections of a line 
segment, i.e., by means of the table of direction cosines. 

The simplest, and in some respects the most important, vector is 
the one obtained by setting (Aa:, Ay) = (0, 0). It follows (why?) that 
(Ax', Ay') = (0, 0) so that this particular vector has the property 
that its coordinates in all reference frames are the same. We term 
this vector the zero vector. Whenever we are in possession, in every 
coordinate reference frame, of a number which is the same in each 
reference frame we term this number a scedar. 

Remark. Be sure that you understand clearly the difference 
between the terms “number” and “scalar.” Every scalar is a num- 
ber, but not all numbers are scalars. Thus the x-coordinate of any 
vector other than the zero vector is a number, but it is not a scalar. 
(Prove this.) 

When we wish to denote a vector by a single symbol we shall use 
boldface type, and we shall indicate that v is the vector whose coor- 
dinates in a given reference frame Oxy are (o, b), say, by the notation 

V = »(a, b). 

Thus 

0 = »( 0 , 0 ) 

(it being unnecessary to specify which coordinate reference frame we 
are using). We have, then, the following result: 

The zero vector 0 is characterized by the fact that it is the only 
vector whose coordinates are scalars. 

Note. Despite the importance of the zero vector, it does not pos- 
sess “the quality of direction”; in other words it does not single out 
any particular direction which it calls its own. If we attempt to 
represent it by a line segment the “ two” ends of the segment coincide. 

Every vector furnishes us with a scalar, namely, the common length 
of any line segment which is a representation of the vector. We term 
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this scalar the magnitude of the vector, and we denote the magnitude 
of V by Iv] or simply by v ; thus if v = t>(Aa:, Ay) 

jvl = e = {(A®)* + 

The fact that » is a scalar assures us that 

(AzV + (Ay')* = (A®)* + (Ay)*, 

and since A*' = Aa; + mi Ay, Ay' = UAx + m^Ay this yields 

(li® + ?j®)(Aa:)® + Ax Ay + (mi® + mj®)(Ai/)® 

^ = (Ax)® + (Ay)». 


This relation must be true for arbitrary numbers (Ax, Ay) ’, on setting 
Ax = 1, Ay == 0 we obtain It? + Zs® = 1, and on setting Ax = 0, 
Ay = 1 we obtain mi® + m 2 ® = !• Hence 2(Zimi + Zemi) Ax Ay = 0, 
and on setting Ax = 1, Ay = 1 we obtain Zimi + Z 2 m 2 = 0. Thus 

The jour direction cosinea of the tcd)le of direction cosines are connected 
by the relations 

Iji + = 1; limi + lm» = 0; mi® + m? = 1. 

EXERCISES 

4. Show that the four direction cosines of the table of direction cosines are con- 
nected by the relations Zi* ■+• mi* =“ 1, I 1 I 2 + mimt “ 0, Z,* -i- mi* “ 1. Hint. 
Interchange the roles of the reference frames Oxy, O'xfy' . 

5. Show that if 9 is the angle from O'* to O'*' then the angle from O'y to O'*' 


is f — — (noZ - — 6) and that the table of direction cosines is 
2 2 


A®' Ay' 


cos d 

—sin d 

sin 6 

cos d 


Verify the validity of the relations of Exercise 4. Hint The angle from O'x to 
0'y'is®+J 

6. Show that the magnitude of the vector whose coordinates in the Oxy frame 
are (Zi, mO is un'ty. Note. We shall term any vector whose magnitude is unity a 
unit vector. 

7. Show that the coordinates in the O'aj'y' reference frame of the vector of 
Exercise 6 are (1, 0). 

8. Show that the coordinates in the 0'®'y' reference frame of the vector whose 
coordinates in the Oxy reference frame are (0, 1) are (mi, m 2 ), and deduce that 
mi* + m 2 * “ 1- 
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2. The scalar product of two plane vectors 

If P : (r, y), the vector of which the line segment 0 — »• P is a representa- 
tion is the vector v = v(x, y); this vector is termed the position vector 
of the point P (with respect to the origin 0 of the Oxy reference 
frame). Conversely, when we are given any vector v, there is an 
unambiguously determined point P which has v as its position vector 
with respect to O. It is convenient, then, when specifying the coordi- 
nates of a vector in a given reference frame Oxy, to write these as the 
coordinates of the point P. When we write v = v{x, y) we under- 
stand that “v is the vector of which the line segment 0—*P, where 
P: (*, y), is a representation.” 

Let, then, Vi = v(xi, yj), Va = v{xi, yt) be any two plane vectors, 
and let us construct the vector v = -|- Xi, yi + yi). What are 

the coordinates of v in any other reference frame O'x'y'1 From the 
table of direction cosines we see that the x'-coordinate of v is 

+ Xi) -1- mi(yi -f- yt) = (ZiXi + miyi) -h (ZiX® -h miya). 

In other words the x'-coordinate of v is the sum of the x'-coordinate of 
Vi and the x'-coordinate of vj. Similarly the y'-coordinate of v is the 
sum of the y'-coordinate of Vi and the y'-coordinate of Vj. But how 
was V defined? It was the vector whose x-coordinate was the sum of 
the x-coordinate of Vi and the x-coordinate of vs and whose y-coordi- 
nate was the sum of the y-coordinate of vi and the y-coordinate of V 2 . 
In other words 

We obtain the same vector v when we proceed in the O'x'y' reference 
frame as we have proceeded in the Oxy reference frame; the vector v is 
independent of the reference frame used to define it. 

We express this fundamentally important result as follows: 

o(xi + xj, yi + y^ is a vector. 

Remark. Be very sure that you understand what is meant by this 
abbreviated statement. Every pair of numbers, in particular the pair 
(xi -t- xt, yi -f yi), defines a vector. Wliat we mean when we say that 
v(xi -h Xi, yi -I- yi) is a vector is not merely the platitude that we can 
construct a vector whose coordinates in the Oxy reference frame are 
(xi -t- xs, yi ■+■ yi). We moan that this construction is independent 
of the reference frame; if we repeat the construction in any other refer- 
ence frame we arrive at the same vector (the coordinates of the vector 
we arrive at being generally, and naturally, different). 
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We term the vector v * v(xi "h yi "h ya) the sum of the vectors 
Vi and V 2 | and we write 

V = Vi + Vj. 


It is at once evident that Va + Vi = Vi + Va simply because Xi + Xi = 
ail + x-t and yt + yi=‘ yi + Vi- K tlie line segment 0 Pi is a rep- 
resentation of Vi and the line segment Pi — »P a representation of Va 
then the line segment 0 P is a representa- 
tion of V (why?). This furnishes the triangle 
consirucUon for the addition of vectors: 

To add two plane vectors lay line segments 
which represent them end to end; then the 
line segment from the initial point of the 
first segment to the terminal point of the sec- 
ond segment is a representation of the sum of 
the two vectors. 

If we have three vectors Vi, Va, Va it is clear that 

(vi + Va) + v» = Vi -I- (va + Va). 

In words: The addition of plane vectors is associative. We term the 
common sum (vi -i- Va) + Vaj vi (va -b Va) simply the sum of the 
three vectors Vi, Va, and Va, and we denote this sum by the symbol 
Ti + Va + Vs. More generally if Vi = »(xi, yi), • • • , v„ = v{xn, yn) 
are n plane vectors their sum is the vector 

v(a:i -b • • • + a:„, yi -t- • • • -b yn). 

The geometrical construction of the sum of any number of plane 
vectors is the same as that of the sum of two plane vectors: 

Lay representative segments of the vectors end to end ; the segment 
from the initifll point of the first segment to the terminal point of the 
last segment is a representation of the sum of the vectors. 

EXERCISES 

1. Show that if c is any scalar and t - »(», y) any vector then t>(ca:, ey) is a 
vector. (What does this mean?) Note. The vector o(cx, cy) is termed the 
product of the vector v by the scalar e and is denoted by the symbol cv. 

2. Show that the magnitude of cv is jeja where lej is the absolute value of c; i.c., 

jej = cif c > 0, {cj = -cif c <0. ... 

3. STiow that cr has the same direction as v if c > 0 and the opposite direction, 
to V if c <0. How is any representative segment of cv related to any representa- 
tive segment of v? 
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Now let vi = v(xi, 2/1) and Va = v{x2, yz) be any plane vectors, and 
let V = Vi + Va be their sum. The squared magnitude of v is a scalar 
which is furnished by the expression 

v® = (xi + xa)® + (2/1 + 

= {xy + 2/1^) + 2 (xixa + 2/12/2) + 

Since and Xa^ + 2/2® = V2^ are scalars it follows (why?) 

that xiXa + 2/12/2 is a scalar. We term this scalar the scalar product 
of Vi and Va, and we denote it by the symbol (vijva) : 

(vijva) = XiXa + 2/12/2. 

It is clear that (vajvi) = (vilva) simply because XaXi == XiXa and ^22/1 = 
2/12/2; in other words 

Scalar muUi'plication of plane vectors is commutative. 

The geometrical interpretation of (vijva) follows at once from the 
fact that (vijva) is a scalar; in fact the coordinates of Vi in a reference 
frame whose positive x-axis has the direction of Vi arc (vi^ 0 ) so that 

(vijva) = viX2 + 0y2 = V1X2 = t;it;2 cos 6 , 

where 6 is the angle between the vectors vx and Va. Thus 
The scalar product of two plane vectors is the product of their 
magxutudes by the cosine of the angle between them. 

It follows that 

The scalar product of two plane vectors is zero when, and only when, 
the vectors are perpendicular (i.e., any representative segment of the 
first vector is perpendicular to any representative segment of the second) or 
when one of the two vectors is the zero vector. 

EXERCISES 

4. Show that (v|v) « v\ i.e., that the scalar 
product of a vector by itself is the squared mag- 
nitude of the vector. 

5 . Show that (v|v) ^ 0, the equality holding 
when, and only when, v is the zero vector. 

6. Showthat (vil(Va -h Vs)) «- (vijvQ) H- 
and that ((vi -1- Va)|vi) « (vi|v8) + (va|v3). Note. 

The results of this exercise may bo expressed as 
follows: 

Scalar multiplication of vectors is distributive with respect to addition. 

7 . Showthat ((vi -1-V2)|(V3 + V4)) « (vilvj) -h (vilvO -|- (Valva) -f- (vajvO. 

8 . Show that ((vi + V2)l(vi + V2)) « (vilvi) + 2 (vilv 2 ) + (V2IV2). 

9 . Deduce from the results of Exercises 4 and 8 the cosine law for plane triangles: 

c 2 - a* + — 2 a 6 cos C. Bird, liPi'^Pz and Pz -> Pi arc representations of 
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▼i and Vi, MBpeotivdy, Pj Pi is a representation of Vi + vj, and the Mgle from 
Vi to V, is T - C (not C, since the an^e from Vi to v, is the &tUrior, not the inienor, 
an{^ of the tiian^e at Pt). See Figure 3. 

3. The altematiii.g product of two plane vectors 
If 6 ia the angle from Ox to OV, the four cosines which occur in the 
table of direction cosines which is defined by the Oxy and 0 x y refer- 
ence frames are given by the 
formulas 

lx = cos 6, mi = sin ^5 
U = —sin 6, ms = cos 9. 

Hence ms = h, h = —mi. It fol- 
lows that if V = vix, y) is any vector 
so also is w(— y, x). In fact the 
coordinates, in the O'x'y' reference 
frame, of the vector whose coordi- 
nates in the Oxy reference frame are (— y, x) are 

(— Ziy + mi®, —lay + ms®) = (-may — Zj®, miy + hx) = (— y', 

We term the vector »(— y, ®) the complement of v(x, y), and we denote 
it by V*. If P: (®, y) and P*:(-y, x) the line segment 0 P* has 
the same length as the line segment 0 —^P, and the angle from 0 —^P 

to 0-*P* is + ^’ Thus 

A 

A representative segment ofv* may he obtained from any representative 
segment of v by rotating the latter through a right angle in the positive 
sense. 



EXERCISES 

1. Show that (v*)'*' — v and that (vi + V 2 )* “ Vi* + Va*. 

2. Show that (ttiv)* «=* wv*. 

3. Show that if ui =» v(Zi, mi), ua — ^^ 2 ), whoro Xi, mi, Za, w-a O'^'o tho cosines 

of a table of direction cosines then ui and Ua are unit vectors and Ua “ Ui*. 

4. What are the coordinates of the vectors Ui and ua of Exercise 3 in the O'x'y' 
reference frame? 

5. Show that (vilva) = (vx*lva*). 

If vi = v{xi, yi) and V2 = v(x2, yi) are any two plane vectors the 
number (vi*lv2) = x^y^ x^yi is a scalar (why?). Since 

(va*lvi) = ®ayi — ®iyj = - (vi*lv2) 
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this kind of multiplicEtion of plsne vectors is not commutative j it is, 
rather, anticommutative, i.e., an interchange of the two vectors 
involved in the product changes the sign of the product. We term 
(vi*|vs) = — x%yi the alternating product of Vi and Vs, and we 

denote this alternating product by the symbol (vi, V 2 ). Thus 

(vi, Vj) = Xiyt — ajjj/i = — (vs, Vi). 

EXERCISES 

6 . Show that (v, v) = 0 and that (ciVi, CaVi) “ ciCj(ti, v,), where ci, c» are any 
scalars. 

7. Show that (vi + va, vg) “ (vi, Vs) + (va, Va) and that 


(vi, Va + Vs) « (vi, Va) .4- (Vi, Vs). 

8. Show that (vi, Va) » 0 when, and only when, one of the two vectors Vi, Va is 
a multiple of tho other. Hint, (vi, Va) = (vi*|v2). 

Note. When one of two vectors Vi, Va is a multiple of tho other the two vectors 
are said to be linearly dependent. If vi and Va arc linearly dependent then either 
of them has the same direction as, or tho 
opposite direction to, the otlxer, or else one of 
the two vectors is the zero vector. . The result 
of this exercise may be phrased as follows; 

The equation (Vi, Va) » 0 w the criterion for 
linear dependence of the two vectors vj. and va; if 
(vi> V2) 9^0 the two vectors Vi and Va are linearly 
independent, 

9. Show that if tho lino segments 0 Pi, 

0 — ► Pa arc representations of the vectors Vi and 
Va, respectively, then (vi, Va) is the (signed) area 

of the parallelogram of which 0 Pi and 0 -♦Pa are adjacent sides. Hint. 



(vi, Va) » (vi*|v3) “ Vi*Vi coi 

where B is tho angle /rom 0 -♦Pi to 0 -♦Pa, 

10. Show that (vi, Va) is tlio determinant 


(•-i)- 

Vi vA 


VxH sin 


11. Show that if Vi, va, and Vg are any throe plane vectors then 
(va, V3)vi 4- (vs, Vi)v2 “h (vi, Va)v8 » 0. 


I, and tho second coordinate is tho three-rowesd determinant 


Hint 

i. 

Tho 



Xz 

Xx 

»2 

Xz 

y\ 


Vt 


yi y% 

Xi Xz 

yi, y2 vz 
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It follows from the definitioiiL given in Exercise 8 that 
Two vectors vi and va are linearly dependent when, and only 
when, two scalars ci and ca, not both zero, exist such that ciVi + caVa is 
the zero vector. 

If we are given n. plane vectors vi, • • • ,v» the vector 


V = CiVi + • * • + 

where (ci, • • • , c«) are any n scalars, is termed a linear combination of 
the n given vectors. If all the n scalars (ci, • • • , c«) are zero the 
linear combination is said to be irkial. In this tenmnology the defini- 
tion of linear dependence of two plane vectors may be phrased as 

follows: , 7 7 *7 

Two plane vectors are linearly dependeni when, and orUy when, there 

exists a nontrioial linear combination of the two vectors which is the aero 
vector. 

We. ejdjend the scope of this delBnition as follows: 
n plane vectors are linearly dependent when, and only when^ there exists 
a nontrivial linear cornhination of the n vectors which is the zero vector. 


EXERCISES 

12. Show that if a coUeotioii of n vectors is linearly dependent any coUecti^ of 
n + p vectors which contains the original ooUection is linearly dependent. 

If ciVi 4- • • • + CnVn is a non-trivial linear combination of the vectors of tno 
original collection, ciVi + • • • + CnVn + Ov«+i + * ’ ' + ^ non-tnvial 

linear combination of vectors of the second collection, and 


+ . . . + CnVn + OVn+l + * * ' + OVn+p » ClVx + • ' • + CnVn- 


13- Show that the only linearly dependent collection of one vector is the zero 

14. Show that there exist collections of two plane vectors which are linearly 
independenty i.e., not linearly dependent. HirU. If Vi « t;(l, 0), vj « t;(0, 1), 

15. Show that all collections of three or more plane vectors arc linearly dc- 


Solution. From the result of Exercise 12 it suffices to prove this result for the 
case n « 3. Let, then, {vi, Vq, Vs} be any collection of toce plane vectors. If 
(vj vj) » 0 the collection of two plane vectors {va, vs} is linearly dependent, and 
hence the coUeotion { Vi, Va, v,} is Unearly dependent. If (va, Va) 5^ 0 the collection 
{ Vi, Va, Vs ) is linearly dependent by virtue of the result of Exercise 11, Note, ine 
results of Exercises 14 and 15 are expressed by the statement that a plane pos- 
sesses tu )0 dimensions. 


It follows from the result of Exercise 11 that if {vi, V 2 } is a linearly 
mdependent collection of two plane vectors then every plane vector v 
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may be expressed as a linear combination of Vi and Vj. In fact we 
are given that (vi, v*) 0 and so 

V = CiVi + CjVi, 

where 

^ „ _ (^i» 

^ (Ti,V 2)’ * (Vl, V2) 

(To see this, replace v* by v and use the alternating property of the 
products (va, v) and (v, Vi).) We express this result as follows: 
Every linearly independent pair of plane vectors is a basis for all plane 
vectors; we term the scalars ci and ca the coordinates of v with respect to 
the basis {vi, Va}. 

The simplest basis (from the point of view of computation) is one in 
which each of the basis vectors is a unit vector, the second being the 
complement of the first. Writing this basis as {ui, Ui*} we have 

(til, Ui*) = = 1 

and so 

Cl = (v,ui*) = (v*lui*) = (vlui) = (ui|v); 

Ca = (ui, v) = (ui*lv) = (uajv), where == Ui*. 

Thus we have the following rule: 

The coordinates of any plane vector vdth respect to the "basis {ui, UaK 
where Ui and Ua are unit vectors and Ua = Ui*, are (uilv) and (uajv). 

EXERCISES 

16. Show that the vectors Vi « v(l, 1) and V 2 - v(0, 1) constitxite a basin for 
all piano vectors, and dotermino the coordinates of t;(3, 2) with respect to this basis. 

17. Show that x and y are the coordinates of i;(», y) with respect to the biisis 

111 - t>(l, 0), Tii « ui* « t;(0, 1). 

18. Show that if the pair of vectors {vi, Va} constitutes a basis for all piano 
vectors so also does the pair {vi*, V 2 *}. Hint, (vi*, va*) »*■ (vi, Vj). 

19. Show that the coordinates of v* with respect to the basis jvi*, Va*} are the 
same as the coordinates of v with respect to the basis {vi, va}. 

4. Three-dimensional vectors 

The theory of three^imcnsional or space vectors is so similar to that of 
two-dimensional or plane vectors that it will suffice to run over (largely 
without proofs) the main points. If you have difficulty with any of the 
statements made, refer back to the corresponding statement for two- 
dimensional vectors. 

You must first of all be clear about what is meant by a right-^handed 
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rectangular Cartesian reference frame. If you hold out your right 
hand with yoiu: thumb, first finger, and second finger as nearly as 
possible at right angles to each other these will constitute a right- 
handed reference frame if the thumb has the direction of the positive 
®-a3ds, the first finger the direction of the positive y-axis, and the second 
finger the direction of the positive »-axis. An equivalent description 
of a right-handed reference frame is as follows: The point of an ordi- 
nary commercial screw will move in the 
direction of the positive 2 -axis when 
turned through a right angle from the 
positive »-axis towards the positive y- 
axis. 

From now on we shall suppose that 
_ all our rectangular Cartesian reference 
^ frames are right handed. Let P —*P -\- 
AP be any line segment, and denote its 
projections on the axes of any two ref- 
erence frames Oxyz and O'x'y'z' by {Ax, 
Ay, Aa) and {Ax', Ay', Az'), respectively. These two sets of pro- 
jections are connected with one another by a table of direction cosines: 


Aa; 


Ay 


This table may be read either “by rows” or “by columns” ; for example 

Ay = mi Ax' -f m* Ay' + mj As'; 

As' = Zj A* -1- ms Ay -t- 713 Ax, and so on. 

A three-dimensional vector is a collection of sets of three numbers, there 
being one set attached to each reference frame, where the set attached 
to any reference frame Oxyz is connected with the set attached to any 
other reference frame through the table of direction cosines. Thus if 
{Ax', Ay', Az') are the coordinates in the O'x'y'z' reference frame of the 
vector whose coordinates in the Oxyz reference frame are (A®, Ay, As) 
we have 


n®' Aj/' As' 


h 

h 

i, 

Ml 

•nii 

ms 

ni 

n2 

Us 



Aa/ = Zi A® -I- mi Ay -1- ni As; 
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Ai/ = I 2 Ax -j- m 2 Ay «2 As; 

Aa' = hAx + msAy + na Az. 

Attached to any vector v = viAz, Ay, Az) is a scalar, namely, its 
nnagnitude v: 

v = {(Ax)* -I- (Ay)* + (Aa)*}« 

Since the relation 

(Ax')* + (Ay')* + (Aa')* = (Ax)* + (Ay)* + (Aa)* 

must hold for arbitrary values of (Ax, Ay, Aa) the nine direction 
cosines of the table of direction cosines must satisfy certain readily 
determined relations. On setting (Ax, Ay, Aa) = (1, 0, 0) we 
obtain fi* + ^ 2 * + f,* = 1; on setting (Ax, Ay, Az) = (0, 1, 0) we obtain 
OTi* + m 2 * -t- ma* = 1, and on setting (Ax, Ay, Aa) = (0, 0, 1) we obtain 
Jii* + n 2 * + wa* = 1. On setting (Ax, Ay, Aa) = (0, 1, 1), and using 
the relations already obtained, we find that mini -f mint + maria = 0. 
Similarly riiJi ngla + WaZa = 0, Zimi lama lama = 0. (Prove 
this.) Hence the nine cosines of the table of direction cosines satisfy 
the six relations: 

+ Z 2 * + Za* = 1; mi* -1- m 2 * + ms* = 1; 

«!* -h ria* + na* = 1; miUi + m 2 n 2 + maria = 0; 

ftiZi -t- riaZa + naZa = 0; Zimi -|- lama + lama = 0. 

EXERCISES 

1. Show that tho nine cosines of the table of direction cosines satisfy the six 
relations 

Zi* + mi» + «i» •• 1; + na* - 1; 1,* -t- m,> + na* - 1; 

Ith + mam,} + nina - 0; Uh + m,mi + riani - 0; hla + + nina •» 0. 

Ifini. InterchaiiKo tho roles of tho two reforeueo frames Oxyg, O'x'yV. 

2. Show that the determinant 


li la la 
mi ma nta 


1 . 


Hi Wa Wj 


Solviion. This determinant has tho same value as the determinant obtainod by 
interchanging its rows and columns, and tho product of these two equal deter- 
minants is 1 (by virtue of tho relations satisfied by tho nine direction cosines). 
Hence the determinant in question is ±1. Being a continuoiia function of the 
nine direction cosines it must bo always -hi or always -1. Since it is +1 when 
tho two reference frames coincide, it must bo always -hi. 
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3. Show that each element of the determinant of Exercise 2 is equal to its cofac- 
tor; e.g., h « mans — nisna, h “ msni — miWs, and so on. Hint. The two 
equations hmi + Zawia + hmz * 0, hni ■+* hnz + hnz = 0 yield 

Zi “ k(rHinz -- msWa), Za = kimzni — mins), h = A;(?nin2 — manO, 

where Jfc is a factor of proportionality. On multiplying those equations by Zi, 
Za, and Zs respectively, and adding, we obtain, in view of the result of Exercise 2, 
fc - 1. 

If the line segment 0 — > P is a representation of a vector v we have 
V == v{Xj y, z), where P:(x, y, z). The sum Vi + V2 of two vectors 
Vi = v(xi, J/I, Zi), V2 = v(x2, 2 / 2 , 22) is the vector 

v{xi + X2, yi + 2 / 2 , + 22 ). 

(Prove that this is a vector.) The product of the vector v — v{Xy y, z) 
by the scalar c is the vector cv = v{cxy cy, cz), (Prove that this is a 
vector.) Addition of vectors is commutative and associative. (What 
does this mean?) To obtain a representative segment of the sum of 
any number of vectors we have merely to lay representative segments 
of the individual vectors end to end; the line segment from the initial 
point of the first line segment to the terminal point of the last line 
segment is a representation of the sum of the vectors. 

From a consideration of the squared magnitude of Vi + V2 we obtain 
the scalar product of two vectors: 

(Vilv2) = XiX% + 2/i2/2 + 

and we observe that (vlv) is the squared magnitude of v. On choosing 
a reference frame whose positive aj-axis has the direction of Vi wo find 
that 

(Vxlv2) = ViV^ cos e, 

where B is the (xmsigned) angle between Vi and V2. 

EXERCISES 

4. Show that scalar multiplication of space vectors is commutative (what d<)(^H 
this mean?) and distributive with respect to addition (what does this mean?). 

5. Show that (vijva) *= 0 when, and only when, Vi and V 2 nro perpendicular, or 
else when one or other of the two vectors is the zero vector. 

6. Show that (ciVilc 2 Va) « CiC 2 (vilv 2 ), where ci and C 2 arc scalars. 

5. The vector or cross product of two space vectors 

If Vi = v{xi, 2/1, V2 = vixzy 2/2j ^22) are any two space vectors, 
v{yiZ2 — 2/2«i, ZiXit — z^x\y Xiy2 — x^yi) is a vector. In fact 
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— ytgi) + mi(«i®2 — zjii) + ni(xiyt — ®2j/i) 

= (man* — — y^i) + (mlg — n^a){ziX2 — z^i) 

+ (lama — lama)(xiya — 

(see Exercise 3, p. 16) = yiW — ya'zi since yi' = + m^i -j- n^i, 

etc. This vector is the vector or cross product of the vectors Vi and V 2 ; 
we denote it by the symbol (vi X Va). If either Vi or V2 is the zero 
vector so also is (vi X V 2 ) ; if neither Vi or V 2 is the zero vector we choose 
the reference frame Oxyz so that Ox 
has the direction of Vi while Oy lies 
in the plane determined by 0—*Pi 
and 0—*Pa (the direction of Oj/ being 
such that the ^/-coordinate of V2 is 
positive). We have, then, 

vi = v{vi, 0, 0); 

V2 = v{va cos d, Va sin 8 , 0), 

where 6 is the (unsigned) angle be- 
tween 0 — » Pi and 0 — »• P 2 (8 being measured so that 0 ^ ^ 

if 5 = 0 or T the line segments 0 — »-Pi and O—^^P a do not determine 
a plane, and the y-axis may be taken to have any direction perpendic- 
ular to Vi). Hence 

(vi X V2) = a(0, 0, i>ij ;2 sin 6). 

Thus the magnitude of (vi X V 2 ) is dii ;2 sin 8, and if (vi X V 2 ) is not the 
zero vector the direction of (vi X V2) is that of the positive z-axis. 
In other words 

The magnitude 0 / (vi X V 2 ) is the area of the parallelogram of which 
0 —*Pi and 0—*Pa are adjacent sides; when (vi X V2) is not the zero 
vector the direction of (vi X V2) is that one of the two directions per- 
pendicular to the plane containing 0 Pi, 0 —rPa along which the 
point of an ordinary commercial screw will move when the screw is tamed 
through the angle (less than v) between 0 —* Pi and 0 —* Pa. (vi X V 2 ) 
is the zero vector when, and only when, one of the vectors Vi, V2 is a multiple 
of the other. 



EXERCISES 

1. Show that (ti X Vi) ” — (ti X vi), i.c., that vector or cross multiplication of 
space vectors is anticommutativo or altcmuting. 

2. Show that (ciVi X CjVj) = cicj(vi X vj), whore Ci and ci are scalars. 

3. Show that ((vi + Vj) X Vj) - (vi X va) -t- (va X v,) and that 

(Vi X (V2 + Va)) - (Vi X Va) -f (Vi X Va), 
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i.e., that vector (or cross) multiplication of space vectors in distributive with 
respect to addition. 

4. Show that 

((▼i + Vj) X (V« + V4)) - (Vi X V,) + (vi X vO + (Vj X Tj) + (Vj X V 4 ). 

6. The alternating scalar triple product; linear dependence of 
space vectors 

Let vi = 2/1, zi)y V2 = v(x2y Viy ^2), and vs = v(xz, zz) be any 

three space vectors, and consider the scalar product (vi|(v2 X Vs)) of 
Vi and the vector, or cross, product of V2 and Va* This is the three- 
rowed determinant 


Xi 

yi 


X 2 

y% 


Xz 

2/8 


= Xi(y228 — 2/322) + yiOiiXz — 230:2) + 2i(ir22/8 — y^Xz), 


Zi Zi Zz 


Hence it is alternating in the three vectors Vi, V2) and V3, i.e., an inter- 
change of any two of these vectors changes the sign of this scalar 
product. On the other hand an interchange of the ] and X in the 

symbol (tiRvs X Vj)) leaves the 



scalar product unaffected: 

(vil(vs X Vs)) = ((vi X Vs)|ts). 

We may, then, without fear of 
ambiguity omit both the ] and the 
X from the symbol. We do this 
and write it as follows: 

(vi, Vs, Vs). 


We term this scalar the aJtemaiing ‘product of the three vectors. Thus 


(Vi, V*, Vs) = — (Vl, Vs, Vj) = (Vs, Vs, Vi) 

= -(Vs, Vl, Vs) = (Vs, Vl, Vs) = -(Vs, Vs, Vl). 

The geometrical interpretation of (vi, Vs, Vs) is clear; since the mag- 
nitude of (vs X Vs) is the (unsigned) area of the parallelogram of which 
0 -*Pa and 0 —*P» are adjacent sides, (vi, Vs, Vs) is the product of 
this area by vi times the cosine of the angle between Vi and (vs X vs). 
It is, then, the signed volume of the box of which 0 — » Pi, 0 — »■ Ps 
and 0 —rPi are adjacent edges. This signed volume is positive when 
the angle between Vi and (vs X vs) is acute and negative when this 
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angle IS obtuse. When (vi, v*, Vj) is positive we say that the three 
vectors Vi, v*, and Vs, taken in this order, are positively orierOed; 
when (vi, va, Vj) is negative we say that they are negatively oriented. 

EXERCISES 

1 . Show that (ciVi, cjVj, c,va) « cicjcs(vi, Vj, V|), where Ci, Cj, and ci are any 
scalars. 

2 . Show that (vi + wi, Va, v.) - (v„ v„ v,) + (wi, v„ w,). 

3. Show that (vi, vi, 72) — 0. Bint. Since (vi, Vi, V2) is alternating 

(Vlj Vi, V2) « — (Vi, Vi, V2). 

4. Show that (vi, V2, ciVi -f- C2V2) — 0, where Ci and C2 are any two scalars. 

We define linear dependence of space vectors exactly as in the case of 
plane vectors: 

A set of n space vectors { Vi, • • • ,v„ } is said to be linearly dependent 
if there exists a non-trivial (what does this mean?) linear combination 
ciVi + • • ■ + of the space vectors which is the zero vector. 

Thus when » = 1 the only lineai-ly dependent sot is the set consist- 
ing of the zero vector. The criterion for linear dependence of sets of 
two vectors has been already obtained: 

The set of two space vectors {vi, vj} is linearly de/pend&nt when, and 
only when, (vi X v») is the zero vector. 

It is easy to see that (vj, v*, vj) = 0 if, and only if, the set of three 
space vectors {vi, V 2 , Vj} is linearly dependent. In fact if this set is 
linearly dependent one of them, vs say, is a linear combination of the 
other two (why?); 

Vs « CiVi + C2V2. 

Hence (vi, vj, Vs) = 0 (why?). Conversely, let (vi, v*, vj) =» 0. 
If (vj X Vj) = 0 the set {vj, vj} of two space vectors is linearly depend- 
ent, and hence the set {vi, vj, Vs} of three space vectors is linearly 
dependent (why?). If (v 2 X va) is not the zero vector the relation 
(ti|(v 4 X Vs)) = 0 tells us that Vi is perpendicular to (v* X Vs) so 
that vi is a linear combination of vs and Vs (why?). Hence the set 
{ti> v», Vs} is linearly dependent. Since (ui, uj, Us) = 1, where 
Ui = «;(!, 0, 0), Us = v(0, 1, 0), us = ti(0, 0, 1), there exist in space 
linearly independent sets of three vectors. 

If {vi, Vs, Vs, V4} is any set of four space vectors we have 

(Vs, Vs, V 4 )Vi + (Vs, Vi, V4)V2 + (Vj, Vs, V4)Vs — (Vi, Vs, Vs)V 4 = 0. 



20 VECTORS AND MATRICES 

to f«t the a«oora»»te of the vector OB tte left is the four-rowed 
determinant 


Xi 

X2 

Xz 

Xi 1 

Xi 

X2 

Xz 

Xa 

yi 

2/2 

2/8 

2/4 

1 

z% 

Zz 

Za 


which is eero. 8h»tt“ly the j- eud «-coordtoetes of to^^e 

S ere sero. If, then, the set of three v»tor. (v., v. v.l » Imeerly 
indepeadent, so tliat (vi, vi, v,) ^ 0, we have 

V 4 = CiVi + C2V2 + CsVsj 

(v..v.,v.). 

(vi.v»,v,)’ (vx,v*,v,) 

every set of fou statemeat that space is three dirnensiorial. 

xu'^ of fl liaearlv iadepeadeat set of three space vectors. In 

^JeM^wmhiaatioa v = c^r^ + 

with respect to the basis {vi, va, $}. vectors of the 

such that (ttxlua)=0 and u, = (ttiXua). Thea 

(tti, ua, u,) = ((ui X ua)lu3) = (as|u*) - 1 
1 / ..y ^ — « file aO = Us (see Exercise 3, p. 16). Henco 

Sftv^ “tjvMluuv) - (».lv)and(».,»uv) - (».|v) so that 
V = (Uilv)ui + (ttalv)u2 + (Uslv)us. 

Thus the coordiaates of v with respect to the basis {ui, ua, u,} are 
(Uilv), (Uajv), aad (u4v)- 

EXERCISES 

5. a.™ d... if « - »a. 0. 0). - f. »>. '--f »’ » 

, . Pir, y , .) «ith rwpect to fh. W “ 'f' 'here - .(-2, 0, S), 
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line&r combination of V2 and Va. Hitit, Write Vj ■= caVj + cjVsy and solve for 
C2 and cz the two equations obtained by equating two of the coordinates of Vi 
and CjVa -h CaVa. 

7. The vector triple product 

Let Yi = v(xi, yi, »i), v* = v{xi, yt, zt), Vs == v(xs, yg, Zg) be any three 
space vectors. Then (vj X Vs) is the vector v{yszg — ygZz, z^Xg — ZgXg, 
xayg — Xgyg) so that the r-coordinate of the vector (vi X (V2 X Vs)) is 
yiixgyg — Xgyg) — Zi(z3Xg — ZgXg) = (vi|v3)a:s — (vi|vj)a:j. Similarly 
the jz-coordinate of (vi X (vj X v,)) is (vijv,)?/* - (vilvs)^* and the 
a-coordinate of (vi X (vz X Vj)) is (vilv,)«2 - (vilva)z3. Hence 

(Vl X (Vj X Vj)) = (Vi|v 8)V2 — (vi|v2)vs. 

A similar argument (give it) yields the result 

((Vl X V 2 ) X V») = (Vi|vj)V 2 — (V 2 |vs)Vi. 

These results may be readily remembered as follows: The vector triple 
product (vi X (v2 X Vsj) or ((vi X V2) X vj) is a linear combination 
of the two vectors which are first crossed, and the coefficient of the 
middle vector is the scalar product of the other two. The coefficient of 
the other vector (of the two which are first crossed) is the negative of 
the scalar product of the other two. 

EXERCISES 

1 . Show that ((V. X Vj) X (v, X V4)) - (v„ v„ V4)v, - (v., v„ V4)v,. Him. 
Set (vi X V4) =■ w, and expand ((vi X V2) X w). 

2. Show that ((v, X Va) X (v, X ▼4)) - (vi, v*, T4 )t, - (v„ Vs, v,)v«. 

3 . Showthat ((v, X V2)|(y, X V4)) - (v,|v,)(v,|v4) - (t,1v4)(v,1t,). Hint. 

((Vi X Tj)|(v, X V4)) (((vi X Va) X V|)|V4). 

8 . Scalar fields; the gradient vector 

We first consider the case of the plane. If we have, attached to each 
point P:(a:, y) of a collection of points (= point set) in the plane, a 
scalar / = /(P) = /(x, y) we say that / = /(P) is a scalar field defined 
over the given point set. If / = /(P) is defined over a neighborhood of 
P its increment A/ = /(P + AP) - /(P), where 

P + AP : (x + Ax, y + Ay), 

is a scalar since the difference of two scalars is a scalar and both 
/(P + AP) and /(P) are scalars. It follows that if / = /(P) is dif- 
ferentiable at P its differential df is a scalar. In fact Af = df + rjAPl, 
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I 

where v is null at jAP] = 0, so that, since [API is a scalar, + 


I' IS a 


scalar. Since is independent of the magnitude jAP] of the vector 

Ly), being dependent only on the direction of this vector, it 

follows that hence d/, is a scalar. In fact, on denoting by 

primes the values in any new reference frame O^x'y' of the various 

df 

expressions involved, the fact that + r is a scalar yields 

dif 


(df)' , 

1 ^ + ^ 


IapI 


+ >- 


and so = v — / is null at jAPj = 0. Being independent 

, , (df)' df 

of |AP1 it must be zero (why?) and so = 0, or, equiv- 

alently, 

(df)' = df. 

In words: 

df = ft Ax +fy Ay is a scalar. 


Since the direction of the vector v(Ax, Ay) is arbitrary it follows that 
v(ft, fv) is a vector. In fact the equation 


UAx'+fy'Ay' ^ftAx+fyAy 

yields (on setting Ay' = 0 so that Ax = hAx', Ay = mi Ax' (why?)) 
fxt = l]fx + mifv and, similarly, fy> = hfx 4- mtfy. 

Remark. These equations which furnish f^ and fy> in terms of /* 
and fy might have been written down at once by using tho law of 
composite differentiation for functions of two variables. We have 
preferred not to do this in order to point out the intrinsic meaning of 
the equations:’ They simply express the fact that df is a scalar when f 
is a scalar field. Incidentally we have proved the following useful 
converse of the scalar product theorem: 

If we have, attached to each reference frame, a pair of numbers 
(o, 6) having the property that oa: -|- by is a scalar for every vector 
i;(a:, y) then »(a, b) is a vector. Since every plane vector is a linear 
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combination of the two vectors of a basis it is sufficient for the validity 
of this converse of the scalar product theorem to know that ax -{-by is 
a scalar for each of two linearly independent vectors 


= v{xi, yi), Vs = vixi, 2/4), 

We term the vector »(/*, /„) the gradient of the (differentiable) 
scalar field /, and we denote it by grad /. grad / is a vector field; in 
other words we have, attached to each point P of our point set over 
which the scalar field / is granted to be differentiable, a vector. If we 
introduce the differeniiating ojierator 


we may write 
or, simply, 



grad / = V/ 
grad = V. 


When the ssnnbol V is used in this way it is sometimes called a sym- 
bolic vector; all that is meant by this statement is that the “coordi- 

^ transform, when we pass from the reference 

frame Oxy to any other reference frame, in exactly the same way as do 
the coordinates of a vector. 

The squared magnitude of grad /is itself a scalar field which we hThiII 
denote by Aif. In this notation, tlicn, wo have the following result : 
Associated mth any differentiable scalar fu'U / is a new scalar field 

Aif =■ (grad /[grad/) = (/,)* + {f„)\ 


When we restrict our attention to points P(t):{x(,t), y(f)) lying on 
a curve x-x{t),y = y(t), dj is given by the formula 


df = fx dx + /v dy = (grad/|dP), 

where dP = v{dx, dy) is the vector element of arc of the curve. That 
dP actually is a vector is dear; in fact the eqtiations 


» = *0 + lix' + hi/; y “ yo -t- mix' + mti/ 
yield at once 


dx = h dx' + h dy' ; dy — mi dx' + mt dy' 
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which prove that vi^dx, dy) is a vector. If our curve is a level curve of 
the scalar field/, i.e., a curve along which the point function/ = /(P) is 
constant, we have df = 0. This furnishes the following important 
geometrical property of grad /: 

The gradient vector grad f = v(f„, /„) of a scalar field / is perpendicular 
at each point P:(x, y) to the level curve off which passes through P. 

If u is any unit vector the number (grad/|u) is termed the directional 

derivative of / at P in the direction 
of u. If 9 is the angle betweenu and 
grad / it follows that 

The directional derivative of f at P 
in the direction of vl = |grad /| cos 6. 

In particular, when d = 0, we 
have the following useful fact: The 
magnitude of grad /is the directional 
derivative of / at P in the direction 
of grad/, i.e., in the direction of that 
one of the two directions perpendic- 
ular to the level curve of / which passes through P for which 
the directional derivative of / is positive (for the unit vector which has 

the direction of grad / is Since the magnitude of grad / > 0 

it follows that the direction of grad / (when grad / is not the zero vector) 
is that direction normal to the level curve of / in which the directional 
derivative of / is positive). 

Note, If 8 is the arc length along a curve through P which has 
u as tangent vector at P (the direction of u being that in which b 
increases) the function induced by / = /(P) on the curve may be 
written as a function of and the derivative of this function with 
respect to b is/j^, + fyy^ = (grad/|u). For this reason the directional 

derivative of / in the direction of u is often written in the form 

dB 

The directional derivative of / in a direction normal to a given curve 

through P is, similarly, often written in the form — • Thus if n is a 

dn 

umt vector normal to the curve 
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EXERCISES 

1. Determine grad/, where / = (»» + y*)^K What are the level curves of this 
scalar field? 

2. Determine the directional derivative of the scalar field of Exercise 1 in the 
direction of the rC'^axis and in the direction of the negative ^axis. 

3. In what direction is the directional derivative of the scalar field of Exercise 1 
greatest? least? zero? 

4. Where does grad («* 4- fail to possess direction? Is there any level 
ciirv'c of the scalar field/ * («» + through such a point? 

5. Repeat Exercise 1 for / = Note, Since / is a scalar field, /' is not a;' but, 
rather, hx' + hy'. It is the valuer not the form, of the point-function/ » /(P) that 
is preserved under transformation from one reference frame to another. 

dr 

6. If r « t)(0 — + P) show that * =» cos where $ is the angle between r and n. 


The fact that V — t; ^ is a symbolic vector assures us that if 

V = v(/, is a differentiable vector field the expression 


is a scalar. (Prove this. Hint, f = y ^ myg, — - — -j- — ■ 

dx dy 

Hence /V = Zi% 4" liffiiigt + /») + Similarly g'^ = Zj*/, -)- 

etc.) We term this scalar the divergence of the vector field v, and we 
denote it by the symbol div v : 

div V = (V|v) = /. + gy. 

div V is a scalar field. A second such scalar field may be associated 
^vith the given (differentiable) vector field v = v(J, g) as follows. 
T* = t>(— ( 7 , /) is a vector field whose divergence is —g^ + fy. We 
term the negative of div v* the curl of the vector field v, and we 
denote it by the symbol curl v : 

curl V = — div v* = j/, — /„. 

We may summarize these results as follows: 

A.ssocioicd with ony differentioible vector jUdd v = •^(/> g) ore two sccdor 
fidde: 

div V = (V|v) = /, + gy-, 

curl V = - div v* = -(v|v*) = - fy. 

Assuming that the partial derivatives of / and g arc continuous, it is 
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eaay to express the double integrals of div v and of curl v over a domain 
in the (», j/)-plane in terms of line integrals around the boundary of the 
domain. We suppose that the boundary of the domain D is a piece- 



wise-smooth closed curve C (or 
that it is composed of several 
such). Applying the method of 
repeated integration we obtain 


\ Udxdy - I fdy 
Jd J+c 

dxdy = J ^gdx 



where the +C attached to the integral sign indicates that the integra- 
tion aroimd C is in the positive sense (i.e., that C is traced so that D lies 
to the left). Denoting by n the unit normal to C drawn away from D 

we have, since the positively drawn tangent to C is - ahead of n, 

2 

v{dx, dy) = ds n*. 


Hence da n = v{dy, —dx) so that 

J^divvdajdy = J^(/» + ?») dxdy = — Q dx) 

In words: 

The doiMe integrcd of div v over D is eqttal to the integral, around the 
boundary C of D, in the positive sense, of (vjn), where n is the outward 
‘wormed to C, i.e., the normed which is drawn away from D. 

Since curl v = - div v* we have 


J^ourl T dx dj = d» - dx + , d») 

since (v*|a) = <v*V) = -(Tk). In words: 

The double integral of curl v over D is equal to the inte^al around 
me boundary C of D, in the positive sense, of (v|n*) = (v|t), where t 
IS the unit tangent vector to C drawn in the positive sense. In other 

words the double integral of curl v over Dis the line integral J* (v|ds), 
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where ds = <2$ t is the vector element of arc. This important result 
is known as Stokes’s theorem in the plane (after G. G. Stokes (1819- 
1903], an Irish mathematician). 


EXERCISES 

7. Show that the area of D = i I {xdy -ydx) (rln) ds. Bint. 

Set V « v(x, y) » r. 

8. Show that, if v is tho gradient of a scalar field + /„v. I^ote, 

We term the scalar field div grad / tho Laylacian of / (after P. S. Laplace [1749- 
1827], a French mathematician), and we denote it by the symbol Lif. Thus 

Aa/ = fxt + Jw 

9. Show that I A%f dx dy * I (grad /In) da = I —ds. 

JD J-hC J-^odn 

10. Show that curl grad/ = 0, it being understood that /ay is continuous. 

11. Show that Aa/ + (grad ^|grad/)} dxdy = L f ^ ^9 whore / and g 

are any two scalar fields wliich are such that / possessoH (iontinuoxis second deriva- 
tives and g a contimious gradient vector field. Note, A vector field is said to bo 
continuous when each coordinate of tlio variable vector is continuous. Hint, 

Set V » ^ grad / in the relation I div 'vdzdy ^ I (vln) ds. 

JD J-irC 

12. Show that if /and g are any two scalar fields which possess continuous second 
derivatives then 

- XX"* ■'*)*■ 

Note, This important ndation is known m Green's Ijcmma (after 0. Green [1798- 
1 84 1 ], an English matluunatieian ) . M e7n<rrize it. 


13. Show that if curl v •« 0 over a domain D the integral 




where C is 


any closed curve wlii<di, together with its interior, is covered by 7>, is zero. 

14. 1)(m1uco from the r<wilt of Exorcise 13 that, if curl v « 0 over a simply con- 
no<‘.tc(l <loniain 1), v is th<^ gra<li<uit of a scalar field over D. Note, A domain I) 
is said to be eimply connected if the interior of any simple closed curve in the domain 
is covered by the domain (a simple closed curve bbing one which does not cross 


itself). Hint, Set 




and show that / is a point-function/ » /(P), 


i.e., that the valiui of / do<w not depend on tho curve of iixtegration from Po to P, 
Then show that grad / » v. 

The dis(JU!r5sion of space vectors is so similar to that of plane vectors 
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that it will suffice to give, without proofs, the main results. If 
f = /(•P) = /(®j y, a) is a point-function which maintains its value 
(at each point P) when we change from the reference frame Oxyz to 
any other reference frame O'x'y'z' we term / a scalar field. Thus, if f 
is a scalar held, 

f=r- 

It follows that d/ = /* A* -I- Ay -f- /f A 2 is a scalar (/ being granted 
to be differentiable at P). Hence »(/*, /y, /*) is a vector (why?). We 
term this vector the gradient of the scalar field, and we denote it by 
the B 3 rmbol grad /. The level surfaces of the scalar field / are those 
siutfaces on each of which / has a constant value. At any point P 

df= (grad/ldP) = 0, 

where dP = v(dx, dy, dz) is an arbitrary vector in the tangent plane at 
P to the level surface of / which passes through P. Hence 

grad / at P is perpendicular to the level surface of / which passes 
through P. 

If u is any unit vector (grad /|u) is the directwnod derivative of / in 
the direction of u. If u is normal to a given surface this directional 

derivative of / is frequently denoted by the symbol -j"’ Thus 

an 

^ = (grad/|n). 

It follows that |grad /| is the directional derivative of / in that one of 
the two directions at P, normal to the level surface of f through P, in 
which the directional derivative of / is positive (this direction being 
that of grad/). 

The vector differential operator 



enables us to associate with every differentiable vector field 

■ V = v(/, g, h) 

a scalar field (known as the divergence of the vector field) 

div,.(v|,)-£ + |+g. 

and a vector field (known as the curl of the vector field) 
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curl 7= (VXv) =v(h,- g„f. - h,, g, 

(Prove that this actually is a vector.) Upon applying the principle of 

Qvdxdydz, 

dx dy dz (it being understood that the integrands /„ g^, A, are 
continuous) we obtain 

X- 
X 


ftdxdy dz == I / diy, z); 


gv dxdy dz 


^gd{z,ay, 
J^A, dxdy da — J^A d{x, y), 


where S is the boundary of the volume V of integration and t)(d(y, z), 
d(.^> x), d(x, y)) is the vector element of area dS of 8, 8 being so oriented, 



by the choice of the two parameters on it, that dS has the direction 
of the normal to 8 which is drawn away from V. If a and jS are the two 
parameters on 8, dS is the vector or cross product 


dS = (daS X 

where daS = da v{xa, y«, s«), d^s = d? v(xf, y^, z/t). Upon adding 
together the three equations just written we obtain 

Jjdiv vdxdydz = J^(v|dS) = J^(v|n)d/S, 
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where n is the unit normal to S drawn away from V, and dS is the scalar 
element of area, i.e., the magnitude of dS. 

If a: = x(a, |8), y = y{a, fi),z = z{a, ff) is any surface whose bound- 
ary is the closed curve C obtained by setting 

a = «(«),. /S = /8(0 


the line integral I (v|ds) = I (J dx + g dy + hdz) (where v 
=■ »Cf) Q, K)) may be written in the form (Ada + Bdfi), where T 



is the closed curve in the (a, /8)-plane 
that corresponds to C, and 

A = fxa -1- gya hZal 
' B = fxfi + gy^ hzfi 

(the positive direction on C being 
determined by the positive direction 
on r). Since = /»a:« + /„j/« -f 
and so on, an easy calculation (per- 
form it) shows that 

(J?a — A(j) da d/3 = (curl v|dS). 


It follows, then, on appl 3 ring Stokes’s theorem in the plane that 


f (vlds) = (curl vldS). 
«/ '\~0 8 


This important result is kiio\m as Stokeses theorem in space. 


EXERCISES 

15. Show that the divergence of the vector field grad / is the scalar field 

+ fvv + /«•- -ZV oU, This scalar field is known as the Lapladan of the scalar field / 
and is denoted by the symbol Aj/; 

As/ => div grad/ « /,, + fyy +/„. 

16. Show that the Laplacian of any linear function of a?, j/, and z is zero and 
that the Laplacian of the quadratic function oz® + hy^ + cz* + 2 / 2 /z + 2gzx 
+ 2hty is zero if, and only if, a + & + c « 0. 

17. Show that div curl v = 0 and that curl grad/ = 0, 

18. Show that =. J* (grad/|dS) = J^dS. 

19. Show that + (grad ^[grad f)] dxdydt 



20. Show that 
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-/A^) da:dyd^ - jj^g£ ^S. 
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21. Show that if curl T = 0 over a surface 8 the integral f (v|ds), where C 
the closed boundary of S, is zero. 

fieW ‘“1^ n “ ® ^ ^ gradient of a scalar 

neld over V . Hint See Lxercisc 14, p. 27. 

9. Vectors and matrices in n-dimensional complex space 

There are two directions in which it is important to extend the concept 
01 plane and space vectors: 

1. We pass from the real to the complex field; in other words we 
permit the coordinates of the vectors involved to be complex numbers. 

2. We pass to spaces of higher dimensions; in other words we permit 
the number of coordinates of a vector to be more than three. 

In each of these extensions our geometrical -intuition fails us. In 
the very special cjise of one-dimensional complex vectors (where each 
vector w simply one complex number a = * -f- yi) we could represent 
the vector by the lino segment 0-^P, where P : {x, y). In other words 
we could regard our one-<iimensional complex vectors as two-dimen- 
sional real vectors. For the (still very special) case of two-dimensional 
complex vectors we would require, for this method of realization of 
the vectors, a fouivdimensional space so that we could no longer count 
on geometneal intuition as a guide. The best procedure is to lean on 
the algebra which formiUizod, in the cases already treated of plane 
mid space vectors, our geometrical intuition. Once we decide to do 
this It becomes clear that the extension to the complex field (from the 
real field) is a simplification rather than a complication,, for we 'can use 
the fundamental theorem of algebra which says that 
Bvep/ algebraic equation in the complex field has a solutim. 

This theorem is, as you well know, not valid in the real field- for 
example there is no real number x for which + 1 = 0 The exten- 
Sion to the case of n dimensions (where n > 3) is quite fomal and does 
not present any essential complications (you have already soon that 
the theory of spaiio vectors was, in most respects, the same as the 
theoiy of piano vectors). The main point of difference is that the 
number 2 no longer plays the very special role it occupies in the case 
n - 3, whore 2 = 1 + I is also 3-1. For example, we shall meet, 
m the theory of n-<limensional vectors, a vector or cross product of 
(ra - 1) vectors rather than of two vectors. 
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Since we no longer have our geometrical intuition to guide us we 
cannot start, as we did when discussing real plane and space vectors, 
with coordinate reference frames and the table of “direction cosines” 
which describes the relative orientation of any two of these. We 
start, rather, with the concept of the squared magnitude of a vector. 
In the cases already treated this was the sum of the squares of the 
coordinates of the vector. The essential quality of this concept of 
magnitude is the foUowing: 

The only vector whose iruignitude is zero is the zero vector. 

When we pass from the real to the complex field this quality would 
be lost if we defined the squared magnitude to be the sum of the 
squares of the coordinates of the vector (for there is no essential differ- 
ence in the complex field between a sum of two squares and a difference 
of two squares). For example if, in the case of two-dimensional 
complex vectors, we defined the magnitude v of the vector v(z, w) to be 
(a® -h ic®)^ this magnitude would be zero for all vectors for which 
w — ie. What we have to do (in order to preserve the feature which 
we regard as essential, namely, that the only vector whose magnitude 
is zero is the zero vector, i.e., the vector aU of whose coordinates arc 
zero) is to use the “complex square,” i.e., the squared modulus, of each 
of the coordinates rather than the “actual square” of each of the 
coordinates. Denoting the conjugate of any complex number by a 
superposed bar so that, Hz = x + yi,z = x — yi, we define the mag- 
nitude of the two-dimensional complex vector v{z, w) by the formula 

v = (zz + ww)^. 

It follows (prove this) that » = 0 when, and only when, v is the zci’O 
vector «(0, 0). 

We shall denote each of the n coordinates of an n-dimensional com- 
plex vector by the letter z, and we shall distinguish these coordinates 
from one another by a superscript. Thus we denote the jth coordinate 
by 8^, j = 1, 2, • • • , n. (Warning. Be careful not to confuse z® 
with the square of z; if we have to write the square of z we shall write 
zz. In actual fact we shall need merely the complex square of z 
which we write as 2z.) Thus a complex n-dimensional vector v 
= »(«*■, • • ' , z") is an ordered set of n complex numbers z^, • • • , z" 
with which there is associated a non-negative number v, termed the 
magnitude of the vector, which is (J.s&isd by the formula 

a® = hZi + • • • -f 2„Sn. 

What corresponds to a change of reference frame? This is merely a 
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homogeneous linear transformation 
(s‘)' = 

W = MiSz‘ + . . . + 


(Z”)' = Wi»Z' + . . . -I- 

which is such that is a sccdar, i.e., such that 

(z^Yiz'Y + • • • + (z”)'(2")' = + . . . 

It is essential to introduce a condensed notation. To do this we agree 
to denote summation symbols by Greek letters. A roman superscript 
will denote any one of the numbers 1 to n. Thus the homogeneous 
linear transfomiation above appears in the compact form 

W = M.%“. 

In reading this be sure that you imdcrstand that this is any one of n 
equations of which the fifth, for example, is 

(z«)' = -ufyl 4. . . . ^ 

The n* numbers arc complex numbers; regarded as a single entity 
they constitute an ji X n matrix XJ of which the element in the jth row 
and hth colunrn is uif. (Note carefully that the superscript tells the 
row and the subscript the column.) If wc regard the n complex 
numbers zf as constituting an w X 1 matrix z (i.e., a matrix of n rows 
and one column) wo may writes the homogeneous linear transformation 
(which defines a transformation from one reference frame to another) 
in the compact form 

z' = Uz. 

Hero the matrix product (fz follows the general rule of matrix multipli- 
cation: 

If A is a ^ X 9 matrix (i.e., a matrix of p rows and 5 columns) and 
B a. qXr matrix then AS is a ^ X r matrix C, where = a/b*« is 
the “product” of the 7th row of A by the *th column of B. Note, care- 
fully that the pro<luct Ali cannot be formed unless B has the same 
number of rows as A hsis columns. 

If A is a p X q matrix we denote by A * the j X p matrix obtained 
by traniqmdny A (i.e., interchanging ite rows and columns) and replac- 
ing each (ilemont by its complex conjugate. Thus (a*)/ = In 
particular z* is a 1 X n matrix (i.e., a matrix of one row and n columns) 
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whose coordinates are (a*, • • • , 2»). The squared magnitude of the 
vector v(z^, • • • , a") is the 1X1 matrix (= complex number) z*z. 
In this notation, then, we define an n-dimensional complex vector as 
follows: 

An nrdimermondl complex vector v = v(z\ • • • , 2 ») is the collection 
of aUn X 1 complex matrices z which are connected with one another by 
the formula 

= Vz, 

where the nXn complex matrix U is such that (z')*z' — z*z. The 
scalar z*z is the squared magnitude n* of v. 

EXERCISES 

^ 1. Show that matrix addition is commutative and associative. (What does 
this mean?) Note. Matrix addition is defined only for matrices of the same type, 

i.e., of the same number of rows and columns. If A and A are two p X g matrices, 
A + B = C is defined by the formula c»t = o*t + 6*». 

2. Show that A(B + C) ■» AB + AC. 

3. Show that when both AB and BA are defined A and B are square (i.e., 
possess the same number of rows and columns) and of the same dimension (the 
dimension of a square matrix being the number of its rows or columns). 

4. Show that AB and BA are not in general the same. 

5. Show that if A is an unrestricted variable square matrix of dimonsion » 
e one and only fixed matsdx B for which AB = A is the matrix whose diagonal 

d^ents V are 1, all other elements being sere. Show that when this is the case 
BA = A. Note. In view of this result we term the n X ft matrix whose diagonal 
elemmtB are 1 and whose non-diagonal elements are zero the «-dimcnsional unit 
matrix. We denote it by B«. 

6. Show that if AB exists so also does B*A* and (AB)* - B*A*. Note. 
Remember this important result; note that the existence of AB does not in general 
guarantee the existence of A*B*. 

7. ^w that matrix multiplication is associative, i.e., that (AB)C - A(BC). 
Ncie. The common value of these two products is denoted by ABC. 

I>enoting by the ft X 1 matrix for which the number in tho fcth row is 
1, ^ the other rows being zero, show that Ae* is tho n X 1 matrix 

furled by the fcth column of A (A being any ft X ft matrix). 

K Exercise 8 show that ^*A is the 1 X n matrix furnished 

by the ;th row of A. 

10. ^w that e,*e* is zero unless y = *, which case it is 1. 

11. Show that ej*Aei, =• a*f. 

12. Show that (B -I- C)*A(B -HO - B*AB -f- B*AC + C^AB C*AC. 

The scalar nature of the squared magnitude = z*z of the vector 
V - v{z, ■ ■ • ,z^) leads naturally to the concept of the scalar product 
of a vector v* by a vector Vi. If v: = v(,zi\ • • • , 2 i«), va = 

• • >*»")areaiiyt'wovectorssoalsois Vi'+Vs = » 
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8 i” + «!") (prove this), and the squared magnitude of Vi + V2 is 

(2l + Z2)*(2 i + Zi) = Zi*Zi + 2!i*2j + 

= + 2 i *22 + 22*21 + D2 *. 

Hence 21*22 + 22*21 is a scalar (why?). If v = v(z\ • • • , s») is any 
vector then cv = i>(<^S C 2 ») is a vector, c being any scalar. 

^Jrrove this.) In particular ivis a vector if v is and (iz)* = —iz* since 
i = —i. Replacing, then, V2 by iv2 we see that f(*i% — Z2*Zi) is a 
scalar,- and it follows that 21*22 - 22*21 is a scalar (why?). Hence 
21*22 = i{ (21*22 + 22*21) + (21*22 - 22*21)} is a scalar. We have, 
then, the following result: 

If Vi = v(zi\ • • • , 2i”), V2 = 17(22^ * • • , Z2**) are any two n-dimen- 
sional complex vectors, 21*22 is a scalar. 

We term this scalar the scalar product of V2 by Vi, and wo denote it 
by the symbol (vi|v2). (vi|v2) is a 1 X 1 matrix, i.e., a complex num- 
ber; hence (vi|v2)* is the conjugate complex number to (vi|v2) (whv?") 
But (vi|v2)* = (21*22)* = 22*21** - 22*21 = (V2|vi). In words: 

An interchaiige of the two vectors in a scalar product changes the 
scalar product into its conjugate complex. 

Thus scalar multiplication of complex vectors is not, in general, a 
commutative operation; it is commutative when, and only when, the 
sedar product is real. In particular when (vi|v2) is zero so also is (vljvi) . 

When (vi|v2) = 0 wo say that is perpendicular to Vi; if, then, V2 is 
perpendicular to Vi, vi is perpendicular to V2, and we say, simply, that 
the two vectors Vi and V2 are perpendicular or orthogonal. 

EXERCISES 

13. Show that ((v, + v,)|v,) - (v,[v,) + (v,|t,). 

14. Show that (cy,|v 2 ) -8(v.|v,); (v.|(w,) - c(v.|vO, where « is any scalar. 
Note that when tho scalar c is fiwttored out from the first of tlio two vectors in the 
symbol (v,|vs) it is its conjugate s that must bo prefixed to the scalar product. 

It is easy to determine the conditions imposed on tho n X n, matrix V 
by the fact that (vi|v2) is a scalar. Since z/ = I/zi, (21')* = zi*U* 
and so the relation (zi')*Zi' = 21*2* yields Zi*U*Uz2 = 21*22. On 
setting zi = C}, z-j = cj wo find (see Exercises 10 and 11 ) that tho 
number in tho jth row and /cth column of 17*17 is zdro unless j « ft in 
which case it is unity. In other words 
U*U is the n X n unit matrix E„. 

It is clear, conversely, that if U*U =» then 21*22 is a scalar. We 
term any n X n matrix which is such that U*U -= a unitary 
matrix. 



36 


VECTORS AND MATRICES 


EXERCISES 

15. Sh ow that det C/ is a complex number of unit modulus. HirU. det U* 
= det U, and det {U*V) = det U* det U. 

16. Show that if s is any n X 1 matrix there is an unambigtiously determinate 
n X 1 matrix v> such that s ■= Uw. Hint, det U ^ 0. 

17 . Show that if I7*s is the zero n X 1 matrix so also is z. 

18. Show that VV* =■ jE!„. HitU. From U*U - we obtain U*UU* - O’* so 

that U*(UU* — En) is the zero n X n matrix. Hence each column of UU* — 

is the zero a X 1 matrix. Hence UU* = En. Note. The result of this exercise 
may be phrased as follows: 

If U ia wiitary so also is U*. ■ 

Let Ti and Vs be any two ?i-dimensional complex vectors, and let c 
be any real scalar. Then ((vi + cv 2 )|(vi + evi)), being the squared 
magnitude of Vi + era, ^0. Hence 

»i® + c{(ti|v 2) + (vslvi)} + ^ 0. 

If the quadratic function of c on the left had two real zeros it would be 
negative in any neighborhood of each of these zeros, which is impos- 
sible. Hence {(vi|v 2 ) -1- (vslvi)}® ^ 4t>i*j;2*. If V 2 is multiplied by 
where 6 is the argument of (viVs), the left-hand side of this 
inequality becomes 4|(vi|72)|* since (vi Vt) becomes |(vi|v 2 )|, and when 
(vilvs) is real it is equal to (v 2 |vi). On the other hand the right-hand 
side of our inequality is unaffected (why?). Hence | (vi|v 2 )|® ^ viW, 
or, equivalently, 

|(vi|v2)| < ViVa. 

This inequality is known as Schwarz’s inequality (after H. A. Schwarz 
[1846-1921], a German mathematician). Expressed in words: 

The modulus of the scalar product of any n-dimensional complex 
vector by any other is not greater than the product of the magnitudes 
of the two vectors. 

When the scalar product of two w-dimensional complex vectors Vi 
and V 2 is real [so that (v 2 |vi) = (vi|v 2 )] we define the angle 9 between 
the two vectors by the formula 

cosd = M^) 

V1V2 

(it being assumed that neither of the vectors Vi and V 2 is the zero 
vector). It foUows from Schwarz’s inequality that the angle 9 defined 
m thM wa,y is always real. In the case of real Ji-dimensional vectors 
this definition of 9 enables us to introduce the concept of direction 
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cosines which played such an important role in the theory of real plane 
and space vectors. 

EXERCISES 


19. Show that if u/ is tho vector v{Ui\ * * • , then u,* is a unit vector and u/ 

is perpendicular to u* if y ^ k (the being the elements of a unitary matrix). 

20. Show that if any, or all, of the columns of U are multiplied by complex num- 
bers of unit modulus the new n X n matrix so obtained is unitary. 

21. Show that by multiplying one of tho columns of 27 by a complex niunbor of 
unit modulus we con obtain a unitary matrix whoso determinant is unity. Hint 
det C/ is a complex number of unit modulus. Note, A. square matrix whoso 
determinant is 1 is said to bo uniniodular. Wo shall from now on restrict our linear 
homogeneous transformations z' = Uz to those whose matrices U are unimodular 
unitary matrices (just as in the case of real plane and space vectors where wc 
restricted ourselves to reference frames for which the determinant of the table of 
direction cosines was -1-1). 

22. Show that each element of a unimodular unitary matrix is equal to the 

conjugate of its cofactor. Hmt The various equations -f -j- . . . 
+ 0, i 7>^ 1, toll UH that HiP « k times the cofactor of ?^iP. On multiply- 

ing these equations by ni\ • • • , 7/a", respectively, and adding wo find A; =» 1, 


23. Sho\v that tlu^ general unimodular unitary 2X2 matrix is 



, whore 


da -f S6 =* 1. Wliat does this reduce to when tho matrix is real? Note, On 
setting a “ aji H- xsi, 6 » 3:3 + tho relation da -H 56 « 1 appears ns (iCi)* + 
(a? 2 )* + (* 3 )* + (Xi)^ =■ 1. Thus 

Hverj/ 2X2 univwdular unitary matrix is idmtified by a point on the unit sphere 
in four~dimt*nsional space. 

This is th(i analogue of iho. fa<a that (wery complex nuinl)or of unit modulus is 
identifiwi by a point on the unit circle in tlie phme. 


10. The allcrnalin^ product of n vectors; the vector or cross 
product of (n — 1) vectors 

Lotv,- == v{zj\ •••,«/*); i = Ij •• • beany set of nnnlimensional 
compl(5x vectors, Tho (lotcrminant of tho n Xn matrix Z, whose 
jth column consists of the coordinates of v/, is a scalar which we shall 
denote by the symbol (vi, • • • , Vn) and term tho altemaiing product 
of tho n vo(jtors (in the indicated order). The reason for the adjective 
alternatingisdear: An interchange of aw, 2 / two of the vectors Vi, * • • , 
Vn changes tho sign of dot Z, The proof of the fact that det Z is a 
scalar is simple. Indeed since v,- is a vector wc have 

z'i = Uzi, 

where % is the X 1 matrix whose elements are tho coordinates of Vy; 
in other words 2 / is th(^ jth column of Z, The n equations obtained by 
letting j run over t.he range 1 to n may bo compactly written as 
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Z' = J7Z. 

Hence det Z' = det XJ det Z, and since det 17 = 1 it follows that 

det Z' = det Z. 

In other words det Z is a scalar. 

If {vi, • * * , Vjb} are any h n-dimensional complex vectors and 
cS * • • , c* are any k complex scalars the vector 

V = C^Vi + • * • + cVjfe 

is said to be a linear combination of the vectors vi, • • • , v*. If not 
all the scalars (c^, • • • , c*) are zero the linear combination is said to 
be nontrivial; if all the scalars are zero the linear combination is trivial. 
If there is no non-trivial linear combination of tho k vectors Vi, • • • , 
Vjb which is the zero vector, the set {vi, • * • , v*} is said to be linearly 
independent; otherwise it is linearly dependent, 

EXERCISES 

1. Show that (▼!,•••, Vn) ** 0 if any two of the n vectors are the same. 

2. Show that (vi, • • • , Vn) is a linear function of each of the n vec^tors, i.e., 
that (vi, • • • , cv/, • • • , v„) « c(vi, - • • , Vf, * • • , Vn), c being any scjalar, and 

that (Vi, • * • , Vi + Wy, • • • , Vn) » (vi, • • • , Vy, • • • , Vn) + (Vj, • • • , Wy, 
• • • , Vn). 

3. Show that (vi, • • • , Vn) =« 0 if any one of the vectors Vi, • • ■ , Vn is a 
linear combination of the remaining vectors. 

4. Show that (vi, • • ■ , Vn) =» 0 if the set {vi, - • • , Vn} is linearly dependent. 
Hint. This is merely another way of phrasing Exercise 3. 

5. Show that the set of n vectors {ui, • • • , Un}, whore the coordinates of iiy 

are furnished by the jth column of a unitary matrix, is linearly indopemdent. 
HiTU. (ui, • • • , Un) = det 17 0. 

6. Show that if {vi, • • • , Vn+i} is a set of n + 1 ?i-diniensional vectors then 

(Vi, • • • , Vn+i)Vi - (vi, Va, • • - , Vn+i)V8 + (Vi, Va, V4, • • • , V„.,.i)V3 - • • • 

+ (“l)*(vi, • • • , Vn)Vn+i - 0. Bird. See Section 4. 

7. Show that no set of more than n ti-dimensional oomplex vocstors is linearly 
independent. N ote. The results of Exercises 5 and 6 constitute tho reiujon for 
terming the vectors ^^Twiimensional.^^ 

8. Show that if (vi, • • • , Vn) =» 0 the set {vi, • • • , v«} is linearly dependent. 
Hint. If Z is the nXn matrix whose jth column is furnished by tho <‘.(>ordinat<‘a 
of vy, det Z =5 (vi, • • • , Vn) » 0. Hence there exist a set of n numbers 

, c*), not all zero, such that = 0. The numbers * * • , c^) are scalars 
since the equations - 0 imply that c“(zaP)' = 0. (Prove this. Hint (zk^y 
- up^zjcP.) Hence the scalars {c\ • • • , <^) are such that c«v« « 0. Note. On 
combining the results of Exercises 4 and 8 we obtain the following entenon for 
hnear dependence of a set of n vectors: 

The set (vi, • • • Vn} of n vectors in n-dimensional complex space is linearly 
dependent if, and only if, (vi, • • • , v„) « 0. 
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9. Show that any set of n linearly independent vectors is a basis (what does this 
mean {) for n-dimensional complex vectors. 

’/ r four-dimonsional complex vectors, determine 

the coorfmates (what are those?) of an arbitrary vector v with respect to this 

<“>* ; • • > is a basis for n-dimensional complex vectore which is such 
that the matrix Z, whosoyth column is furnished by the coordinates of u* is unitary 
^d unimodular, show that the coordinates of any vector v with respect to the 
basis are c =■ (Uf|v),j = 1, • • • , n. Hint. Exercise 22, p. 37. 


Let, now, {vi, • • • , v„_i} be any set of (n - 1) n-dimensional 
complex vectors. If v « v(z\ • • • , s») is an arbitrary vector 
(Ti, • • • , v„_i, v) IS a scalar, and on expanding this n-rowed deter- 
nunant m terms of the last column we obtain a homogeneous linear 
function of the coordinates of v which is a scalar. The conjugates of 
the coefficients of tliis linear function are, then, the coordinates of a 
vector. The proof of this important converse of the scedar product 
theorem runs as foUows: On denoting the coefficients of the homo- 
geneous linear function by (ai, • • • , a„) wo are given that 


and since v = • • • , s'*) is arbitrary this yields (how?) 

flfc “ “ 1, ■ ■ ' , 71, 

On multiplying those equations by and summing on k we obtain 

(oj') = Ofta^. 

On taking the conjugates of these equations and denoting &• by we 
obtain 

(y^Y = u/yf 

so that , y") is a vector. 

We denote the vector which is obtained in this way from the (?i, - 1) 
vectors Vi, • • • , v,_i by the symbol (vi X v* X • • • X v„_i), and 
we term it the vector or cross product of the (n - 1) vectors. Its 
coordinates are the conjugates of the cofactors of a* in the 

matrix Z whose columns are furnished by the coordinates of the 
vectors Vi, vj, • • • , v„_i, v. It follows at once that 
(vi X Vs X • • • X Vn_i) is the zero vector when the set of (ji — 1 ) 
vectors {vi, • • • , v„_i} is linearly dependent. 

In fact when {vi, ■ • • , v„_i} is linearly dependent so also is 
{vi, • • • , v„_i, v}, whore v is an arbitrary vector (why?). Hence 
(vi, • • • , Vn_i, v) = ((vi X V 2 X ' • • X Va_i)|v) = 0, Where vis an 
arbitrary vector. Hence (vi X Va X • ■ • X v„_i) = 0 (why?). 
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On the other hand if (vi X V 2 X • • • X Vn-i) is the zero vector 
the set {vi, • • • , v^i} is linearly dependent. For (vi, • • ■ ,Vn-i,v) 
= 0, where v is arbitrary; hence there exists a non-trivial linear com- 
bination of Vi, • • • , Vn-i, V which is the zero vector. If {vi, • • • , 
Vn-i} were a linearly independent set the coeflScient of v in this non- 
trivial linear combination could not be zero (why?) so that an arbitrary 
vector V would be a linear combination of the n -■ 1 vectors Vi, • • • , 
v«-.i. But this would be absurd since there would then be no linearly 
independent set of n vectors (why?). We have, then, the following 
criterion for the linear dependence of sets of (n — 1) vectors. 

The set {vi, • • • , v^^i} of n — 1 n-dimensional complex vectors 
is linearly dependent when, and only when, (vi X V 2 X • • * X Vn-i) 
is the zero vector. 

Note, The case n = 2 is somewhat special. Here (vi X • • • 
X Vti-i) is replaced by v(— zi^) which we may term the complement 
of Vi. On the other hand the complement of V 2 is 2 ;(z 2 ^, — ^20- 
fact to get the complement of Vi we take the conjugates of the cofactors 


of and z^ in the matrix 



while to get the complement of V 2 


we take the conjugates of the cofactors of z^ and in the matrix 



In this terminology (vi X • • • X v^-i) is the complement 


of the (ordered) set of n — 1 vectors {vi, • • • , v„-i} which we suppose 
to be linearly independent. 

Let, now, {vi, • • • , Vn} be any linearly independent set of n 
n-dimensional complex vectors. There is associated with this set a 
second linearly independent set {wi, • • • , Wn} which is reciprocal to 
the first set in the following sense: 


(Wj-jv,) = 1, j = 1, ,n; 

(wjIvj) = 0, 3 k . 


This set is constructed as follows: If n = 1, Wi = 

1 Wi 

Wi = — so that Vi = — -• 

t)i lOl* 


— • Note that 


If TO = 2, (Vi, V2)Wi = v(Zi\ — (vi, V2)W2 = «( — Zl®, 2l®). It 
foUowB that (wi, W2) (vi, V2) = 1 and the relation between the two 
pairs of vectors {vi, V2} and {wi, W2} is a reciprocal one. 

If TO > 2, let ji, • • • , jn be an ev en permutation of the numbers 
1, 2, • • • , n, and set (vi, • • • , v„)wf, = (vy, X • • • X v#,). It is 
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clear that (wj|v,) = 1 and that = q, j 9 ^ k. (Remember that 

when a scalar is factored out from the first vector in a scalar product 
the conjugate of the scalar must be prefixed to the scalar product.) 
The last n — 1 of these relations tell us that Vf, = X • • • 

X W;,), and the first tells us that k = — ^ Thus 

(wi, • • • , w„) 


(wi, ■ • • , w„)v/, = (Wf. X • • • X w,.). 

That(wi, • • • ,w„) is the reciprocal of (vj, • • • , v„) is a consequence 
of the relations (w,-|vy) = 1, (w^lv^) = 0. In fact if Z and F are the 
matrices whose columns are furnished by the vectors v and w, respec- 
tively, these relations say that Y*Z is the unit nXn matrix. Hence 
det Y* det i? = 1 and det F = (v„ • • • , v„),det Y* = (wi, • • • , w„). 

EXERCISES 

12. Show that the coordmatos of an arbitrary vector v with reapoct to tho basis 
|vi» ■••,▼«} are W - (wy|v),y =. 1, . . . , ,4. 

13. Show that if the coordinates of u, are tho elements of tluo jth oohunn of a 

unimodular unitary a X a matrix tho set {ui, • • • , } is $elf-reciproccd, 

REVIEW EXERCISES 

1 . Showtliatifv - v(t) is a vector whose coordinates • • • ,s”arodi£foronti- 
ablc fuiuitionsofa 8calarparamct(!r<tliont»(s,i, • • ■ , s,-) is a vector denoting 

tho dorivative of z’ with rcspw.t to <), N ote. Wo term this vector the derivative of 
V with reepert to t, and wc denote it by tho symbol V(. 

2. Show that if Vj — vi(f), vj — Vj(<) aro two difforontiable vectors (vi|v»l( 

- ((vi)i|va) + (v,J(v,),). ' ' 

3. Show that if v >= v(<) is a diffcrontiablo vector and c => c(<) a differentiable 
scalar then (rv)* — o,v + cv<. 

4. Show that if v is a real vector of constant magnitude (pS 0) then v. is per- 
pendicular to V, or else Vj — 0. ^ 

5. If V ■» v(f, g, h) is a three-dimensional vector field, possessing second deriva- 
tives, show that AjV — v(A!if, A^g, Aji) is a vector field, whore Atf “ /aa -f f^y 

CtCa 

6. llHing tho notation of Kxcrciso 5 show that curl curl v « grad div v — Aav. 
Note, curl curl v is tho vector triple product (V X (V X v)). Tho result of this 
exorcise may he written as follows: (V X (V X v)) » v (v|v) - (v|v)v. 

7. Show that if U =« U (t) is a real \mitary matrix which is a clifferentiahlo 
function of a real scalar parameter t and if u/(0 is the vector whoso coordinates aro 
furnished by thoyth column of U thou (ti,-|(u/)0 « 0, (uy|(ujb)0 + (tiJ(Ui)O « 0. 
Hint. (uy|u;) » 1 ; (u,-|uifc) « 0. 

8. Prove th() following converse of the vector product theorem: If (a, 6, c) is a sot of 
throe numlxinj attachfid to any reference frame Oxyz which has tho property that 
w » v(bz - ry, cx - az, ay - bx) is a vector, where r « v(x, y, z) is an arbitrary 
veiitor, then t;(a, 6, r) is a vo(?tor. Hint. If v is an arbitrary vector (v| w) is a scalar ; 
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(vjw) - + 6flr + cA, where (r X v) « »(/, g, h). Since r and v arc arbitrary 

vectors so also is (r X v) (why?). Hence t;(a, 6, c) is a vector. 

9. Let Ux « ui(«), 112 *= ii2(0i “ tisCi) be a variable three-dimensional real 
unitaxy basis, and let v be a vector whose coordinates with respect to this variable 
basis are constant. Calculate the coordinates of Vt with respect to the variable 
basis. Hint Let v «/ui + ^2 + huz*, then v* =“/(ui)t + p(u 2 )i + 

(vtjui) = bh - cfir, (vt|ii 2 ) ^cf -ah, (vtjus) = - b/. where o - ((ii 2 )tlu 5 ) 
- -(U 2 l(u,) 0 , b = ((ii8)elui) = -(u,l(ui),; c - ((ui) 2 lu 2 ) « -(u,l(ua)0 (see 
Ejxeroise 7). Since g, h) is an arbitrary vector it follows that v(a, b, c) is a 
vector. This vector is termed the angular velocity of the variable reference frame 
{ 111, ti2» Us } - Denoting it by q we have v* = (w X v). 

10. If ihe coordinates of v with respect to the reference frame {ui, Ua, Ua} of 
Exercise 9 are not constant calculate the coordinates of v* with respect to the 
reference frame {ui, Ua, Us}. Answer. /< + bb — eg, etc. 

Note. The vector i>(/*, gt, ht) is called the derivative of v with respect to the 
variable reference frame {iii, Ua, Ua } . Eeferring to vt as the absolute derivative of v 
and to v(ft, gt, ht) as the relative derivative of v we have the following important 
relation: 

The absolute derivative of v — The relative derivative of v plus (w X v). 

11 . Calculate v«t (see Exercise 10). 

dr , 

Solution. On denoting the relative derivative of v by we have 


Vt 


- + («Xv); 


+ ^ 5 ) (<-lv)<. -«>v. 


Nate. When v ■■ v{P -> P) is the position vector of a point P and if is the time 

d*v 

variable, Vtt is the (absolute) acceleration of P, and — is the relative arederation 


of P, i.e., the acceleration of P relative to the moving reference frame (ui, ua, u® ). 

The contribution 2 ( <0 X ~ ) to the absolute acceleration is known as the Coriolis 
\ 


acederation. 

12. Show that when Ui « f;(cos B, sin 6, 0), Ui « v(— sin $, cos 0, 0), Uj — 
tj(0, 0, 1) the angular velocity (see Exercise 9) is <0 =» dtUz. Dedu(*n that the 

dr 

absolute derivative of a vector v is 1- 0 «(u 3 X v). 


13. Show that when Ui ** t;(sin d cos <l>, sin $ sin <f>, cos 0), U 2 « w(cos 0 cos <t>, 
cos 0 sin <t>, —sin 6), Us » v(— sin <f>, cos <i>, 0), <0 = cos 0 <^tUi — sin 0 <#>tUa + d*u» 
“ ^*!;(0, 0, 1) + ^*118. Note. This result may be expressed as follows: 

The angular velocity of a moving polar coordinate reference frame is the sum of 
4>t times a unit vector along the z-asds and Bt times a unit vector along the third polar 
coordinate axis. 
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1. Quadratic and bilinear forms; linear vector functions 

We shall introduce the concepts of quadratic and bilinear forms (a 
form being a scalar function of one of more vectors) by considering real 
three-dimensional vectors. The extension to n-^mensional complex 
vectors is simple and will cause no difficulty. 

If V = v{x, y, z) is any real three-dimensional vector its squared 
magnitude 

= a:* -f y* -f g® 

is a scalar quadratic function of the coordinates of v. We say that 
it is a quadratic fm-m in v. If Vi = v{xi, yi, z-f) and Vj = v^Xi, yt, g*) 
are any two real three-dimensional space vectors the scalar product 

(vilvj) = X1X2 -j- y\yi -f- gjgs 

is a bilinear form in the two vectors Vi and v*; by this we mean that it 
is a scalar which possesses the following properties: (o) If c is any 
scalar then (cvi|v2) = c(vi|vj) = (vi|cv2). ( 5 ) ((vi -f- Wi)|v2) = (vi|v2) 
+ (Wi|v2); (Vil(V2 •+■ W2)) = (vi|v2) -I- (vi|w2). 

These two properties imply (prove this) that if ci, di, cg, dt are any 
four scalars then 

((ciVi -1- diWi)|(c2V2 -+■ dgWg)) = ciC2(vi|v2) H- Cid2(vi|w2) 

-f- diC 2 (wi|v 2 ) -I- didgCwijwg). 

■ If we denote by z the 3X1 matrix whose elements are the coordinates 
of V, the squared magnitude of v appears in the form 

W® = X*Z = Xa*X“ 

(where x^ = z, x^ = y, ** = g; a:i* = x, xt* = y, x^* = z). Similarly 
if we denote by y the 3 X 1 matrix whose elements are the coordinates 
of w the scalar product (w|v) appears in the form 

43 
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(w|v) = y*x = 2 /a*x«. 

This bilinear form is a member of the class of bilinear forms of the type 

y*Ax = 

where A is a 3 X 3 matrix of which ajJ is the element in the jth row 
and Jbth column; in fact when A is the unit three-dimensional matrix 
y*Ax reduces to y*x. We now raise the question: What conditions 
are imposed on the matrix A by the requirement that y*Ax be a 
scalar? 

To answer this question we observe that since w = v{y^f y®, j/®) is an 
arbitrary vector the elements of the 3X1 matrix Ax are the coordi- 
nates of a vector (by the converse of the scalar product theorem). 
Thus the matrix A must be such that the elements of Ax are the 
coordinates of a vector, where v = v(x\ x^, x^) is an arbitrary vector. 
Conversely, if this is so, y*Ax is a scalar. For this reason we say that 
the elements of A are the coordinateSi in the reference frame Oxyz 
being used, of an operator (or machine) which feeds on vectors and 
produces vectors. We denote this operator by the symbol A, and wo 
denote by Av the vector whose coordinates in the Oxyz reference 
frame are the elements of the matrix Ax. It is at once evident (prove 
this) that 

A(cv) = cAv, 

where c is any scalar; 

A(vi + V 2 ) = Avi + Av2, 

where Vi and V 2 are any two vectors. 

We express these facts by the statement that A is a linear vector 
function. Remember always that a linear vector function feeds on 
vectors to produce vectors; in other words the independent variable is a 
vector, and the dependent variable is a vector. We indicate by the 
symbol A ; A that the coordinates of A, in the reference frame Oxyz 
being used, are the elements of the 3X3 matrix A. 

EXERCISES 

1. If A: A and B: B axe linear vector functions show that the elements of 
A + B are the coordinates of a linear vector function (which wo denote by A H- B 
and term the sum of A and B). 

2. Show that the addition of two linear vector functions is commutative, i.e., 
that B + A « A + B. 

3. Show that if A : A is a linear vector function the elements of cA , where c is 
any scalar, are the coordinates of a linear vector fimction (which we denote by cA 
and term the product of A by c). 

4. Show that c(A -f B) => cA + cB. 
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5> Show that if A: ^ and B: JS are linear vector functions then the elements 
of AB are the coordinates of a linear vector function (which we denote by AB and 
term the product of B by A). 

6. Show that multiplication of linear vector functions is not, in general, com- 
mutative, i.e., that the product of A by B is not, in general, the same as the product 
of B by A. 

It is easy to find the coordinates of a linear vector function A in any 
new reference frame O'z'y'z'. Since y*Ax is a scalar we have 

y'*A'x' = y*Ax. 

Here the coordinates (a;0', (**)', («*)' of v in the O'x'y'z' reference frame 
are connected tvith the coordinates xS as® of v in the Oxyz reference 
frame by means of the table of direction cosines which descidbes the 
relative orientation of the two reference frames. This table of direc- 
tion cosines is a real unimodular unitary 3X3 matrix which we abn.H 
denote by R and which we term a rotation matrix (since, when the two 
reference frames have a common origin, either of them may be trans- 
formed into the other by a rigid rotation). We have, then, 

X = Rx', y = Ry', y* = y'*R* 

so that 

y'*A'x' = y'*R*ARx'. 

It follows at once that 

A' = R*AR. 

(To sec this set w = u^, v = u*; i.e., w is the vector whose jth coordi- 
nate in the O'x'y'z' reference frame is unity, all the other cooi-dinates 
being zero, and v is the vector whoso A:th coordinate in the O'x'y'z' 
reference frame is unity, all the other coordinates being zero.) We 
have, then, the following fvmdamontal result: 

Under a change of reference frame the coordinates of a linear vector 
function A undergo the transformation 

A' = R*AR. 

Here R is a rotation matrix : 

R*R = RR* = Et] det R = 1, 

and the change of reference frame is such that the coordinates of a 
vector undergo the transformation 

X = Rx'. 

Note. Since R Is real R* is obtained from R by transposing it, i.e., by 
interchanging its rows and columns. 
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EXERCISES 

7. Show that when the roles of the reference frames Oxyz and O'xY^' are inter- 
changed R is replaced by R*, i.e., that x =» A = i2A'i2*. 

8. Show that the coordinates of the identity linear vector function Ea, i.e., the 
linear vector function for which EaV = v, every v, are scalars and are furnished by 
the elements of the three-dimensional unit matrix. Hint, If Arc ■= a; for every 
X then A = Ea and R^EzR “ R*R “ 

9. Show that the zero linear vector function O, i.e., the linear vector function 
for which Ov =■ 0, every v, are scalars and are furnished by the elements of the 
three-dimensional zero matrix. 

10. Show that the only linear vector functions whose coordinates are scalars 
are scalar multiples of the identity linear vector function. Hint. The relation 
R*AR ™ A is equivalent (why?) to AR = RA. Hence aiH\ + a 2 ^wi + 

«= + Zjai* + ZaOi*, etc. Since wii and ni are independent of 1% and h we have 

ai* “ 0, ai* = 0. Similarly ^ 0, j k. Equating the elements in the first 
row and second column of AR and of RA we find *= aa*. Similarly ai^ =» as®. 
Note. A scalar multiple cEa of the identity linear vector function is known as a 
scalar linear vector function; when an arbitrary vector v is fed into a scalar linear 
vector function cEz it is returned multiplied by the scalar c. 

11. Show that the elements of the 3 X 3 matrix A xy* are the coordinates of a 
linear vector function. Hint. If Va - v(z\ z*, z®) is an arbitrary vector the 
elements of the 3 X 1 matrix Az « xy*z « (valva)® are the coordinates of the 
vector (vs|v8)vi. Note. The linear vector function A; xy* is termed the direct 
product of the vector Va = v(y\ y^ y^) by the vector Vi « v{x\ x\ x^) . 

2. Symmetric and alternating linear vector functions 

If A is any linear vector function the bilinear form (V2I Avi) is a scalar, 
Vi and V2 being arbitrary vectors. On interchanging the vectors Vi 
and V 2 we obtain a second scalar (V 1 IAV 2 ) which may, or may not, be 
the same as the first. If the linear vector function A is such that the 
bilinear form (V 2 IAV 1 ) is insensitive to an interchange of the vectors 
Vi and V2 we say that it is symmetric or Hermitian (after C. Hermite 
[1822-1901], a IVench mathematician). Thus 
The (real) linear vector function A is symmetric, or Hermitian, if 
(V2IAV1) = (vi|Av2), Vi and V2 being any two real vectors. 

It is easy to find the conditions imposed on the matrix A by the fact 
that A ; A is symmetric. We must have 

y*Ax = x*Ay, 

where x and y are any two (real) 3X1 matrices. Since y'^Ax is a 
1X1 (real) matrix (i.e., a real number) it is equal to its ‘‘star”: 

y*Ax = {y*Ax)* = x*A*y. 


Hence 


x*A*y = x*Ay, 
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where x and y are any two real 3X1 matrices, 
y = e* we obtain 


i.e. 


} 


ay = j, k = L, 2, 3; 


On sotting x = cy, 


A* = A. 

In words: 

The matrix whose elements are the coordinates of a symmetric real 
linear v^tor function is insensitive to an irdcrchangc of its rows and 
columns: 


= ad) j, k = ], 2, 3. 


EXERCISES 

• 1' if A and B arc any two aynimetrio linear vector functions so also 

IS A “1“ S. 

2. Show that the elements of the 3 X 3 matrix xy* + x*y are the coordinates of 
a symmetric linear vector fimction (the elements of the 3 X 1 matrices a: and v 
being coordinates of vectors). ^ 

If the linear vector function A, instead of being symmetric, is such 
that (va|Avi) changes sign when the two vectors Vi and Vs ai-o inter- 
changed we say that A is adtemoMng or skew symmetric. Thus 

The (real) linear vector function A is alternating, or skew symmetric, 
if (v 2 |Avi) = — (vijAva), vi and Vs being any two (real) vectors. 

The same argument as that for symmetric linear vector functions 
(repeat it) shows that 

The elements of the 3 XS matrix A are the coordinates of an alternat- 
ing, or skew-symmetric, linear vector function if, and only if, 

A* = -A. 


It follows that the diagonal elements of A are zero (why?) : 


while 


V = 0, i = 1, 2, 3 
af = ~af‘, j 7^ k. 


EXERCISES 

3. Shew that the elements of the 3X3 matrix xy* - x*y arc the coordinates of 
an altomatiUK linear vcc.tor function (the olcumnts of the 3 X 1 matrices x and ?/ 
being coordinates of vectors), 

4. Show that if A: A is an altomatinp; linear vector function then the elements 
of the 3X1 matrix (a,®, oj', oi») are the coordinates of a vector. Hint. Tlio 
coordinates of Av, whore v = »(*, y, g), are (a, hi - oi^y, ai*x - a^^y - «.»*), 
imd since Av is a vector, v being an arbitrary vector, it follows by the eonvoreo of 
the vector product theorem (see Review Kxoroiso 8, p. 41) that (oa», oa', Oi“) are 
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the coordinates of a vector. Note. Remember this result; we shall denote by 
a the vector «(a 2 *, asS ai*), and we shall say that a is the vector associated with the 
alternating linear vector function. 

5. Show that if A; xy* - yx*, where v = v{x\ x\ w = w{y\ y\ y») are arbi- 
trary vectors, then the vector a associated with A is (v X w). 

6. Show that if a is the vector associated with the alternating linear vector 
function A then Av = (a X v). 

3. The gradient of a vector field; the divergence of a linear 
vector function field 

On combining the following facts: (1) If v = w = 

2 / 2 ^ 2 /*) are any two vectors then the direct product of wby v (see 

Exercise 11, p. 46) is a linear vector fimction; and (2) the differentiat- 
ing operator V = v (—j — J is a symbolic vector (see p. 28) we 

\dx by bx/ 

obtain the important result that if v = v{f, g, h) is a differentiable 
vector field then the elements of the 3 X 3 matrix 


“d" 

bx 




K 

b 

by 

= 

fy 

gy 

K 

b 

_bz^ 



Qz 



are the coordinates of a linear vector function which we term the 
gradient of the vector field v = v{fj g, h) and denote by the symbol 
grad V. Thus 

grad V : V/*, 


where is the 1 X 3 matrix whose elements are the coordinates of v. 
The adjoint of grad v is the linear vector function 

(grad v)*:/V* 


where V* is the 1 X 3 matrix 
have 



If dP = v(dx, dy, dz) we 


(grad v)* dP = dv = v{dfj dg, dh). 


This relation serves, since dP is an arbitrary vector, to verify that 
(grad v) * : jV * and hence grad v : V/* are linear vector functions (why ?) . 
On subtracting from (grad v)* its adjoint grad v we obtain the alter- 
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nating linear vector function whose coordinates are the elements of the 
matrix 

'0 fv-g^ f.-h' 

ff* ~ fv 0 g, — hy . 
f* hv — Qz 0 

The vector a^ociated with this alternating linear vector function is 
curl V. (Verify this.) Note that div v is the sum of the diagonal 
eleinents, or trace, of the matrix whose elements are the coordinates 
of the linear vector function grad v and that the determinant of this 
matrix is the Jacobian determinant of /, g, and h with respect to a: v 
and g. We shall see shortly that if A : A is any linear vector fimction 
then the trace of A and its determinant (and also the sum of its two- 
rowed diagonal minors) are scalars. 

Let, now, A: A be a differentiable linear vector function field. We 
mean by this that each element of the 3 X 3 matrix A is a differentiable 
function of (», y, g); thus to each point P: {x, y, g) of a three-dimen- 
sional domain there is attached a linear vector function A and 
each of the coordinates of A is a differentiable point-function. 
Since A is a linear vector function, A*v is a vector, v being an arbitrary 
vector. Hence, on replacing v by V, we see that 

aoi* ^ ^ daji, dos* , 

\dx dy dz’ dx dy dz’ dx 


dz ) 


is a vector. Using the compact “ Greek label for summation ” notation 
we may express this result as follows: 

If k: A is any dijferentuMe linear vector function field the dements of 

dx“ 


Z.J a.. A IS any aijjerenmoie linear vecUrr function field the demc. 
IheZ XI matrix are Uie coordinates of a vector. 


We 


term this lector the divergence of the linear vector function field, and 
we denote it by the symbol div A. 

Note. The following rule of procedure may help you remember how 
to calculate the divergence of a linear vector function field: 
that the elements of each column of A are the coordinates of a vector, 
^d calculate the divergence of each of the throe “column vectors.” 
The thr^ numbers so obtained are the coordinates of div A. 

Warning. Never forget, when using this rule of procedure, the 
fiction involved. The elements of a column of A are not the coordi- 
nates of a vector (why?). Thus you should not be surprised by the 
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fact tliat the “divergence*' of any of the “coluxnn vectors" of A is 
not a scalar. 


EXERCISES 

1. Show that div grad v = A 2 V. 

2. Show that if c is any differentiable scalar field grad (cv) = c grad v + the 
direct product of v by grad c. 

3. Show that div cA = c div A + A* grad c. 

4. Linear vector functions for n-dimensional complex vectors 

It will suffice to run over the main points since the extension from 
three-dimensional real vectors to n-dimensional complex vectors pre- 
sents no essential difficulty. If A is an n X ^ matrix, whose elements 
are complex numbers, which is such that the bilinear form 

is a scalar, where z and w are arbitrary n X 1 complex matrices whose 
elements are the coordinates of two arbitrary vectors Vi and V2, we 
say that the elements of A are the coordinates, in the reference frame 
being used, of a linear vector function A. The reason for the name is 
that the elements of the n X 1 matrix Az are the coordinates of a 
vector (prove this) which we denote by Avi; the scalar bilinear form 
w'^Az is, then, the scalar product (V2IAV1). We shall use the notation 
A : A to indicate that A is the linear vector function whose coordinates, 
in the reference frame in use, are furnished by the elements of the 
n Xn matrix A. Then addition, multiplication by a scalar, and 
multiplication of linear vector functions are defined by the formulas 

A + B:A+B; cA:cA; ABiAB. 

(Prove that these formulas are legitimate, i.e., that they actually define 
linear vector functions. Hint Remember that the essential or 
intrinsic quality of a linear vector function is the scalar natum of the 
bilinear form w*Az = (V2I Avi) for arbitrary vectors Vi and V2.) • Under 
the change of reference frame z = TJz', where U is an n X n uni- 
modular unitary matrix, the nXn matrix A transforms according to 
the formula 

A' = U*AU. 

(Prove this.) 

Associated with any linear vector function A is another linear vector 
function B which is defined by the formula 


(V2|BVi) = (V1IAV2). 
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Id other words ^ inletchDnge of the two yeotoB t. and t. hi the 
bdn^ form (tJAd.), when aocompanied hy a roplaocment of A by 
B, Ranges the value of the bilinear form into its conjugate 

The matnx R whose elements furnish the coordinates of B is readily 
determined. We have 

w*Bz = z*Aw; 

now z*Aw is a 1 X 1 matrix and so its conjugate is its slar, i.e., 


Hence 


z*Aw = (z*Aw)* = w*A*z. 
w*Bz = w*A*z, 


and since this relation must hold for arbitrai 7 n X 1 matrices g and in 
we must have (prove this) 

B == A*. 

We denote, accordingly, the linear vector function B by the symbol 
A , and we say. that A* is the adjoint of A. (Verify that A* - A* is 
a linear vector function.) ® 

EXERCISES 

(”*• 5 rodior 

2. ^ow that the relation between A and A* is a partnership, i.e., that (A*l * = A 

gate of (ts| AvO for any nair of vectors vi and Vj ; sot Vj « v, = v. ^ 

” HAvi). Note. This important result may be 

The linear vector function (or operator) may be transferred from one of the 
vectors Vi, v, to the other in the symbol (vj|AvO if it is replaced by its adjoint. ^ 

, li^ar vector faction A is said to be self-adjoint or SmniHan 
(after C. Hermite [1822-1901], a French mathematician) if (vJAvs) 
sh^s tvith the scalar product (vi|vs) the property that an interchange 
tLt changes it into its conjugate. It follows 

If V is any vector and A is Hermitian, (v|Av) is real. 

In fact (v|Av) is equal to its conjugate, and a complex number which 
IS equal to its conjugate is real. 

It is easy to teU wh en a linea r vector function is Hermitian. We are 

gi ven that (v alAvi) = (vijAva), and we know that (vijAva) = (A*Vi|t 2 ) 

= (ya|A^i) Hence (vafAvi) = (va|A*Vi), and since v* is arbitrary 

+b«^+T^^°! ~ (why?). Since Vj is arbitrary this implies 

that A = A* (why?). Thus 
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A linear vector function A is Hermitian when, and only when, 
A = A*. 

In particular 

A linear vector function for which A is real is Hermitian when, and 
only when, A is symmetric, i.e., ail = a,**; j, = 1, • • • , n. {Note 
that this symmetry relation is independent of the reference frame; in 
other words arf = a,-* implies a^i^ = a'f**; i, Zr = 1, • • • , ri. TMs is 
evident since the definition of the Hermitian character of a linear 
vector Tvas intrinsic; i.e., it made no mention of the reference frame in 
use. It may be readily verified since the relation A' = U*AU yields 
A'* = J7*A*C7. Hence, if A = A* A' = A'* ) 

A linear vector function A is said to be unitary if Av has the same 
magnitude as v for every v. Since the coordinates of Av are furnished 
by the n X 1 matrix Az the definition of a unitary linear vector func- 
tion is contained in the formula 

z*A^Az = z*z] z an arbitrary nXl matrix. 

On replacing z, in turn, hyz + w and z + iw it follows that this implies 
the (apparently stronger) relation 

w^A'^Az = w*z; z and w arbitrary n X 1 matrices. 

(Prove this.) On setting w = e^, z ejo we see that A* A is the umt 
7i-dimensional matrix. Thus 

A linear vector function k: A is unitary when, and only when, A is a 
unitary matrix, 

EXERCISES 

5. Show that if Hi and H, are any two Hermitian linear vector functions so 
also is Hi H 2 . 

6. Show that if Ui and U, are any two unitary linear vector functions so also 
are XJiTTa and UaUi- 

7. Show that if U is a unitary linear vector function so also is cU, where c 
is a scalar of imit modulus. 

8. Show that if A is either a Hermitian linear vector function or a unitary linear 
vector function then AA* = A*A. 

9. Show that if A is any linear vector function then both the linear vector 
functions AA* and A*A are Hermitian. 

10. Show that if v is any vector both (v|AA*v) and (v1a*Av) are nonnegative. 
HiTit, (v1aA*v) — (A*v1a*v): (v|A*Av) « (Av|Av). Note. A Hermitian linear 
function H which is such that (vjHv) > 0 for every vector v is termed poatiive. 
If the equality is valid only when v « 0 we say that H is definitely positive, 

11. Show that the linear vector functions AA* and A*A are definitely positive 
if the linear vector function A is non-singular. Note. A linear vector function A is 
said to be singular when there exists a vector v, other than the zero vector, such 
that Av = 0. Thus A ; A is singular when, and only when, det A « 0. 
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12. aow tlwt A* is singular when, and only when, A is singular. 

f three-diincnsional Hermitian linear vector function 

iLTl ^ (^|Av). Note. S 

i^t shows that Av is perpendicuto to the level surface through P:(x, y z) of the 

regaled as an operator or machine that feeds on the vectors 
»(0 P), where P is any point of the quadric surface (v|Av) = constant and 

S'i w 1 ,“ to t“>gent plane at P to the qLdrit 

surf&oe. Noto th&t wh.en A is the identity 

vector function the quadric surface is a sphere. 

14. Show that if (v|Av) is real, v being an arbi- 
trary complex vector, then A is Hermitian. Hint / \ ^\ 

Since ((V + w)|A(v + w)) is real for every pair of ^ ^ 

vectors v and w, (v|Aw) + (w|Av) is real. It 
follows that + ak^ is real and, on replacing w 
by iWf that i(a^ — ajbO is real; hence A = A*. 

Note. It follows from this result that 

A linear vector function is Hermitian when, 

(^l-A-v) is real, v being an arbitrary vector. 

form (v|Av) makes Hermitian linear vector func- 
tions of special importance in theoretical physics. 



Fto. 13. 


5. Characteristic vectors and characteristic numbers of a linear 
vector function 

We now raise the follotving question: Given a linear vector function A 
does there e.xist a vector v such that Av is a scalar multiple of v? 

Av = Xv; X a scalar. 

In the case where A is a real three-dimensional linear vector function 
flf scalar multiplier X is real the question may be phi'ased as 
follows: Does there exist a vector v such that Av has the same direction 
as, or the opposite direction to, that of v, or, equivalently (see Exercise 
Id, p. 63), does there exist a point P on a level surface of the quadratic 
toim (v|Av) at which the tangent plane is perpendicular to »(0 P) ? 

• i j ? ***“ simplification (rather than complication) 

by passing from the real field to the complex field shows up. 
We shall see shortly that every linear vector function in the complex 
Held possesses at least one characteristic vector. In particular every 
real Imear vector function possesses, in the complex field, at least one 
ch^actenstic vector. In other words there exists a complex vector v 
^ther than the zero vector) and a complex scalar X such that Av = Xv. 
But it may well happen that no such real vector v and real scalar X 
exist. If we insisted on working in the real field we would have to 
introduce the more complicated idea of a characteristic plane defined 
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as follows: If v is any vector in the characteristic plane then Avlies 
in the characteristic plane. 

Equivalent to the definition of a characteristic plane is that of a 
characteristic pair of linearly independent vectors: A linearly inde- 
pendent pair of vectors {vi, V 2 } is a characteristic pair of the linear 
vector function A if both Avi and Av 2 are linear combinations of Vi and 

V2. 

We term any non-trivial vector (i.e., any vector other than the zero 
vector) which is such that Av is a scalar multiple of v a characteristic 
vector of A, and we term the scalar multiple X a characteristic number of 
A. We say, further, that the characteristic vector v of A and the 
characteristic number X of A are associated with one another. It is 
clear that if v is any characteristic vector of A, with the associated 
characteristic number X, then cv, where c is any scalar other than zero, 
is a characteristic vector of A with the same associated characteristic 
number X. We use this flexible multiplying scalar c to arrange that 
the magnitude of v is unity; when this is done we say that the char- 
acteristic vector is normalized. We shall use the S 3 rmbol u to denote a 
normalized characteristic vector. Thus 

A normalized characteristic vector of A is one for which 

Au = Xu; (uju) = rs 1. 

It is clear (prove this) that if u is any normalized characteristic vector 
of A, with the associated characteristic number X, then where 
B real, is any complex number of modulus 1, is a normalized character- 
istic vector of A with the same associated characteristic number X. 
This result is expressed as follows: 

Any normalized characteristic vector u of a linear vector function A is 
indeterminate to the extent of a phase factor. 

In the real field the corresponding result is as follows: 

Any normalized real characteristic vector of a real linear vector function 
is indeterminate to the extent of a reversal of direction {the multiplying 
scalar being now restricted to the values ± 1). 

The fact that every linear vector function possesses, in the complex 
field, at least one characteristic vector is easy to prove. On writing Xv 
in the form Lv, where L is the scalar linear vector function defined 
by the formula 

L:X.5n, 

the definition of a characteristic vector v appears in the form 

Av = Lv; V 7 *£ 0 
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or, equivalently, 

(A - L)v = 0; V 51 ^ 0. 

Hence the linear vector function A - L is singular; it Mows that 
If X is a root of the algebraic equation of degree n 


det (A — XE„) = 0 

lien X is a characteristic number of Ike linear vector function A. If not all 
the cofactors of the matrix A - are zero the ratios of the coordinates 

of an associated characteristic vector are those of the cofactors of a 
row of the matrix A — \E„. When the rank r of A — XE„ < n — 1 
coordinates of a characteristic vector of A which is associ- 
ated with X may be chosen arbitrarily, and then the remaining r 
coordinates are linear combinations of these. 

^ dgebraic equation which furnishes the characteristic numbers 
ot the linear vector function A may be written in the form 


where Ii 


li 


X» - /,X»-x = 

Oa" is the sum of the diagonal elements (i.e., the trace of the 
matrix A) ; 

is the sum of the two-rowed ‘prinei'pdl (or 
diagonal minors) of A; 


a < /3 


a«“ 0/j“ 

dcP a/ 


Ij is the sum of the j-rowed diagonal minors of A; 
fn det A. 

Since the characteristic numbers of a matrix are intrinsic, i.e., their 
definition is independent of the reference frame, the numbers /i • • • 

In are scalars. This is easy to verify; in fact ^ ^ 

X» - /i'X»-i -I- • • . +(-!)”//= det (A'-\E„)=det(17*Al7-XB„) 
= det !7*(A - XE„)!7 = det (A - XE„), (since det V* det U 
= det V*U = det E, = 1), = X" - /iX"-i + . . . ^ (-1)»7„. 
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Since this relation is an identity in X (why?) we have (why?) 

U = /i, • • • , /n' = In. 

In other words the numbers Ii, * • * , In are scalars. We term them 
the inuarianis of the linear vector function A. The equation X" 
— IiX"”^ + * * * + (— 1)*I« = 0 is known as the characteristic eqtia- 
Hon of the linear vector function. 

EXERCISES 

1. Show that each characteristic number X of a linear vector function A is the 
value of the quadratic form (ti|Au), where u is any (nornxalized) characteristic 
vector associated with X. Hint (u|Au) = (u[xu) «=* X(u|u) = X. 

2. Show that any characteristic number of a Hermitian linciir vector fxmetion 
is real. Note, Eemember this important result. 

3. Show that if X is a characteristic number, and u an associated (noi'malized) 
characteristic vector, of any linear vector function A then Xx « (AujAu) = 
(u|A*Au). Hint. Xx « (Xu|Xu). 

4. Show that any characteristic number of a unitary linear vector function 
is of modulus unity. Hint See Exercise 3 and remember that (trujUu) » (u|u) 
=» 1. Note, The following important case of this result is worthy of special 
mention: 

A real chmaderistic number of a unitary linear vector function is either 1 or —1. 

5. Show that a real three-dimensional unimodular unitary linear vector func- 
tion, i.e., a rotation R ; JB, has 1 as a characteristic number. Hint One root of 
a third-degree algebraic equation is real; if only one is real the other two are cson- 
jugate complex numbers so that their product is positive. Furthennore the 
product of the three roots is positive, being det E » 1. 

6. Show that the invariants of a linear vector function arc connt^(^te(l with 
its characteristic numbers as follows: 

I\ *= the sum of the characteristic numbers; 

/a « the sum of the products of the characteristic numbers ttdetm two nt a time; 


In ™ the product of the characteristic numbers. 


Note, It is understood here that if a characteristic number is a multiple root of the 
ch^acteristic equation it is repeated as often as it occurs. For (ixainph^ th(‘ charac- 
teristic equation of the identity linear vector function E,* is (X — 1)« * 0; thus En 

has the one characteristic number Irepeaicdnimcs. HenceJi » n:!^ 

A ^ ^ 

and so on. 


7. Show that the linear vector function A 



has the same character is- 
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fShTtwZ***® ^hUe every vector 

(other than the zero vector) is a characteristic vector of E, the onlv ohJLt^ri^l 
vectors of A are the non-zero scalar multiples of m = e(l 0) ^ eharacteristic 

terisVitt of A, associated with the charae- 

characteristic vectors of a Hennitian linear vector fnnc 

«rbrS'A^ 

^ ^ “ O' characteristic number of the linear vector ftmetinr. a 

A**wSr ohara,ctenstic vector u, then \i is a characteristic number of 

A> with the same associated vector n, f - 2 3 ... »,•«, asT .f. . 

- A(Xu) - XAu - X>u, and so on. > A% - A(Au) 

«n!S*'f fooctions A and B commute, i.e if AB - BA 

a® siTs^int • ^ “ associated characteristic vltor if 

tnen Bu is, if it is not the zero vc( 5 tor, a characteristic vector of A wV»;rtT^ ; * 

ciated with the characteristic number X. Hint. ABu = - BfXtil vb***'”" 

iTltS^ r character^ nuS 

X of A then any Imear combination of the vectors V., ... tais if it ,-rn«+ fi,T 
v^or^a characteristic vector of A which is ass';ciatcd' Zlf^fs^ 

6. The canonical form of a linear vector funcUon 

Let 

w m!t then there exists a unimodular uni- 

tary matrix U such that every olomont of A' = U*AU which is below 
the diagonal is zero, i.e,, a'j/ 0 it j > k. 

We term a matrix which is such that every element below the 

^ fnon^lar matrix. In this terminology the theorem 
we wish to prove may be phrased as follows: 

A basis in which Ihe 

which presents the linear vector function is triangular. 

ic 3n this theorem wo first observe that if Vj 

neSrif'f " ^ J "''^"ts a Hnoarly inde- 

pendent set of n vectors {vx, • • • , v,} containing Vx. In fact v* is 

SZ “ “y *®“tor which is not 

wh^ finally, T„ is any vector 

b.ow, At ..ch tt.se, th.t ™to« C.., . eSt" mt 
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the set BO constructed is linearly independent is clear; for if CiVi + • • • 
+ CnT„ = 0 we must have c« = 0 (for, otherwise, v„ would be a linear 
combination of Vi, • • • , v„_i). Knowing that c« = 0 it follows, 
similarly, that Cn_i = 0, and so on to Ci = 0. Next we obseiwc that 
if {vi, • • • , v„} is any linearly independent set there exists a set of 
scalars c/’, where c/’ = 0 i£ Jc > j, such that the vectors 

ui = ci^vi; 

u* = cjivi + C2®V2; 


VU = Cn^Vl + • • • + Cft"V„ 

are each of unit magnitude and are mutually perpendicular: 

= 1, i = 1, • • • , n; (u/|u») =0, j 9 ^ k. 

To see this we set = — so that Ui « 1. We then pull off'' from 

Vi 

V 2 the “component" of V 2 along Ui, and we multiply what is loft by a 
scalar to make it of magnitude unity. Thus we set 

“ (lll|v2)Ul}, 

m2 

where m* if the magnitude of V 2 — (uilv 2 )ui. That nit 9 ^ 0 follows 
from the fact that V 2 — (uilv 2 )ui is a non-trivial linear combination of 
V 2 and ui, i.e., a non-trivial linear combination of Vi and V 2 . That 
(uilu 2 ) = 0 is immediately evident. (Verify this.) To define Uj wo 
“puU off” from Va the components of Va along Ui and U 2 , and we mul- 
tiply what is left by a scalar to make it of magnitude unity. Thus we 
set 

^ 1^8 - (Ui|va)ui - (U2lva)u2}, 


where m 3 is the magnitude of Va (uilv 3 )ui — (u 2 |v 3 )u 2 . (How arc 
we sure that ma 9 ^ 0?) It is clear that (ui|ua) = 0, (ualua) = 0. 
(Verify this.) Proceeding in this way we prove the result stated since 
a linear combination of Ui, . . . , u,- is a linear combination of Vi, • • • , 
Ty. j = 1, 2, • • • , n. 
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N ote. The process outlined here for obtaining a set of n mutually 
perpendicular unit vectors {ui, • • • , Un } each of which is an appropri- 
ate linear combination of the vectors of a given lineai-ly independent 
set of n vectors {vi, • • - , v„} is known as the ortihogonalization 
process of Schmidt (after E. Schmidt, a Gorman mathematician). 

Let, now, Ui be any unit vector; then there exists a linearly inde- 
pendent set of n vectors {ui, Vj, • • • , v„} of which Ui is the first. 
Hence there exists a set of m mutually perpendicidnr unit vectors 
{ui, tta, • • • , u,} of which ui is the first. The matrix U which is 
^ch that the elements in the jth column of U are the coordinates of u#, 
J = 1, •••,«. is, then, unitary, and we may, without lack of gener- 
ality, take it to be unimodular (because any one of the voctore u; may 
be multiplied by a scalar of modulus unity). 

Returning now to our linear vector function A, let Ui lx> a normalized 
characteristic vector of A associated with the charactei'istic number Xi 
so that 

Aui = XiUi. 

If Ui is any unimodular unitary nXn matrix which is su(di that the 
elements of its first column xx are the coordinates of Ui wo have 

®i ™ Uiex) Axi — XiZi, 

where d is the n X 1 matrix (1, 0, 0, ■ ■ • , 0) (why?). IIon<!e 

AC7iCi = \iUiei 

or, equivalently (why?), 

Vi*AUx = Xici. 

In other words the first column of Ui*A Ux is tho nX I matrix (Xi, 0, 0, 

• ■ • , 0). If we delete the first row and first cohimn of U*xAUx ws 
obtain an (n - 1) X (n - 1) matrix Ji to which we may apply tho 
argunxent just given; thus there exists un {n — 1) X (ra — i) unimodu- 
lar unitaiy matrix V such that the first cohunu of Y*Ii V is tho (n — 1) 

X 1 matrix (X*, 0, • • • , 0). Now 



is an n X n unimodular unitary matrix (prove this), ami 

Ux*Ux*AVxU, = * \ 

\o v*J\o bJ\q V/ \0 V^BV/ 
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(where the * above the B in the middle matrix indicates a 1 X (n — 1) 
matrix whose elements we do not need to know). Thus all the ele- 
ments of the first column of Ui*Ui*AUiUt except the first are zero, 
and aU the elements of the second column of this matrix are zero except 
the first two. Continuing this process and denoting by U the uni- 
modular unitary nX n matrix 

U = UiUs • • ■ u„_x 

(show that U is unimodular and unitary) we see that U*AU is tri- 
angular. This triangular matrix 

A' = U*AU 

is said to be the canonical form of the linear vector function A. 

When the canonical form of a hnear vector function A is not only 
triangular but diagonal, i.e., when all the elements of A above the 
diagonal (in addition to those below the diagonal) are zero, we say that 
A is normal. The following criterion enables us to tell, without having 
to determine the canonical form, whether a given linear vector function 
is normal or not: 

A linear vector function is normal when, and only when, it commutes 
with its adjoint, i.e., when, and only when, 

A*A = AA* 

or, equivalenUy (whyt), when 

A*A = AA*. 

The necessity of this commuting property is evident; in fact when A 
is normal its canonical form is diagonal. Hence, in the basis in which 
A is presented in its canonical form, A * is also diagonal (why ?) . Since 
any two diagonal matrices commute (prove this) it follows that A and 
A* commute. (Show that the commuting property of any two linear 
vector functions is an intrinsic property, i.e., if it is valid in any one 
reference frame it is valid in all reference frames.) To prove the 
sufl&ciency of the commuting property we observe that the element in 
the first row and first column of A* A is aVoi“ = oi“ai“ and that, 
similarly, the element in the first row and first column of A A * is 
On equating these expressions and observing that (A being supposed 
to be the canonical form of A) af = 0 if j > 1 we obtain 

a^di^ +•■•-!- arldnl = 0 . 

Since each of the terms in the sum on the left is non-negative (why?) 
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it follows that a*‘ = 0, > 1. In, words: All elements of the first row 

of A aro zero except the first. 

Equating now the elements in the second row and second colunm of 
AM and AA* we find that all elements of the second row of A are 
zero except the second, and so on. Hence A is diagonal so that A is 
normal. 

We may summarize the important results of this section as follows: 
Every linear vector function is essentially triangular; i.e., there' 
exists a basis or reference frame in which the matrix, whose elements 
are the coordinates of the linear vector function in this reference 
frame, is triangular. The normal linear functions are those which are 
essentially diagonal; i.e., there exists a reference frame in which the 
matrix which presents the linear vector function is xhey 

are distinguished from non-normal linear vector functi on s by the 
fact that any normal linear vector function commutes with its adjoint 
while no non-normal linear vector function does this. 

The process of determining the canonical (i.e., diagonal) form of a 
normal Imear vector function is termed diagoTidizaiion of tho (nomial) 
linear vector function. It is clear (prove tliis) that 
The diagonal elements of the canonical form of a linear vector func- 
hon A «e the characteristic numbers of A. Hint Show that if tho 
magonal elements of the caaonical (triangular) form A of A aro 

The diagonal elements of the diagonal form of a normal Unear vector 
.characteristic numbers of A. Furthermore each 
vecto^m^aas m which A is diagonal is a characteristic vector of 

EXERCISES 

unitary matrix of whmli tha olanioat*, in -(I, 
ore the coordmateis of uy fseo KxorriHo i rr rri t . * <oiumji 

5. Show that if V k a characterktic vector of a real linear vector fur.etion A, 
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the real and imaginary parts vi and va of v are such that Avi and Ava arc linear 
combinations of Vi and Va. 

SolvUon. That Vi and va are real vectors is clear. In fact if z is the n X 1 
complex matrix whose elements are the coordinates of v and wo set « * re 4- 
■where x and y are real n X 1 matrices, the equation z' = Rz implies, in view of th(^ 
reality of R, the two equations d = Rx, y* « Ry. If X = Xi + Xaz is the charac- 
teristic number of A which is associated with the characteristic vector v = Vi + Vaf 
the equation Ag = Xjj yields, in view of the reality of A, the two cq\iations Ax 
« Xi® — \%y) Ay « Xao; -}- Xiy. Hence Avi « XiVi — XaVa; Ava « XaVi -f- XiVa. 

6. Show that if X is a non-real characteristic number of a real linear vector 
function A the two vectors Vi and Va (see Exercise 5) are linearly independent. 
Hini. If vi and Va were linearly dependent one of them, being a non-zero multiple 
of V, would be a real characteristic vector of A associated with the non-real chanw^- 
teristic nximber X. This is absurd in view of the reality of A. Note, On com- 
bining the results of Exercises 5 and 6 we obtain the following theorem : 

Associated with each non-real characteristic number of a real linear vector 
function is a linearly independent characteristic pair of (real) vectors, Le., a 
characteristic plane. 

7. Show that there is associated with each real characteristic number of a 
real linear vector function a real characteristic vector. Hint, If Xa « 0 (sck^ 
Exercise 5) so that Xi *= X, Vi and Vs satisfy the relations Avi » Xvi, Ava = Xva. 

8. Show that every real Hermitian linear vector function A posscases, in the 
real field, a diagonal canonical form; i.e., there exists a rotation matrix R siK^h that 
A' «= R*AR is diagonal. Hint, The characteristic numbers of A arc real, and 
the orthogonalization process of Schmidt may be carried through in the real field. 
(Prove this.) N ote. The reality of the characteristic numbers of A is an essential 
part of the argument. Thus it is not true that every real normal matrix possosacH 
in the real field a diagonal canonical form (if it did the diagonal elements of the 
canonical form would be real and these are the characteristic numbers of A). 

9. Show that the 2 X 2 rotation matrix 


Ri 


(: 


cos d 
sin 9 


— sm 
cos 


in e\ 
os ej* 


0^ 9 <2ic 


possesses, m the real field, a diagonal canonical form when, and only when, d » 0 
or IT. What is the canonical form of Ri in the complex field ? 

10. Show that the 2X2 reflexion matrix 



possesses, for every 9, in the real field a canonical diagonal form which is the same 
for every value of 9, 

11. that every real linear vector function poBSOssee, in the real field, a 
nearly inawjnilar canonical form (where we mean by the statomont that a matrix A 

lo complex field modified m the light of the note to ExorciHe 6. 

nonnal real linear vector function possesses in the real 
field a T^rly dv^o^ canomcal form, where we mean by the statement that a 
matrix A is nearly diagonal that = 0 if fc > ,• + i and if y > A + i 
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13. Show that every positive linear vector function A possesses an xinmbiga- 

ously determinate positive defined by the relation A « BK 

Solution. If the canonical diagonal form of A has the diagonal elements (Xi 

> then the diagonal matrix jB whose diagonal elements are (X. 1 ^, , , , 

is the canonical form (in the same referonco frame) of a linear vector funciion B 
wluch is such that B* = A.^ The uniqueness follows from tho fact that when B 
is in canonical form so also is A so that the canonical form of B is unambiguously 
determined (in view of the positive nature of B). It follows that if Br and 
BsiB* were two determinations of Bthon B, « ZnBitT (why?), and this implies 
smee Bj* » A, Bi“ = A, that A = U*AU. Hence UA = AT/. If Bi is the 
canonical diagonal form of Bi, A is tho canonical diagonal form of A, and it follows 
that if the characteristic numbers of A arc all different that U is diagonal. fProve 

this.) Hence B 2 « U*BiU = BiU*IT = Bi. (Remember that diagonal matrices 
commute.) If the characteristic numbers of A are not all different U breaks up 
mto ^agonal blocks (each block being associated with a set of equal (haractoristic 
numbers of A), and the relation UA » AC7 implies the relation UBi « BiU. 
(Prove this. HirU. To eaeli set of equal oharactcristic numbors of A corresponds 
a set of the same number of equal charaotoristic numbers of Bi.) Ilonce again 

14. ao-w that every linear vector function A can bo written in the pdarform. 

^ Jrf P la an unambiguously dotonninato positive linear vector function 

md U an imambiguously detenninato unitary linear vector hinction . Hint. AA* 
is positive and so possesses a positive square root clcfinMl I)y AA* = P*. On 
setting U = P-IA it follows that UTJ* = E. so that TT is unitary. That P and 
hence XT are unambiguously doterrninato follows from tho faot that if A = PIT 
then P» = AA*. Note. TOion « =» 1 this result is tho polar factorisation » ■ rc*» 
of complex numhere. 

15. aow that every linoaj vector function A may bo written in the polar form 
“ VQ, where Q is an unancibiguoualy dotonninato poHiiivo liiioarvt^c.tor function 

?*A * q* unambiguously dotonninato unitary linwir vector function. Sint. 

16. Show that tho V of ISxerciso IS is tho same iw tho U of lOxorcrisc 14. ffint 

18. Show that when A is Hermitian its polar flutter XJ iH such that XJ* - E, 

19. Show that every real linear vector function A may bo fiuttorctd in Iho form 

A = «p, where P is a positive real linear vector function tuid Ria oithor a rotation 
or a renoxion. 

if S‘. ® ExorctiHO 19 may bo roHtriettod to bo a rotation 

if It IS not unsisted that P bo positive. Hini. Write RP « KPPP, -wboro P is tlio 
fuaction for which, in tho mforeuoo framo in which P is diagonal, 
r IS the diagonal matrix whoso diagonal eloinoiitu are (~1, 1, . . . Note 

lin(tard(.f(>rinnti()ii L tlwioribod 

Av w w 

we may write this in the form 

R.(Pv) w w, 
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whoro P is a real Hormitian (i.c., a symmetric) linear vcet.or fuiK^iion nn<l R is 
a rotation. Thiis R transforms Pv into w. The symmetric linear v<‘(*ior funetion 
P is said to describe a pure deformation, and the result A » RP is phrnst‘d ns 
follows: 

Every hornogeneous linear deformation is the product of a pure deformation by a 
rotation. 

The linear vector function ’3 (A*A — Es) « •yCP* — Ej) is known iis th<‘. diforma- 
tion, or strain, tensor. 
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1. Function-vectors 

Let f(x) and g(x) be two complex-valued functions of the real interval 
variable a ^ a: ^ 6. We assume that the real and imaginary parts 
of / and g are piecewise-continuous fimctions of the interval variable 
[a, 6]; in other words if f(x) = ft(x) + Mx)i, g(x) = gi(,x) + ps(a;)i 
there exists a net a = a;o < a:i < • • • < Xn = b on [a, b] such that 
each of the functions /*(»), gi(x), gtix) is continuous over each 
cell of the net. We denote by S{x) the conjugate complex of g(x ) : 

g(x) = gi(x) — g 2 (x)i 

and consider the integral 

dx. 

This integral has many points of similarity with the scalar product 
(v|u) of a complex vector u by a complex vector v. We regard, then, 
each of the complex-valued functions f{x) and ^(a;) of the real interval 
variable [a, 6] as a vector, and we denote them, when so regarded, by 

the symbols f and g, respectively. We denote the integral j‘^S(xt)f(x)dx 

by the symbol (g|f), and we term this integral the scalar 'product 
of the functionr^cctor f by the function-vector g. Just as for complex 
vectors, we term the scalar product of a function-vector f by itself: 

(^If) = f^Kx)f(x) dx 

the squared magnitude of the function-vector f. When (f|f) = 1 the 
function-vector f is termed a unit vector. It is clear that (f|f) is real 
and ^0 (why?), and it is easy to see that if the equality holds f(x) 
must be zero at any point of [a, 6] at which it is continuous. In fact 
if /(») is continuous and different from zero at a point t of [a, 6] so also 
is JS and so there exists a neighborhood of < over which// > 0 (why?); 

6S 
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the integral of // over this neighborhood >0 (why?) and so (f|f) > 0 
(why?). In the case of complex vectors the squared magnitude of a 
vector was zero when, and only when, the vector was the zero vector. 
In order that this should remain valid for function-vectors we define 
the zero function-vector 0 as follows ; 

If the ‘pieeewiae-corMnvxnia function f(x) of the interval variahle [a, 6] 
is zero at aU, points of [a, 6] at which it is continuous the functionrvectw f 
is tile zero functionrvector. 

We use the .notation f :f(_x) to indicate that f is the function-vector, 
defined by the piecewise-continuous, complex-valued function f(x) of 
the real interval variable J[a, 6] (it is unnecessary to specify this interval 
variable since all the functions involved are supposed to bo functions 
of the same interval variable [a, &]). We term any constant function c 
a scalar; then multiplication of a function-vector f by a scalar c is 
defined by the formula 

cf:c/(a;), 

and the addition of two fimction-vectors f and g is defined by the 
formula 

f + g:/(*) + g^x). 

On combining these we obtain the general linear combination 
c^i -1- c^iic^filp:) -h c^fi(x) 

of two function-vectors. Two function-vectors are equed when their 
difference is the zero vector. In other words 

The two function-vectors f :f(x) and g : g(x) are the same if, and only if, 
the two functions f{x) and g(x) have tiie same value at those points of 
[o, 6] at which f{x) — g(x) is continuous. 

It foUoTO (prove this) that equality of function-vectora, defined in 
this way, is a transitive relation; i.e., the two relations f = g, g => h 
miply the relation f = h. (In your proof consider the case where 
f — g and g — hare discontinuous and f — h continuous.) 

_ It is easy to verify (do this) that the scalar product (g|f) of a func- 
tion-vector f by a function-vector g possesses the following properties 
of the scalar product (v|u) of a complex vector u by a complex vector v : 

“• (f|g) = (il?); 

(gM)=c(g|f); (cg|f) = ff(glf), 

where c is any scalar; 

c- ((gi + g?)|f) = (gilf) + (g,|f) ; (g|(f, + f,)) 
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EXERCISES 


1. show^t((*gi + c^o) = a.«.{g.|f.) + airsCgiifa) +3so.(gjfo 

+ oaCa(ga|f2). 

2. Show that the squared magnitude of f -|-g = (f|f) -f (gig) -f. twice the 
real part of (f|g). 

3. Show that Schwarz^s inequality 


is valid for function-vectors, 
plex vectors is valid. Note. 
by the formula 


I(f|g)l* ^ (f|f)(g|g) 

Hint. Tho proof of Schwarz’s inequality for <!oin- 
When (f|g) is real wo term tho (r<iiil) aiiKlo o dofinod 


cos 6 - 


g|g) 

(*|f)^(g|g)^'^ 


(it being mderstood that neither f nor g is the zero fiinotion-voctor) the angle 
between the two funetioix-vectora f and g. Wlien (f|g) = 0 tho two function- 
vectors f and g are said to be p^rpendicitUtr or orthofforiai. 

* magnitude of f -f g is loss than or equal to the square 

of (f|f)^ 4- (gig)”; in other words show that 


T^e magnitude of f -f g is less than or equal to the sum of the magnitudes of 
f and g. 

Note. This is the triangle inequality for functian-vc(*.tors. 

5. ^ow that if c = «<« fl real, is any complex number of unit modulus then rf 
nas the same squared magnitude as f. 


Complex-valued functions of two or more variablos may also be 
regarded as vectors. It will suffice to illustrate what wo moan by 
considering functions of three variables. The real and imaginary parts 
/i and /a of / = /jj are point-JuncUom: 

h = Ux, y, z) = yi(P); /a = y, z) = /,(P). p, (3,^ 

and we suppose them defined and continuous over a thnic-dimonsional 
interval 

flti ^ ar ^ hi] (h ^ y ^ hi] as ^ ^ 63. 

The scalar product (g|f) of f by a second such vector-function g is tho 
integral (triple) of p(P)/(P) over tliis interval. This scalar product 
possesses (verify this) tho properties mentioned above (where we were 
dealing with complex-valued functions of a sinyle variable x) The 
three^ensional interval may be replaced by any three-dimensional 
domam; if this domain is unbounded the squai’es of fiCP) and fufP) 
must be integrable over it. ' j \ j 


2 , Orthonormal sets of function-Tcctors 
Let us consider the function-vectore 

f„:e*“,a = 0, ±1, ±2, - • • ; -r ^ x ^ r. 
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These constitute a seance of function-vectors of which the first is 
gi = fo : 1, the second ga = fi : e**, the third ga = f_i : €r», and so on: 

gi = fo;l; g« = gy+i = j = 1,2, • • • . 

It will prove more convenient, however, to indicate this sequence by 

{f«}, » = 0, ±1, ±2, • • • 

rather than by 

{gn} > = 1, 2, 3, • • • . 

It is clear that all the function-vectors of the sequence have the aama 
squared magnitude 2t (prove this) and that the scalar product of any 
function-vector of the sequence by any other is zero (prove this). If 
we set u„ = (2ir)”^„, n = 0, ±1, ±2, • • • we obtain a sequence of 
function-vectors possessing the following two properties: 

а. Each member of the sequence is a unit vector: 

(^injufi) il, •••. 

б. Any two members of the sequence are ‘perpendicular: 

(u/|ufc) =0; j 5^ fr = 0, ±1, • • • . 

We term any set of function-vectors possessing these two properties 
an orfhonormal set. The particular orthonormal set defined by the 
formula: 

u» : (2ir)“ V"*; ® ^ t; n = 0, ±1, ±2, • • • 

is known as the exportenUdl orOionormal set over [— t, t]. 

The definitions of linear dependence and of linear independence of a 
(finite) set of function-vectors is the same as for n-dimensional complex 
vectors. Thus the set of n function-vectors fi, • • • , f* is linearly 
independent if the only linear combination 

c“ia = c^fi + • • • + c^« 

of them which is the zero function-vector is the trivial one (for which 
c> = 0, j = 1, • • • , «). It is clear that if the n vectors fi, • • • , f« 
constitute an orthonormal set then {fi, • • • , f„} is a linearly inde- 
pendent set. In fact 

((c*fi + • ■ ' + c”f«)|fj) = df 

(why?) so that, if c^fi + • • • + c"f» = 0,c# = 0, j = 1, • • • , n. If 
{ttn} is any orthonomud sequence (finite or infinite) we term the numbers 

P = (u/lf) ; i = 1. 2, • • • , 
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the Fourier coefficients of the vector f with respect to the orthonormal 
sequence (after J. B. J. Fourier [176&-1830], a French mathematician), 
and we term the vectors pUj <= (u 5 -|f)uy the components of the vector 
f with respect to the orthonormal sequence Cfu# being the component 
along u,). 

With this understanding the orthogonalization process of Schmidt 
may be applied to sequences, finite or infinite, of function-vectors (it 
being understood that if the sequence is finite it is linearly independent 
while if it is infinite any finite subsequence selected from it is linearly 
independent). As an illustration let us consider the sequence of power 
function-vectors 


n = 1,2, • • . ; -1 < a: ^ 1. 

Any finite sequence selected from this infinite sequence of function- 
vectors is a linearly independent set (for the only polynomial which is 
zero over [—1, 1] is the zero polynomial, all of whose coefficients are 
zero). Since the squared magnitude of fi : 1 is 2 the first step in the 
orthogonalization process consists in setting 

Since is an even function of x (being a constant function) (ui|g) =0 
if g is any linear combination of the evenly labelled function-vectors 
f 2 i f*, • • ■ (because the function which defines g, being a linear com- 
bination of X, X*, ' ' ‘ J is an odd polynomial). In particular, (uilfs) 
= 0 so that the component of f 2 along Ui is the zero vector. The 
second step in the orthogonalization process, then, is to set Uj equal 
to the product of f* by the reciprocal of the magnitude of U. Since 

U : ®, (f,lf*) = j xi dz = ■§• and so u* « Since f, : x\ 

(ux|f,) - z*d® = -1(2^); (u*|f,) = 0 (why?) and so 


Since U 


where m, is the magnitude of f, - ■J-(2^)ui. ** - 

- i we W = £(.. -!)■&= 1 eo ± . Q) 


t(2”)ui:a:* 


“.=|-(t)«{f.-i(2«)Ux} 

= (t)^'{ff2-ifi}:(i)«(lz*-i-). 


Hence 
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Continuing this process (carry out the calculations) we find 

- ffa} : - I®); 

U6 - + ffi} : + f). 


The function-vectors Ui, U 2 j • • • , obtained in this way constitute an 

orthonormal infinite sequence. Un+i: the product of 

by a polynonoial of degree n which is known as the Legendre 'polynomial 
of degree n (after A. M. Legendre [1752-1833], a French mathema- 
tician) and is denoted by the symbol Pn(a;), w = 0, 1, 2, • • • . Thus 
we have shown that P(^{x) = 1; Pi{x) = x\ P^{x) = ^x^ — Pz{x) 
= — ^x; Pa(x) = + I-. We shall see later how to 

obtain P„(a;) as a particular solution of a linear second order differential 
equation, and it will appear that, for every n = 0, 1, 2, • • • , Pn(l) 
- 1 . 



EXERCISES 


1. Show that Pb(x) *= -f ^x. 

2. Show that aj® = Po, x^ ** Pi, = ■f'p 2 -h "ffPo; =• •fPs -h "fPi. 

3. Show that J Pi{x)Fh{x) dx 0, j 9 ^ k 0, 1, 2, • • • . Hint. Uj+i ; 
a multiple of P/. 

, 4. Calculate the Pourier coefScients of f : a? with respect to the exponential 
orthonormal set over [— w, ir]. 

Solution, Denoting the Fourier coeflSlcients by/", n =» 0, ±1, ±2, • • - , we 

have /" =» (27r)"^ j e“*^xdx. Hence /® = 0 (why?): » (2 t)^( — 1)" 

J-T . n 

n = ±1, ±2, • • • . 

5. Calculate the Fourier coefficients of f:x^ with respect to the exponential 
orthononnal set over [ —tt, t]. 


Answer, p 




2(27r)^(-l)» 


± 1 , ± 2 , 


3. Bessel’s inequality 

Let {ui, • • • , u«} be any finite orthononnal set, and let f be any 
function-vector. We ask the following question: What linear com- 
bination c“aa = c%i + • • • + c^Un of the vectors of the orthonormal 
set best approximates f in the sense that the squared magnitude of 
f — c“Ua is least? 

To answer this question we observe that the squared magnitude of 
f — c^« is the scalar product ((f — c“Ua)|(f — c^uj)) (remember that 
(Aifl means precisely the same, namely, cHii + • • • + c"u«, as does 
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c“u«). On developing this scalar product we see that the squared 
mgnitude of f - c-u. = (f |f) - ci>f - + c“c«. (Eemember that 

f, (fluj) - f , (u#|ui) = 0, j 9^ kj^ = 1 .) Hence the 
squared magnitude of f - c“u. = (f|f) - /-/« + so 

that the squared magnitude of f - c“i^ is least when d 
• • • , n tWs least value being (f|f) - /“/“(because the sum (k^) 
if c ) ^ 0). We have, then, the following result: 

The linear combination of the vectors of the orthononnal set 
I,-* ’ ’ approximates a given vector f, in the sense 

that Ihe squared magnitude of the difference between f and flie linear 
combmation is least, is 

/“u« = /*Ui + • • • + 

where f = (uj-jf) is the Fourier coeflicient of f with respect to in 
Furthermore the squared magnitude of f u, 


so that 


f -/“U„ = (f|f) -/<./« = (f|f) _ lyiyi + . . . ^ 


tflf) ^ = (ff + • • • 

Let, now, {u„} be an infinite orthonormal sequence. It follows from 
the result ju^t proved that, no matter what is the integer n, (f |f) ^ fp 

+ • • • + /y**. Hence (since each of the numbers fP is real and 
non-negative): 

ee 

The senes of non-negative terms converges to a sum which 
is less than or equal to the squared magnitude of f : 



W. Bessel [1784- 


This result is known as Bessel’s inequality (after F. 

1846], a German mathematician). 

For n-dimensional complex vectors the relation corresponding to 
Bessel’s mequality is the equality ^ ® 
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where = (u#1t). In fact the vectors u,-, j = 1, • • • , n, consti- 
tute a basis for the n-dimensional complex vector space so that 


n 


(why?) 



Hence (why?) 



For some orthonormal infinite sets (in particular for the exponential 
orthononnal set) it happens that the equality in Bessers inequality is 
valid for every function vector f:f(x) (where f{x) is a piecewise- 
continuous function of [a, 6]). We term such orthonormal sets com- 
plete for the following reason: 

The only Junction-Sector which is perpendicular to all the vectors of a 
complete orthonormal set is the zero functionrvector; in other words a 
complete orthonormal set cannot he enlarged by the addition of a vector 
which does not belong to it 

The proof of this statement is immediate: If f is perpendicular to all 
the vectors of a complete orthonormal set all its Fourier coefficients 

oe 

with respect to this orthonormal set are zero. Hence (f|f) = 

= 0 so that f is the zero vector. 

EXERCISE . 

00 

1. Show that if {tin} is a complete orthononnal set (g|f) = X gift Hint. 

00 

The relation ((g +f)|(g +f)) - ^(S’ +/0to' +/0 yields (gif) + (f|g) = 

” 00 
y (?/'■ +m. On replacing f by tf we obtain (g|f) - (fig) = V (gifi -figi). 




V 


hence (g|f) = X gft Note. The result of this exercise is known as the Pareeval 
identity (after M. A. Parseval, a French mathematician). 

If {fti} is a sequence of function-vectors we say that this sequence 
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hafl the limit t if the squared magnitude of f - may be made arbi- 
trarily small by merely making n sufficiently large, i.e., if the squared 
magnitude of f — is null at n = 00. It is immediately evident 
that the limit f of a comergent segueme {f„}, i.e., of a sequence which 
possesses a limit, is unambiguously determinate. In fact if g were a 
second limit the squared magnitude of f — g = (f — f„) + (f„ _ g) 
would be null at ra = 00 (why?). (Hint. Remember the triangle 
inequality.) Being independent of n it must be zero (why?). Hence 
f = g (why?). 


EXERCISES 

2. If {f»} is a convergent sequence of function-vectors with limit f show that 
the sequence (g|f„) of complex numbers, g being any function-vector, is convergent 
wi^ limit (g|f ). Hint. On using Schwarz’s inequality it is clear that the sequence 
(g| (f - f»)) of complex numbers is null at » = « ; this is only another way of 
saying that the sequence (g|f„) is convergent with the limit (g|f). 

3. Show that if 1 is the function-vector defined by the tmit constant function 


1 then (l|f) =. J f(x) dx. 

4. Show that if {fn^} is a convergent sequence of furiction-vectors with limit f 
then the sequence X /n(a:) dx of complex numbers converges to the limit X f dx, 

5. Show that if [a;o, x] is any subinterval of la, 5] the sequence j fn(t) dt of com- 

f{t) dtj {fn} being a convergent sequence 

sto 

of function-vectors with the limit f. HitU, Rieplacc the function-vector 1 of 
Exercise 3 by the function-vector g defined by « 1 if a;o ^ < a:, g(t) « 0 if 

a ^ < a;o and if a; < i ^ h, 

6 . Show that the convergence of the sequence j /n(0 of Exercise 5 to its limit 

is uniform with respect to x over [a, 6]. Bird, |(g[(f - fn))|® < 
(g|g)((f - f»)|(f -f»)) - (» - *o)((f - -fn)) ^ (5 - a)((f - f„)I(f 

Note. On combining the results of Exercises 4-6 wo obtain the following important 
theorem: 

If a sequence of function-vectors {fn} converges to the function^vector f the sequence 

X ® 

/n(0 dt, where a ^ Xo < x ^ h, converges to the complex 

number I f{t) dt, the convergence being uniform with respect to x over [a, 6]. 

7. Show that if g(x) is any pioccwise-continuous function a continuous function 
f(x) may be determined, once any positive number c is given, such that the squared 
magnitude of g — f : g(x) — f(x) is not greater than e. Hint. Consider first the 
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case where g{x) has only one point of discontinuity xi, and set f{x) »= g{x) if a? is 
not covered by the interval [xi — 5, rci + 5], where 5 > 0 will be determined later; 
over [xi — 5, rci 4* 5], f(x) may be any continuous function which takes the same 
values as g(x) at the points a;i — 5 and xi + S, Uxi — a replace [xi — 8j xi 8] 
by [a, a + and if xi « 6 replace [xi — a, a;i + d] by [6 — a, 6]. Both g(x) and 
/(re) are bounded over [a, h] (why?) and so there exists a number M such that 
1^(«) “ /W I < M over [a, b]. Hence ((g - f)| (g - f)) ^ 2M^8 (why?), and all we 
have to do is to choose a so that 2M^d ^ €. If g(x) has n points of discontinuity 
{xij • • • , a;«) set /(a;) » g(x) if a; is not covered by any of the n intervals [xj — a, 
+ 5], i “ 1; • * • I and choose a so that 2nM^8 ^ e. 

8. Show that the infinite orthonormal sequence {un} is complete if Bessel’s 
inequality is an equality for every function-vector f:f(x) for which f(x) is 
continuous. Hint, Let be any function-vector (so that g{x) is piecewise- 

continuous over [a, b]), and let il^{x) be a function-vector for which /(a:) is oon- 

n 


tinuous over [a, b], and the squared magnitude of g — f is ^ 6. If Sn 


we 


are granted that the squared magnitude of f — s» is nuU at n = w (why?). Hence, 
by the triangle inequality, the squared magnitude of g — Sn « (g — f ) 4- (f — Sn) 


is nuU at n « 00 . If s'» « squared magnitude of g — s'nis not greater 

than the squared magnitude of g — s« (why?); hence the squared magnitude of 
g — s’b is null at n » 00 . In other words Bessel’s inequality reduces to an equality 
for the arbitrary function-vector g:g(x), where g(x) is piecewise-continuous. 


4. Fourier series 

Let {un} be a complete infinite orthonormal sequence, and let f be any 
function-vector (so that f(x) is a piecewise-continuous function of the 
interval variable [a, b] which is attached to the orthonormal sequence). 
The Fourier coefficients of f with respect to the orthonormal sequence 
are defined by the formula 

f = (u,|f). 

The linear combination of the first n members of the orthonormal 
sequence which best approximates (in what sense?) the function-vector 
f is 

n 

^f>Uf=fUi+ • • • +f>Un. 

If we denote this function-vector by s« it is easy to see that the sequence 
{Sn} of function-vectors has at n = oo the limit f (what does this 

mean?). In fact the squared magnitude of f — Sn is (f|f) — 
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(prove this), this is nuU at n = =o (shice the orthononnal sequence 
{u,} IS complete). We say, then, that f is the sum of the infinite 
senes of function-vectors and we write 


* “ = /ui +/*U2 -f • • . -t- • • - . 

In other words 

Ev^ complete orOummrud sequeme {-a.) is meh that the semence of 
functzonriiectors {s„}, where ■' 


s„ = \ />Uy = /lui + . . . +fn^^ 

r 

converges to the (arbitrary) funcHorniector f whose Fourier coefficients 
With respect to the orthononnal sequence are 

P = (u/|f); i = 1, 2, • • • . 

00 

We term the series Yfui(x) = fhix(x) + • • • +f’nt^(x) + • • • the 
y 

Fourier series of the function/(a:) with respect to the given orthonormal 
set, and we express the convergence of the sequence {s„} of function- 
vectors by the statement that the Fourier series of an arbitrary 
(piecewise-continuous) function /(») with respect to any complete 
orthonormal sequence converges in the mean tof(x). The theorem of 

the note to Exorcise 6 of the preceding section may, then, be phrased 
as follows: 

If the Fourier series of any piecewise-continuous function-vector f 
with respect to any complete orthononnal set is integrated tenn by 
term over any subinterval [xo, x] of the basic interval [a, b] the resulting 

series converges to the limit J* f(t) dt, the convergence being uni- 
form with respect to x over [a, b]. 

The fact that the exponential orthonormal set is complete is proved 
in a course in advanced calculus, and wo shall not repeat the proof here 
but shall merely recall the guiding idea of the proof (which is due to L 
i6]6r, a Hungarian mathematician). Let/(a:) be any function which 
18 continuous over [— tt, tt], and denote by Sn the sum of the 2n -h 1 
central” terms of the Fourier scries of /(®) with respect to the expo- 
nential orthonormal set over [—■ r, w]: 
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n n 

8n(a:) = = (27r)“’^^e<'*; to = 0, ±1, • • • . 

—n —n 

Denote by >S„_i(a:) the average of the to functions So, sij ' ‘ , Sn-i: 


It is thAp proved that f{x) may be approximated arbitrarily closely, 
uniformly over [ — x, v], by /S»_i by merely makmg to large enough. In 
other words if 6 is any positive number a positive integer N can be 
found such that |/(a:) — /S„_i(a:)l ^ e for every x covered by the 
interval [ — x, x] provided only that n'^ N. Now Sn— is a 
linanr combination of the 2 to — 1 “central” function-vectors ii,-, 
j = 0, ±1, • • ' ±(w — 1), of the exponential orthonormal set, and 
the squared magnitude of f — S«_i is null at to = <« (being ^ 2x«* 
(why?)). Hence the squared magnitude of f — Sn-i is null at to = <» 
(why?); in other words Bessel’s inequality reduces to an equality for 
the arbitrary continuous function-vector f. Hence (see Exercise 8, 
p. 74) the exponential orthonormal set is complete. 

It follows at once from the result that f{x) noay be approximated 
arbitrarily closely, uniformly over \.—v, x], by Sn-\ that f{x) may be 
approximated arbitrarily closely, uniformly over [— x, x], by a poly- 
nomial function. In fact e*'* is defined by an everywhere convergent 
power series which, accordingly, converges uniformly over [— x, x]. 
This is only another way of sa3dng that e*” is approximated arbitrarily 
closely, uniformly over [ — x, x], by the partial sums of its defining 
power series and these partial sums are polynomials. Now iS„_ i(a:) 
is a linear combination of the 2 to — 1 functions e*’®, J = 0, ± 1, ■ ■ ’ , 
± (to — 1), and hence Sn-i(.x) may be approximated arbitrarily closely, 
uniformly over [— x, x], by a polynomial (why?). Hence /(x) may be 
approximated arbitrarily closely, imiformly over [— x, x], by a poly- 
nomial (why?). Let, now, [a, b] be any closed interval, and let f(x) 
be any function which is continuous over [a, 6]; the substitution 


X 


b — a 
2x 


14 


a -{• b 
2 


transforms the interval a ^ x ^ b into the interval — x ^ ^ x 

(prove this) and the function /(x) into the function (^(f) = /(x) which 
is continuous over [— x, x] (why?). Hence 0(f) may be approximated 
arbitrarily closely, uniformly over [— x, x], by a polynomial function 
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of f. Since a polynonoial function of f may be written as a polynomial 
function of x this proves the following important theorem (which is 
due to K. Weierstrass [1815—1897], a Grerman mathematician) : 

Every continuous function of a closed interval variable may be 
approximated arbitrarily closely, uniformly over the closed interval 
by a polynomial. ’ 

It follows at once from this theorem that the power-function ortho- 
normal set (attached to the closed interval [—1, Ij) is complete. In 
fact any polynonaial is a finite linear combination of the functions 
which define the power-function orthonormal sequence {u„}. Since 
the squared magnitude of the difference between any continuous 
function-vector f and such a linear combination is null at n = oo 
(why?) it follows that the power-function orthonormal set is comnlete 
(why?). Thus 

The Fourier series of eoery piecewise-conUnuous function of the interval 
variable [—1, 1] with respect to Uie power-function orthonormal set con- 
verges in the mean to the function. 

Warning. Be very sure that you understand clearly that this result 
says nothing about what happens at any specified point x of the 
interval [-1, 1]. If we denote the sum of the first n terms of the 
Fourier series of f(,x) by s,(a;) it is true that the sequence of function- 
vectors {s„} converges to the function-vector f (what does this mean?), 
but this tells us nothing about the convergence of the sequence of 
complex numbers {s«(a:)}. 


EXERCISES 

1. Show that the only continuous function of the closed interval variable 
[-1, 1) which is such that P„(ai) /(») d® = 0, » - 0, 1, 2, ■ ■ • , is the zero 

constant function (P n{x) being the rjogondro polynomial of degree n ) . 

2. State and prove the theorem concerning picccwise-continuous functions 
which corresponds to that of Exercise 1 concerning continuous functions. 

When the complex-valued function f{x) of the closed-interval vari- 
able [— w, t] is real it is convenient to write the Fourier series of /(*) 
with respect to the exponential orthonormal set over [-w, w] in a real 
form. Since Uj{x) = (27r)"’^e«» we have M-f(a:) = U{{x) and so/-’ = f 

n-1 

(why?). Hence /-’u_^(a:) = fuj^x) and so the sum ^ /'Wj(a;) may 

1 — (n — 1) 

be wntten as 
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n-l 


fuoCx) + > {f^U-i(x) +fMx)] 




n-l 


= fuo{x) -f ^2 {real part oifviix)}. 


Since Viix) = (2ir)“^e<'® = (2ir)~^(cog jx -1- i sin jx) we have 
f = (ujlf) = (2a-)“^|J* cos jt fit) dt - ij* sin jt fit) dfj. 

Hence fu,>ix) = (2*')“^ J* /(O /^^(») + f'^i^)> i-®-j 'f^® 

real part of fv^ix), 

= v-' J* cos jt fit) cos jx + ^ J* sin jt fit) d^ sin ja;| . 

Adopting the notations 

do = T-^j fit) df; Of = cos jtfit) dt] bi = J*_ sin jtfit) dt] 

i = 1, 2, • • • , 

the Fourier series of fix) appears as 


ion cos n® -f 5» sin nx). 

The numbers Oo, Oi, • • • are known as the Fourier cosine-eoeffidmts 
and the numbers 6« are known as the Fourier eine-coeffiderUs of the 
real-valued function/(a:). We indicate that a function /(a:) has Fourier 
cosine-coefficients a„, n = 0, 1, 2, • • • , and Fourier sine-coefficients 
b«, n = 1, 2, • • • , by the notation: 

«e 

fix) ^ cos n® -f b« sin a;) ; —t ^ ® ^ it. 

Suggestion. In calculating the Fourier cosine- and sine-coefficients 
of a given real-valued function fix) it is best to first calculate fi and to 
use the relation 



(27r)^jf^ = ir(a# — ibj) 



or, equivalently, 
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a, - = 0 V 
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For example we have seen (Exercise 4, p. 70) that for f(x) 

r ■ , hence a# — 0, 6,- = ^ bo that 

^ 3 




X sin X 

— - 

2 1 


sin 2x 
2 


n 


EXERCISES 

3. Show that the Pourior eosino-oooincionts of an odd function and the Pourier 
sine-coemoionta of an oven function are all aero. 

4. Show that 


— — I22L2 

4 12 [ 12 “ 


cos 2z 
22 


-f (^l)n-l£2£^^ 
Vr 


5. Show that if tho Fourier series of a continuous function jf(a) with respect to 
the exponential oi^onormal set converges uniformly over [-■ tt, it] its sum is fix) 

r Pourier series may bo integrated term by term 

(after multiplication by «/(»)) its sum «(*) has the same Pourier coefficients as/(») 
(why?). Since /(») and 6{x) are both continuous over [— v, tt] (why?) s(x) — f(x\ 
- 0 over [-«•, v] (why?). ’ ^ ^ ‘ ‘ 

6. Show that the symbol /n/ in Exercise 4 may be replaced by - . 

7. Show, by integrating the Fourier series for | from 0 to a: that - » 

2 ’ 4 


(1 - cos *)_-(!_ (,08 2®) + 




, and 


deduce (by comparing this result with that of Exorcise 6) tliat — - 1 - 1 + i 
_ 12 2» 3* 

exponential orthonormal 

i?rSl fir^’') fuiotion which - 1 if 0 < ® < x. (Give your answer 


Answer 


4 f sin X 
er. -I 

ttV 1 


sin 3a; 

+— + 


, sin (2n + 1)® 

T r r-r: + 


■■■> 


2n + 1 / 

spt *® the exponential orthonormal 

set over [-v, v], of |*|. (Give your answer in real fonn.) Hint. Integrate term 
by term tlie Pourier series of Exorcise 8 and deduce from the result of LerciseT 

that 1 ^ ^ . 

3> 6* 


TT* 

' s' 


Answer. 008 (271 + 1)® \ 

2 vV 1. ^ 3* ^ ^“2n + l)* +■••/ 


(2n + 1)* 
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10. Show that the sum of the Fourier series of Exercise 9 is \x\. Hint, Use 
the theorem of Exercise 5. 


5. Linear integral operators 


The analogue for function-vectors of the linear vector function concept 
for 7i-dimensional complex vectors may be described as follows. Let 


K 



be a continuous complex-valued function of the two-dimensional 


interval 


a ^ X ^ b] a ^ t ^ h; 


if f :f(x) is any function-vector attached to the interval [a, b] the func- 
tion of X 

is a continuous function of the interval variable [a, 6]. (Prove this.) 
It defines, then, a function-vector which we denote by the symbol Kf. 
K is an integral operator which feeds on function-vectors f to produce 
function-vectors IK; and we say that Kf is the result of operating upon 
f by the integral operator K. The following properties are immediate 
consequences of the definition of Kf. (Prove them.) 

1. If c is any scalar, i.e., any constant function, 


K(cf) = c(Kf) 


2. If f and g are any two function-vectors 
K(f + g) = Kf + Kg. 


It follows that if c^f i + 0% is any linear combination of any two func- 
tion-vectors f 1 and U then 


K{cHi -H CH2) = c^Kfi + c^Kfa. 

If c“fa = c^fi + • - • + cHn is any linear combination of any set of 
n fimction-vectors we have 


K(c«f„) = c«(Kf«) = cKKfi) + • - - + 

We express this result by saying that the integral operator K is a linear 
integral operator, 

/x\ 

If jEC I ) is the zero constant function (over the two-dimensional 

v/ 

interval a^x^b, a^i^b)'Kiis the (continuous) zero vector no 
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matter what is the vector f. Conversely if Kf is the zero vector (no 
matter what is the vector ^ ^ must be the zero constant function. 


In fact 


“0 


5^ 0 there is a (one-dimensional) neighborhood of the 


pomt h over which If ^ ^ ^ is one-signed. Choosing f{jt) to be zero 


outside this neighborhood and to bo 


over this neighborhood 


r AA 

we have If f 1 /(<) di > 0. In view of the continuity of 

it follows (how?) that Zf is not the zero vector. We term the linear 
integral operator which transforms every function-vector f into the 
zero function-vector 0 the zero operator, and we denote it bv the 
symbol O : ’’ 

Of = 0; every f. 

Multiplication of an operator K : K by a scalar c is defined by the 

formula cK : cK and the addition of two linear integral operators 
Ki and K 2 is defined by the formula 


Z. + K.:K.Q + K.Q. 

Two operators Ki and Ks are eqml when, and only when, their differ- 
ence (what is this?) is the zero operator. It follows at once from these 
defimtions (prove this) that 

1- (cK)f = cKf = K(cf); 

2- (Ki + Ka)! = Kif + Krf. 

I^Uy the multiplication of a linear integral operator K* by a linear 
integral operator Ki in d(^finod by the formula 
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(KiKa)! = Ki(Kif) : r‘Oir-0 Kk) rf/aj dk. 

In view of the continuity of Ki and ^ ^ pio«nvis(» 

continuity of f(f) the order of the repeated integration may bo inter- 
changed. We find, then, that 


KiKi 




It follows at once that the multiplication of linear intc^gral opc'ratoi'H is 
assodatwe since 

(^‘0 C )} *■••(';) 


We denote the various 'powers of a linear integral operator E : A' 
the symbol K"; thus 

K* = KK; K® = KK* = K^K = TTTnr, 

and so on. 

Warning. Do not fall into the mistake of thinking that 



In multiplying E by E we must proceed as in matrix multiplication 
where we understand that the upper variable x in the symbol K 
tells the row and the lower the column. Thus 





(itx. 


E* = EE: 



LIN'EAH INTEGRAL OPEIIATORS 


83 


EXERCISES 

1. Show t^t r and « are two positive integers whose sum is n then K* - K'K* 
^KrJ"’ ' ' • , aie p positive integem whose sum is n then 

Associated with each linear integral operator K and each nair of 
function-vectors f and g is the btlinmr form 

(s|Kf) = J] ff(x) dt dx. 

Ex^tly as for linear vector functions of ft-dimensional complex 
vectors we see that this form is linear (in the sense of tlie scalar prXet 
of complex vectors) in each of tiro vectoiw f and g : k tn 

C(gi + ga)|Kf) = (gi|Kf) -f (gilRf); 

(cg|Kf) = c-(g|Kf) 

(g|K(d)) = c(g|Ef); 

(g|K(fi -f- fj)) = (g|Kft) + (glKfj). 

When g = f we obtain the qrmlraUa form 

^Uted owli linror i.>t<,*ral op,,nito K ia iiuothw liu» 

T wtoi w. toa tl«, .t X and donoto b, th. njmbol 

it IS defined by the formula ’ 

(g|Kf) = (K*g|f) 

; every f and g. 

definition of the adjoint linear int-cgral ojiorator K* of K as follows • 

tnZ-lz 1 T ^T- ^ umJfocM whm t/ie Umar 

Txlfh7I, of tlu> iwo fumtion^ectoro 
L g io the other praotded that when this ie done K is r&plaeed by its adjoint 


3. Show that (g[Kif) «■ 
and only when, Ki « Kj. 


EXERCISES 

(g|Krf) for every pair of fimction-vtwtors f and g when, 
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4. Show that if 



then 




Hird. (giEf) » 


(f|K»g). 

5. Show that (f|Eif) = (f|Slif) for every function-vector f when, and only when, 
Ki = K> Bird. Replace f, in turn, by f g and if + g, and use the result of 
Exercise 3. 

6. ShowthatGKiKj)* -Ki’Ki*. Hint. (glKjKjf) = (E:i*g|K;jf) = (Kj*Ki*g|f). 


A linear integral operator K is said to be self-adjoint or Hermitian 
when K* = E. In other words 

E is Herm i tian when, and only when, the bilinear form (g|Ef) is 
insensitive to a transfer of the operator E from the vector f to the 
vector g : 

(glEf) = (Eg|f). 

An equivalent formulation is the following (prove this) : The linear 
integral operator K is Hermitian when, and only when, an interchange 
of the two function vectors f, g in the bilinear form (g|Kf) changes 
this bilinear form into its conjugate complex. 


EXERCISES 

7. Show that when K is Hermitian the quadratic form (f|Kf) is real, f being any 
function-vector. 

8. Show that the property of Exercise 7 is characteristic of Hermitian linear 
integral operators, i.e,, that it is not possessed by any linear integral operator 
which is not Hermitian. Hint, (f|Kf) » (Kf|f) (since (f|Kf) is real) = (f|K*f). 
Hence (see Exercise 5) K* = K. 


If the Hermitian linear integral operator K is such that (f|Kf) ^ 0, 
every f, we term it positive; if the equality is valid only when f is the 
zero function-vector, K is said to be definitely positive. 


EXERCISES 

9. Show that the linear integral operators KK* and K*K are positive. Hint. 
(flo:*f) = (K*flK*f). 

10. Show that if K is Hermitian K* is positive. 


If K is a linear integral operator the equation 


i.e., 


u = XKu, 


u{x) 


xj* K ^ ^ constant, 


is known as a homogeneous linear integral equation. Any solution of the 
equation u = XKu, other than the zero function-vector, is a character- 
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istic vector of the linear integi-al operator K, and the scalar constant X 
IS a characteristic number of K. Just as for JMlimensional complex 
vectors there is no lack of generality in taking u to he a unit vector- 
then \ is the reciprocal of the quadratic foim (u|Ku) (why?). ’ 

Note. In the case of ?^<iimensional complex vectors the character- 
istic numbers of a linear vector function were defined by the formula 

Au = Xu rather than, as here, by the formula Ku “ ^ In other 

words the characteristic numbers of a lineai- integral operator are the 
analogues of the reciprocals of the characteristic numbers of a linear 
vector function. 


EXERCISES 

are ^ re^ characteristic numbers of a Hermitian linear integral operator 

12. Show that if u is a characteristic vector of K, associated with the charac- 

tenstio number X, and v is a characteristic vector of K*. associated with the charac- 
teristic number m, then (ii|v) Hint, u = XKu; v = uK»v. Hence 

(u|v)= x(K«|v)= ;.(«K*v). Since (Ku|v) = («|k*v) the inequity xJl 
forces the relation (ti|v) « 0. i j ^ ^ m 

13. Show that any two characteristic vectors of a Hermitian operator which are 
associated with different charaotcristic numbers arc porpendicular. 

14. Show that the charaotcristic numbers of a positive linear integral oncrator 

are non-negativo. ‘ 

15. Show that K:a;f has only one characteristic number, and determine this 
characteristic number and the associated characteristic vector. 

Solution. «(») = X I *< u(t) <U. Setting ( t w,«) ,U - c wc have «(*) - x«e 

^ * «(») das - \o ^ • Since c 0 (otherwise u would bo the 

Tho associated characteristic vector is u: kv, whore * 


and so c 
zero vector) X 


(6> — a») 

IS a constant. If u is normalised (i.o., if («|u) - 1) and real, A ■ ± 

16. Show that K : re 4 - i has two real characteristic numbers, aVd deterniiiie 

-j- 1 ' 


h: 


dt “j" 


\(b^ “ a«)/ 
md^dotormino 

J u(t) j 


- X(ci* 4- ci), say. Then ci - ( «(re) dx - 2Xc., c, - f * «(re) d* - 1 Xc,. 

Hence X •= ±■^(3^). 

[0 Vf “^‘■acteristio numbers of K: rc» 4- for the interval 

18. Show how to dotormino tho oharaotoristic numbers of K when K = 
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? 

by 


5/(0 is the sum of n terms each of which is tho product of a function of x 
a fxinction of t Note, A linear integral operator of this type is said to be 


aepardble. 

19. Show that K; 5(0 p(x) has at most one characteristic number and that 


if (sIp) = J] 5( 


it has no characteristic number if (g|p) “ J 5(0 p(0 di =* 0. 

20. Determine the conditions under which K: 5i(0 Pi(») + 52(0 P2ix) does not 


possess a characteristic number. 
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!• Plane polar coordinates 

The simplest and most familiar example of plane curvilinear coordinates 
is the system of plane polar coordinates. If P: (a:, y) is any point in 
the plane other than 0 : (0, 0) its plane polar coordinates are 

r = |OP|; = the angle from 0 to 0 ->P, where J:(l, 0). 

The connection between the plane polar coordinates fr. ff) of P and 
the rectangular Cartesian coordinates 
(®, p) of P is furnished by the equations 

X ‘= r cos 6; y <= rain ff. 

The point 0:(0, 0) is a singular point 
of the polar coordinate system. It is 
characterized by the fact that r = 0 
while 6 is indeterminate. If r 0 the 
polar coordinates are furnished in terms 
of the Cartesian coordinates by the 
formula 

»’ = (»* + 0 = arc tan 0: = ± if * = 0 

(it being understood that the determination of d which corresponds to 
the quadrant in which P lies is chosen). The polar coordinate lines 
are obtained by holding first B constant and then r constant in the 
equations 



Fio. 14. 


X = r cos B) p = r sin e. 

Thus the first family of polar coordinato lines is the family of rays from 
0 towards P and the second family of polar coordinate lines is the 

87 
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family of concentric circles whose common center in ut (). The 
directions of the two polar coordinate lines which piian throiigh any 
point P: (a;, y), other than 0:(0, 0), arc those of the vectors 

r, = v{Xr, Vt) = »(cos B, sin 9); 

r» = vipct, yi) = v(—r sin B, r cos 6), 


where r is the position vector v(x, y) of the point P. W(5 dcinoic* the 
unit vectors which have the directions of r, and r®, rt^Hix^ctively, by uj 
and Us so that 

1 

Ui = i;(cos 6, sin B) = r,; Us = »(— sin B, cos B) = ■■■ r«. 

T 

Thus Ui is the complement Ui* of Ui. 

Note. The polar coordinates (r, B) are chosen in this order so t hat 
Ui may be the complement of Ui; if we had taken them in the ordc^r 
{B, r), Ui would have turned out to bo the complement of uj. The 
proper order in which to choose the polar coordinates is determiiwd 
by the fact that the alternating product (ui, us) = (ui^lua) » ] nnast 
be positive. Since this alternating product is tlie product of the t wo- 
rowed determinant 


J “ (in U) 


Zr Xt 

cos B 

—r sin B 

Vr ye 

sin 6 

r (ios B 


by - we have / > 0. This two-rowed determinant is known as the 

T 


Jacobian determinant of the pair of (depamdent) variables (r, y) with 
respect to the pair of (independent) variables (r, 6) (afhT (!.(». Jacobi 
[1804-1861], a German mathematician). Wo shall dtmole this Jiieo- 


aian determinant of (®, y) with respect to (r, 6) by the symbol 
symbol without the vertical bars, indicates tine 


2X2 Jacobian matrix 



(note that the upper letters tell the rows and tlu* lowcw th(‘ <!ohimnH). 
Thus the rule determining the order in whicli th(! polar coordinab'S are 
chosen may be phrased as follows: 

The polar coordinates (r, B) are ordered so that the Jacobian deter- 
minant 
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J = 


(»> y) 
(r, d) 


> 0 . 


The rectangular Cartesian reference frame whose axes have the 
directions of the polar coordinate lines through P, i.e., the directions 
of Ui and u* = Ui*, is termed the “polar-coordinate reference frame which 
is attached to the point P. Since the vectors Ui and ug vary as the 
point P is changed, the polar-coordinate reference frame is termed a 
mom“ng reference frame. If v = vMi -f v’us is any vector the scalars 
(v% »•) are termed the coordinates, with respect to the polar-coordinate 
reference frame, of the vector v. 

Warning. Be sure that you appreciate fully the fact that the vectors 
Ui and u* = Ui* depend on the point P to which the polar-coordinate 
reference frame is attached. Thus if v is a constant vector field (i.e., 
if the coordinates of v with respect to & fixed Cartesian reference frame 
are constant point-functions) the polar coordinates if and y* of v will 
not be, in general, constant point-functions. 

One of the first questions we have to answer when we plan to use 
polar-coordinate reference frames is the following: 

What are the polar coordinates of the gradimt of a scalar field p 

To answer this question we observe that if / is any differentiable 
function of (r, 6), not necessarily a scalar (so that / may be, for 
example, one of the Cartesian coordinates of a vector field) wo have 


/. = fir, + fy = firy -f fidy. 

In other words the 1 X 2 matrix (/„ /„) is the product of the 2X2 
^ by the 1 X 2 matrix (fi, fi). 


matrix 


When the rectangular Cartesian reference frame Oxy is so chosen 


that = 0 we have 
. (»i y) 


jx, y) 
(r,0) 


n 


Now the matrix -r— is the 
(x,y) 


reciprocal of (Prove this. Bint. -H is tho derivative 

of X with respect to x through the intermediary variables (r, 0); hence 
it has the value 1. Xrry -f xe0y is the derivative of x with respect to y 
through the intermediary variables (r, 0 ) ; hence it has the value zero.) 

^1 O"" 


Hence, when 0 = 0, 


(r, 0 ) 
{x, y) 


Thus if = 0, i.e., if 0 -+ / 


0 
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has the direction of Ui, the 1X2 matrix (/», fv) = 

In particular, when /is a scalar field, we have the following importa: 
result: 

The polar coordinates of grad / are {fr, 



EXERCISES 

1. Show that the polar coordinates of grad r are (1, 0) and that the polar ooor< 


nates of grad 6 are 

2. Show that the polar coordinates of the vector element of arc ds ^ v(jisB d 
are (dr, r de). Hint. If/is any scalar field d/ ■“ (grad/|ds) and df ■" /r dr . 

— /,dr + -/« (rdS). 
r 


Let, now, v be any vector field whose polar coordinates are {if, 

V = v'Ui + v*Ua. 

This relation tells us that the coordinates of v in the fixed Cartesia 
reference frame Oxy are the elements of the product of the 2 X 
matrix (w'’, v*) by the 2X2 rotation matrix 

( cos 6 — sin d\ 

) 

sm d cos 9/ 

(because the elements of the fiurst (second) colunm of R are the coord 
nates in the Oxy reference frame of Ui (ua)). Lot us denote by p th 
2X1 inatrix whose elements are the polar coordinates (v, »*) < 
the vector field v and by ? the 2X1 matrix whose elements are th 
Cartesian coordinates («®, t»») of the vector fiald v; then 

^ = Rp. 

The Cartesian reference frame Oxy being supposed chosen so thji 
= 0, is the 2X2 unit matrix Et, and { = p (a relation which onl 
restates the defimtion of the polar coordinates of v as the Cartesia 
coordinates of v in the reference frame Oxy for which d = 0). Let u 
calculate the divergence of the vector field v, performing the calcuhi 
tion in the reference frame Oxy for which 5 = 0. Since, in this ref<u 
ence frame, the deriva,tive of any point-function with respect to * i 
the same as its derivative with respect to r and since R is independen 



of r we have 
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— Upr = Pr, 

where for example, is the 2 X 1 matrix 


‘0 


(the subscript x indi- 
cating differentiation mth respect to a:). The reason that Rpr = pr 
is that, when 6 — 0, iZ is the 2X2 umt matrix E^. Since, when 6 = 0, 
differentiation with respect to y is equivalent to differentiation with 
respect to 6 followed by division by r, and since, when 6 = 0, 


we have 


- co ,.\_/0 - 1 \ 

\ COS 6 -sin 6/ \1 0/ 


The first element of is (w'),, and the second element of is - {v' 

r 

"I" (*'*)»} • The sum of those is the expression for the divergence of the 
vector field calculated in the Cartesian reference frame Oxy for which 
6 = 0. Since div v is a scalar it docs not matter in what reference 
frame it is calculated. We term, then, this sum the divergence of v 
in plane polar coordinates. Thus 

The divergence of the vector field v in plane polar coordinates is 

(A + ia' + lCa'),. 

r r 

EXERCISES 

3. Express the Laplaeiaii Aajf of a scalar field /in piano polar coordinates. JSTtnf. 

Aj/ ■» div grad/; s<^t ■« /r, «■ ~/« in the expression for div v. 

r 

Answer, /«• + -/,+ 

r r® 

4. Obtain the expression in plane polar coordinates for curl v. Hint, curl 

V - -divv*. Siiicov - trui +o*ua,v* - Honcc»*>' - - »>■. 

An»ui«r. (»*), + --»* — i (ir)j. 

T r 

5. Obtain th<i expression in plane polar coordinates for the direct product of the 
symbolic vector V by the vector held v ; in other words express the linear vector 
function 
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in plane polar coordinates. Hint. The columns of the matrix A of thin 
vector function are and nnear 


Answer. 


(^)r 


(V»)r 


1 1 


6. the plane polar coordinates of the linear vector function whose Cartesian 
coordinates are the elements of the matrix of second derivatives 


C" D 


of a scalar field. Set v - grad f in Exercise 5. 

ftT -fr$ —■^fe 

Answer. 

7. Find the plane polar coordinates of the differential vector dv = v(dv* dv) 
Him. dv is the result of operating on ds - v(,dx, dy) l,y the linear vector function 
Of r2xercisc 5* Sec Exercise 2 for the piano polar coord inntoH of ds. 

Amwer. (dv' — »» d$, dv^ + v' de). 

Note. »mco ( V , O') are tho polar coordinates of tho coinplomcnt v* of v fsee 
Edceroiso 4) it follows that (dir, <to«) aro tho plane polar coordinates of a vector 
namely, the vector dv — dd • v*. This vector (which we shall denote by the 
symbol 8v) is tho rdaiive differential of tho vector field v (with respect to the movine 
I»lar coordinate reference frame), the vector dv being the dbeolnU differerUM of 
the vector field V. The relation between tho absolute differential and the relative 
differential of the vector held v is, accordingly, givan by tho formula 


dv «■ 5v + • V*. 

8. Show that the piano polar coordinates of iho (absolute) velocity of P-(a; y) 
arc (rt, rOt), Hint. Ilorc v is tho position vtu^tor fu^ld r - v(x, ?/), and its plkne 

polar coordinates arc - r, - 0. Tho absolute velocity of P is Tt « ~ 

9. Show that the piano polar coordinates of tluj (absolutiO acceleration of 
P:(a:, y) arc (r« - r{$t)^, rOu + 2r<d<). 

now, A : A bo ay linear vector function. When our fixed Car- 
tesian reference frame is the one for which 0 ss o wo term the elements 
of A the plane polar coordinates of tho linear vector function A. We 
shall denote these plane polar coordinates of A as follows: 
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Note that the first letter in a S3nnbol such as ^ tells the row while the 
second tells the column; thus is the element in the rth (i.e., the first) 
row and in the tfth (i.e., the second) column. On denoting by A’ the 
2X2 matrix whose elements are the plane polar coordinates of the 
linear vector function A and by A the 2 X 2 matrix whose elements 
are the coordinates of A in the fixed Cartesian reference frame Oxn we 
have 


A = RA'E* 


(in fact the elements of Aj are the coordinates in the reference frame 
Oxy of the vector whose plane polar coordinates are A'p\ hence Aj 
= EA'p, and since { = Ep and p is an arbitrary 2X1 matrix it follows 
that AR = RA'] since RR* = E* it follows that A = RA'R*). We 
proceed to calculate div A in plane polar coordinates, as a first 
step we calculate A, in the reference frame Oxy for which ^ = 0; si ring 
for this reference frame both R and R* are the 2 X 2 unit matrix, and 
since differentiation with respect to x is equivalent to differentiation 
with respect to r (so that both E, and E*, are each the 2 X 2 zero 
matrix) wo obtain 

A. = A'r. 


Since differentiation with respect to y is equivalent to differentiation 
with respect to 6 followed by division by r we have 


and A„ 


Fa 


1 

0 


0 - 

T 


r 

1 

If 

1 

0 


-- 0 

T 


r 


0 

1 

r 


1 



+ -A', + A' 
r 



Adding the first 


row of A, to tho second row of A„ wc obtain div A in plane polar 
coordinates. Wc find that tho plane polar coordinates of div A are the 
elements of tho 1X2 matrix: 


I ^ ~ f? 1 'Sp\ 

1 (n-)r + “ + “• (flr), - — ; {re)r H h - (Mt + — )• 

\ / / r r r rf 
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EXERCISE 

10. Find the plane polar coordinates of the Laplacion Ajv of a vector field v. 
Hint. Take A to be the adjoint of the linear vector function of Fxercies 5. 

Answer. The first plane polar coordinate of Ajv is (tr)„ + - (pr)^ + 1 
12 r 

“ second plane polar coordinate of Ajv is (»*)„ + 1 (»»), + 

h ~ i *’* + I 


2. Orthogonal curvilinear coordinates in the 

The ^neral theory of orthogonal curvilinear coordinates in the plana 
is so similar to that of plane polar coordinates (which are a special case) 
that you should experience no diflBiculty with it, and we abnll merely 
run over the main points. 

The position vector r = j;(0 -+P) is a differentiable function of two 
independent variables which we shall denote by (a, i3). Thus we 
have two equations 

X = x(a, j9); y = y(tt, 0), 

and we obtain two families of curvilinear coordinate lines by holding 
first 0 constant and then a constant in the equation 

r = r(a, fi). 

We assume that the two vectors 

r« = Va); Is = v(xfi, ye) 

are linearly independent, i.e., that the Jacobian determinant 


(®. y) 


Xa Xfi 



y« yp 


is different from zero, and we agree that the curvilinear coordinates 
(a, p) are so ordered that / > 0. Furthermore we assume that the 
coordinate lines a = constant, jS = constant intersect at right 
wherever they meet. Thus 

(r.lrj) = 0. 

We denote by Ui and Ua the unit vectors which have the directions of 
r« and r^, respectively, and we write 

Ui ~ hiXa^ 112 — ^2^/3 
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so that hi and hi are the reciprocals of the magnitudes of r« and tf, 
respectively. The 2X2 matrix whose columns are furnished by the 
coordinates of Ui and U 2 is a rotation matrix 

cos 6 —sin 

sin d cos 

where 0 is the inclination of Ui to the positive x-Bxie. The coordinates 
of a vector v in the rectangular Cartesian reference frame for which 
= 0 (i.e., in the rectangular Cartesian reference frame whose positive 
3;-axis has the direction of Ui) are known as the curmlineccr coordinotos 
of V. We denote these cxirvilinear coordinates of v by (v“ so that 
»“ = (tti|v), — (us|v), and 

V = v*Ui + vhit. 




If / is any differentiable function of a and /3 (not necessarily a scalar) 
the 1 X 2 matrix (/„ /,) is the product of the 2 X 2 matrix by 

(*) y) 

the 1X2 matrix (/«, /j). When the fixed Cartesian reference frame 
Oxy is such that 0 = 0 we have 


(why?) and so . ' which is the reciprocal of — (why?), is 

, . V) («» P) 


(h 0\ 
\o V 


Hcnco, for this particxilar reference frame, 


(/*>/») ~ (fi'ifti) 

In particular 

The curvilinear coordinates of grad /, where / is a differentiable 
scalar field, are Qijfa, htff). 

Observe that, when 6 = 0, «« = i =« 0, Xf - 0, j/a = Note. 

m hi 

The functions hi and hi arc most easily remembered as follows. Since 


Ui, ^ Us wo have 

ill hi 

ds = vidx, dy) <= Va da + r0 dp 


da , dp 
^ Ui + — Us. 
til hi 
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Hence (<&)*, the squared magnitude of ds, is given l>y the* fonniiht 


Thus 


idsy = (ds|ds) = + 

fil" 


//a® 


hi and hi are the (positive) square roots of the reciprocals of the 
coefficients of (da)* and (djS)* in the expression for (d«)*. 


EXERCISES 

1. Sho'w that the curvilinear coordinates of grad a are (hi, 0) and that the eurvi- 
linear coordinates of grad d arc (0, hi). 

2. Show that the curvilinear coordinates of the vector elenu'ut of are ds ■* 
s(d*.dl,)are(|^g). 

Let, now, v be any vector field, and denote by { the 2 X 1 intitrix 
whose elements are the Cartesian coordinates of v iuul by a the 2 X 1 
matrix whose elements are the curvilinear coordinah'H of v. Then 


f = lia. 

Choosing, as always, the fixed Cartesian refenutee frame Oxi/ m that 
d = 0 we have 




and so 


V*. oj’ \e, a) 


ta = h\d^ 


c ■;)• 
c ■;)• 


+ hin„; 


pie qumtities (d«, 6^) are readily expressed in terms of /(,, and their 
^nvatives ^th respect to « and In fact,, on UiiTerent iating the 
relation 6 = hixg with respect to a and then setting & 0 (so 
that Xfi = 0), we obtain ^ 

6 a = 

On differentiating the relation (a;*)® + (y«)* = -L with r<‘i 


/ii® 


reHjxs’t to jf 


and then setting fl = 0 (so that rr. - f , y. = 0) we obtain 

til 
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h/2 

Hence ^ (AO^, and, similarly, ^ (A*).. The diver- 

gence of the vector field v is obtained by adding\he first element of & 

to t^ second element of f,. Thus the expression in (orthogonal) 
curvihnear coordinates for div v is 8 ) 

— hidciu^ -f htlBgiy^ -I- 
h h 

■= (hi)iiv» ~ ji (hiUo + hiivO)^ 




EXERCISES 


Express the Laplacian of a scalar field / in orthogonal curvilinear coordi- 




Note, Romombor this important result ^ 

4. Obtain tho expression for curl y in orthogonal curvilinear coordinates. 

».», {(0 ^ . Ml 


5. Obtain tho expression for tho linear vector function A 
orthogonal curvilinear coordinates. 


/ (»*). (»*)A 
Vw. (in'),/ ^ 


^ (h»)alA 

Answer. I . J 

\hi(v^)a + ^ ^ I 

nf +!> expression in orthogonal curvUinear coordinates 

Imear vector function whose Cartesian coordinates are tho elements of tho 

matrix of second derivatives A** j. 

\fuJB fyy/ 

+ h,{hi)„Sa - (/lO/sfs hMap + Al(h.)«/s + A»(h.)Af.\ 


hh^of! + hi{h)^p -i- Aj(h,)(S/« + h(h2)0ffi - ^ 


Answer. 
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7. Find tlie orthogonal curvilinear coordinates of the (absolute) differential 
vector dv. 


Answer, 




8. Denoting the orthogonal curvilinear coordinates of a linear vector function A 
as follows: 



determine the orthogonal curvilinear coordinates of the vector div A 
Solution. On denotmg by A the 2X2 matrix whose elements are the coordi- 
nates of A in the fixed Cartesian reference frame Oxy and by A' the 2X2 matrix 
whose elements are the orthogonal curvilinear coordinates of A we have A RA^R* 
and so 

A. - JB,A' + A', + A'fB*. 


- hiRoA' 4- hiA'a + hiA'R^a 

(0 being set equal to zero after the differentiation). Here 

hi /O hi / 0 1\ 

riy, 

hi /O -1\ h, / 0 1\ 


Hence 


and, similarly, 


The vector div A is obtained by adding the first row of A» to the second row of Ay. 
The first orthogonal curvilinear coordinate of div A is, then, 

hi(aa)ti + hi(fia)fi — — (hi)fi (o$ -f- ^a) — — (ha)a (aa — S§) 

hi 

while the second is 

hi(a^)a 4“ hi(^)fi 4“ ^ (jhi)fi(aa — i§j5) — ^ (jhi)a(c$ + jSa). 

ni hi 

These may be written as follows: 

FW - WU ((|:)_ + (1)^ + a ® (i)j, 
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- M. {(f). + (f), - s (i)^ + fi (i) j. 

9. Show that is the curvature of the first of the two orthogonal 


coordinate lines (|3 - constant) which passes through P. Hint. HinBo sin fl 
= hiya we have, at 0 « 0, 0o “ hiijaai and the curvature of the line jS = constant is 


since hiXa « 1 and ya 


Ka 





= ^i^2/a«| 


0 at d = 0. Hence Ka « 



3. Conjugate functions 

A simple and important way of obtaining systems of orthogonal curvi- 
linear coordinates in the plane is as follows. 

Let 2 = re + be a function (in the complex variable sense) of 
7 - a + Then dz ^ Zydy so that 

(ds)® ^ dz dz ^ 2y Zy dy dy, 

or, equivalently, 

{day + {dyy = |2,h(d«)* + {dpy]. 

H 611 C 6 <x {md 0 funusbi & syntom of orth.ogoiX8l curvilino&r coordin&tes 
which is special in the following sense: 


hi = hi 



We shall denote the common value of hi and ht simply by h. 

for any system of orthogonal curvilinear coordinates the Jacobian 

determinant 


J 


{v, y) 

(«, /5) 


1 

h]}ii 


we have hero J = The functions a = a{x, y), = 0{x, y) are 

termed conjugate Junctions; their level curves intersect at right nrig lAp 
(since these level curves are the coordinate lines of the system of 
orthogonal curvilinear coordinates furnished by the equations x 
= x{a, p), y = y(oc, p)). We term the special system of orthogonal 
curvilinear coordinates which is furnished by a pair of conjugate func- 
tions a conjugate system, and we shall refer to the coordinates in a 
conjugate system of a vector or of a linear vector function as the 
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conjugoie coordindtes of the vector or linear vector function. The 
following results (which we set as exercises) foUow from the results 
for any system of orthogonal curvilinear coordinates by setting 

hi <= hi = h. 

EXERCISES 

1. Show that the expression for the gradient of a scalar field / in a coniueate 

system is grad/ = ® 

2. Show that the conjugate coordinates of the vector element of arc ds = 
»(<&, dy) are - (da, dp). 

3. Show that the egression for the divergence of a vector field v in a coniueate 
system is h {(»“)« + (b^)^) - o“Ae, - 

4. Show that the expression for the Laplacian Aj/ of a scalar field / in a conju- 
gate system is ^ 

Aj/ = h^(fatt +/Sj9). 

JVrfe. Pay particular attention to the remarkable simplicity of the expression for 
A^/ when hi «= hi. 

5. Show that in a conjugate system 

6. Obtain the expression for the linear vector function 


in a conjugate system. 



(«^)A 


Answer. 

■ 4.V - j. , \h(v^)a + h^ h(v^)fi — haV^ 

Obtain the expression for the linear vector function 


C 


h(i^)a — hfivP h(p^)p -I- hu\ 


A: 



where / is a scalar field, in a conjugate system. 

Answer 

+ hhaffi + hh^c h^fisp + hh^p - hhaf, 
8. Obtam the conjugate coordinates of the (absolute) differential vector dv. 

Anstoer. fdr^ -H i 


) 


9. 


} 


A. 


Answ. -U)- h0(i$ + ^); 

- a .( 5 § + ^) + hfiiSSi - 13 ). 
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10. Show that the oarvatures of the coordinate lines of a conjugate system are 
and |A«|, respectively. 


Examples of conjugate systems 


1. a = ^; 7 = log a. Here « = log r, /3 = so that the coordinate 
lines are those of the system of plane polar coordinates. The difference 
between this conjugate system 


and plane polar coordinates is 
that the first coordinate is log r 
instead of r. For this conjugate 

system & = er<« = i. 

r 

2. z = 'Y^; y = a». Here a = 

~ = 2a;j/sothatthe coor- 

dinate lines are two orthogonal 
families of rectangular hyperbolas. 
The point 0: (0,0) at which -y, = 0 
is a singular point (what docs this 
mean?) of the conjugate system. 
For this conjugate system h = 
2|y|*^ = 2r. 

3. * = 7 *; y = Hero x = 



Ifio. 16 . 

— y = 2a0 so that the first 


system of coordinate lines is the family of parabolas z = — /?* 

4/3* ^ ’ 

P ^ 0, all of which have the origin 
0:(0, 0) as focus. (Provo this.) 
^ * 0 is the positive r-axis (why not 
the entire ®-axis?). The second 
system of coordinate lines is the 
perpendicular family of parabolas 

a 7^ 0, all of which 



r 


a: = oi* — , 

4a* 

have 0:((), 0) as focus. (Prove 
this.) a = 0 is tho negative a-axis 
(why?). For this conjugate sys- 

10 . tom h = The point 

O:(0, 0), at whi(!h Zy = 0, is a singular point of tho system. 

4. z = cos y; y = arc com z. Hero x = cos a cosh/S, y = -sin a 
sinh /9. The first syst-cm of coordinate lines is tho family of ellipses 
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— 1 — = 1 : 8 9^0 

cosh2/3^sinh2/? ' ^ 

all of ■wMch have their foci at the points (±1, 0). (Prove this.) 

jS = 0 is the segment (— 1, 0) (1, 0) 

of the a;-axis (why?). The second 
family of coordinate lines is the family 
of h 3 rperbolas 

— — ~ “1; sm a 0 

cos^ a sm^ a 

all of which have their foci at the points 
( ± 1, 0). (Prove this.) a = 0 is the ray 
(1, 0) — > 00 on the x^suds, and a = t is 
the ray (—1, 0) — >• — oo on the rc-axis. 
a is the interval variable 0 ^ oc < 27r 
and p is the unrestricted variable. For 
this conjugate system h = |sin Expressed in terms of the vari- 

ables X and y we have 

h = I7.1 = 

where ri and are the distances of the point P from the common foci 
(±1, 0) of the two systems of conjugate coordinate lines. 

EXERCISES 

11. Discuss the conjugate system furnished by the reciprocal function 2 : — 

T 

12. Discuss the conjugate system furnished by the linear fractional function 
z — c 

7 “ —r — (Assume that c is real and positive.) Show that the coordinate 

Z "T“ C 

lines of this cpnjngate system, axe all circles. 

4. Orthogonal curvilinear coordinates in space 

The simplest and most important instances of orthogonal curvilinear 
coordinates in space are the systems of cylindrical coordinates and of 
space polar coordinates. Cylindrical coordinates are obtained by adding 
to a system of plane polar coordinates in the (x, ^)-plane a Cartesian 
coordinate z. Since we wish to reserve the symbols r and B for two 
of the coordinates of the system of space polar coordinates we shall 
now denote the plane polar coordinates in the (x, ^)-plane by (p, 0 ) ; 
thus the system of cylindrical coordinates is defined by the formulas 


1 1 
(1 - z^)^ 
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X = p cos <!>• y = psin <l>; z — z. 

Here p is the positive variable p > 0, ^ is the interval variable 0^6 
< 2ir, and z is the unrestricted varia- 
ble. is an angle measured in the 
(x, y)-plane; regarded as an angle in 
space it is a dihedral angle, i.e., an 
angle between two half-planes. These 
half-planes intersect in the a-axis, and 
<t> is the angle from the half-plane 
which contains the positive r-axis to 
the half-plane which contains the 
point P:(x, y, z). The points of the 
axis p = 0 of the system of cylin- 
drical coordinates are singular points 
of the system (why?). Since 

Tp = i>(cos <t>, sin <l>, 0); r* = v(—p sin p cos 0); r, = t;(0, 0, 1) 

the throe unit vectors which determine the cylindrical coordinate 
reference frame at P are 



tti - t;(cos <f>, sin <l>, 0); U 2 = t;(— sin <t>, cos <!>, 0); us = t;(0, 0, 1), 

and it is clear (prove this) that the three unit vectors Ui, U 2 > and Us are 
mutually pcupondicular. The three cylindrical coordinates are so 

ordered that the alternating product (ui, 
U 2 , u») is positive; in other words the 
3X3 matrix R whose columns are fur- 
nished by the coordinates of the vectors 
U 2 , Us in the Oxyz reference frame is 
a rotation matrix, i.e., an orthogonal 
matrix whose determinant is 1. Since 

ds = v(dx, dy, dz) = r, dp -f dd> 

+ r,d 2 = (dp)ui -f (p d<^)u 2 + {dz)Mt 

the squared magnitude (ds)* of ds is 

(ds)* = (dp)* -|- p* (dfli)* -f- (dz)*. 



The space polar coordinates of P’.{x, y, z) arc r, e, i>, where r = |OP|, 
B is the (unsigned) angle ( ^ r) between the positive z-axis and 0—*P, 
and 0 is the angular coordinate of the system of cylindrical coordinates. 
The connection btitweon space polar coordinates and cylindrical 
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coordinates is furnished by the equations 

= r cos p = r sin 0 

and so 

a; = p cos <#> = r sin ^ cos <^; y — psin <l> — r sin 6 sin <l>; 
z = r cos 6j 

where r is the positive variable, 6 is the interval variable 0 ^ 6 ^ tt, 
and 0 is the interval variable 0 ^ 0 < 2t. Notice carefully the differ- 
ence between the two angular coordinates 6 and d is an angle 
between two rays while is a dihedral angle. Since 

Tr = i^(sin 6 cos <l>, sin d sin <l>, cos 6); 

Te = v(r cos 6 cos r cos 6 sin <#>, — r sin ^); 

= v(— r sin 0 sin <^, r sin 0 cos <#>, 0) 

the three unit vectors Ui, U2, Ua which determine the space polar coordi- 
nate reference frame at P are 

Ui = i;(sin 6 cos <l>, sin 6 sin <^, cos 0); 

U2 = v(cos 6 cos <l>, cos $ sin <^, — sin 6); 

Ua = sin <l>j cos <l>, 0 ) 

(notice that we pass from Uj to U2 by replacing ^ by ^ + tt). Since 
ds = v{dz, dy, dz) = (dr)ui + (r dB)u% + (r sin B d4>)viz, and since Ui, 
tj2j and Ua are mutually perpendicular (prove this) we have 

(cfe)* = (<is|ds) = {dry + r%deY + r* sin* e (d4>y. 

The points of the polar axis (i.e., those points for which either r == 0 
or ^ = 0 or tt) are singular points of the space polar coordinate system. 
Einally the order in which the space polar coordinates are chosen is 
such that the alternating product (ui, U2, Ua) is positive (being in 
fact 1). In other words the 3X3 matrix R whose columns are 
furnished by the coordinates of the vectors Ui, U2, Ua in the Oxyz 
reference frame is a rotation matrix (what does this mean?). 

Cylindrical and space polar coordinates are particular instances of 
the general concept of a system of orthogonal curvilinear coordinates 
in space. These are furnished by a vector formula 

r = r(a, y) 

i.e., by three equations 

* = a:(a, /3, 7); y = y(.a, y); z = z{a, y). 
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We denote the magnitudes of the vectors r^, by — , , respec- 

hi hi hi ^ 

tively (it being granted that none of these vectors is the zero vector), 
and we define the three imit vectors Ui, Ua, u* as follows: 

Ui = hii„; Ua = hsXpi tls = hsXy. 

We assume that the three unit vectors Ui, Ua, and Us are mutually 
perpendicular and that the curvilinear coordinates a, p, y are so 
ordered that the alternating product (ui, Ua, Ua) is positive. (Prove 
that the value of (ui, Ua, Ua) is then 1 .) The rectangular Cartesian 
reference frame whose axes have the direction of the unit vectors 
Ui, Uat and Ua is said to be the curvilinear coordinate reference frame 
which is attached to the point P. The coordinates (v“, v^, vr) of any 
vector V in this Cartesian reference frame are termed the curvilinear 
coordinates of v; thus 

V = j;“Ui + + i;vuj. 

If, then, we denote by { the 3X1 matrix whose elements are the 
coordinates («*, «»', v‘) of v in the fixed Cartesian reference frame Oxyz 
and by a the 3X1 matrix whose elements (v“, v"^) aie the curvilinear 

coordinates of v we have 


{ = Jia, 


where S is the 3X3 rotation matrix the elements of whose columns 
are the coordinates, in the fixed Cartesian reference frame Ozye, of the 
unit vectors Ui, uj and Us. 

If /(a, jS, t) is any differentiablo function of (a, 7 ) the 1 X 3 matrix 

(/»» fu, /.) is the product of the 3 X 3 matrix by the 1 X 3 

(*, y, ») 

matrix (fa, fs, fy). When the fixed Cartesian niferonco frame Oxyz is 
so chosen that R is the 3X3 unit matrix Ji '3 we have 


(»> y, z) 

(“> 7 ) 


i 0 


0 


hi 


0 


0 0 


i 

hi. 
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and so (why?) 


(«, y) 
(®, y, 2 ) 


hi 0 0 

0 hi 0 
_0 0 hi 


Hence 

(/*> fv) /») ~ htffi, hify). 

In particular 

The curvilinear coordinates of grad /, where / is a scalar field, are 
(hjfat hsffi, hif-^. 

Observe that for the particular fixed Cartesian reference frame Oxyz 
which ftimishes the curvilinear coordinate reference frame at P 


Xa 

Xy 


^ya = 0,Za = 0; Xf, = 0,yf- = 0; 


0, Vy = 0, = 


hz 


Since the vector ds — v{dx, dy^ dz) 



we have 


(ds)* = (dslds) = 


(day 

Ai* 


(dpy w. 
Aa* hy 


This formula provides the easiest way of remembering the expressions 
for the functions hi, hi, and hi. Thus 

For cylindrical coordinates (hi, hi, hi) = ('■ 7 ')■ 

/ 1 1 \ 

For space polar coordinates (hi, hz, hz) = I r sin " g / 
EXERCISES 

1: Show that the oylmdrical coordinates of grad /are 

/ 1 1 \ 

2. Show that the space polar coordinates of grad /arc I /r, -fe, - — : — ; U )' 

\ r T sin tf f 


In order to evaluate the divergence of a vector field in orthogonal 
curvilinear coordinates we must evaluate the derivatives of the ele- 
ments of 22 with respect to (x, y, z), where Oxyz is the fixed Cartesian 
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reference frame for which R is the 3X3 imit matrix E 3 . (Why, t.TiAT^ 
is the derivative of R with respect to x, for example, not the zero 
matrix? Hint. R is Ez at P but not at every point P + AP of a 
neighborhood of P.) Since RR* = Ez (at every point) we obtain, on 
differentiating this relation with respect to x and evaluating the deriva- 
tive at P, where R — Ez = R*, 

R. + R*o = 0. 

Thus is a skew-symmeti’ic matrix (when evaluated at P). In 
other words if denotes the element in the jth row and Aih column 
of R we have 

(r/)* = 0 ; (r^)x = k 9 ^ j = 1,2, 3 . 

It is clear that these relations remain valid if x is replaced by y or by « 
(why?) or by a, or y (why?). Furthermore rz*, for example, = 
and so (rj®)* = /ii(rs»)„ = hJizUfia at P (since zp « 0 atP). The sym- 
metry of Zfia in the labels and a. tells us that 

(ri*)^ = (rg®),. 

It follows that each of the three derivatives 

(»-2*)x, (rgOv, (»‘i®)x 


is zero at P. In fact 

(j-s®)» = -(rg®), = -(n®), = (rg>). = ir3% = -(n®)„ = -(rg»), 

so that (rg®), = 0 ; similarly (rg*), = 0, (ri®), = 0. To calculate the 
various derivatives of the typo (rg*), we observe that since rg* = h^e, 
{rz*)y = AgZ/ST at P (why?). On differentiating with respect to 0 the 
relation 


+ (*r)* 


and evaluating at P we obtain 





Hence Zyjs = 



so that (r 2 ®)Y 



Thus 
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Note. The elements of the first column of E* are the coordinates 
of the curvature vector at P of the first coordinate curve through P 
(since the curvature vector is the derivative, with respect to arc 
of the unit tangent vector). 

Since f = Ea we have, at P, 


“■ E»a “1“ hiQta^ — RyCi *1“ ■“ EaCS *4” hiOty. 

The divergence of the vector field v is obtained by adding together the 
first row of fc, the second row of and the third row of We 
obtain 

div V = hi(v^)a + hih2 + hih vy 

+ ftifes "1” ^2^8 hz{vy)y 
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“ + (i^), + (^■j ,)■ 

EXERCISES 

3. Show that div v is given, in cylindrical coordinates, by the ejq>tesaion 

(t>a)p 4- i ®i> + i + (».),. 

P P 

4. Show that div v is given, in space polar coordinates, by the expiession 

(tr)r +• -t;** 4- - H 

r r r r sin 0 ^ 

5. Show that the expression for the I^placian Ajf of a scalar field /in orthogonal 
curvilinear coordinates is 

M - A.A.A. 

Hint Aif » div grad/; the curvilinear coordinate of grad / are 

Note. Remember the result of this exercise; it is one of the most useful formidas in 

applied mathematics. 

6. Obtain the expression for Atf in cylindrical coordinates. 

Anmer, U + "/p + \u4> +• /-. 

p P* 

7. Obtain the expression for Aj/ in space polar coordinates. 

^ ^ . 1 , . cot d . 1 

Anmer , Jrr'+ -foo +— r -^ f ^. 

r r* r* r* sm* 9 

8. Obtain the expression for curl vin orthogonal curvilinear coordinate. Hint. 
The first coordinate of ctirl vis obtained by subtracting the second row of f,froin 
the third row of ^y, 

Anm & r . The first coordinate of ciirl v is Mh ( 7- ) — ( r ) ; the second 

W 7 J 

coordinate is hjh |( 7- j — ( 7- / }; and the third coordinate is AiAa *" 


9 . Dotennino the cylindrical <5oordinates of curl v. 


Answer. 




{vp)b - C«*)p; (*^)p - “ +■ • 

p I 


10 . Dctorniino the space polar coordinate of curl v. 

( " (v*)i (»®)^ ■+• V*; — '■ (tr)* - (»*), -- V*, 

V rsmfi> r rata 9 r 


’)r -i(0« + -»*). 

r r j 


Anmer. 
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11. Obtain the orthogonal curvilinear coordinatea of the linear vector function 

■(«*), (if), 

A: (tK'). (if), (if). 

_(if), (if), H.J 

Bint. The columns of the desired matrix are (x, i„ and £> 

Answer, 


hi(vf)a + hji, + hih, d* 

hi(ifi)a - hih, 


hi(vy)a - Mh, I r ) »“ 

s,ni/y 


h,(if)^-hjti(^^vy 


— hsJii ^ 

h,(ifi)0 + hji, d* + Wx 0“ h.(A - »■' 


hiivY)p — hghz \t) ^ 


hz(v'^')y “ 1 “ hihl 




i/* + h^2 




12. Write out the cylindrical coordinates of the linear vector function of Exercise 


11. 

Answer. 


(v^)p 

1 / ^ 1 .X 

- (»'■)* --V* 

(«")• 


P P 


(f>*)p 

P 

(f>*). 

Wp 


(if). 


13. Write out the space polar coordinates of the linear vector function of Exer- 
cise 11. 


Answer. 


(if)r -(if)t--V^ . 

r r r Bm 6 


1 , N ^ ^ 

(if)^ --v* 


(vO)r -{(v»)a + a^l 

r r sin u 


1 („»),_ £ 2 i_V 


(v*)r - (i)*)t — ^ (v*)* + - e' + 

r r sin ^ ^ r r 


j 



ORTHOGONAL CURVILINEAR COORDINATES 111 

14. Obtain the orthogonal curvilinear coordinates of the linear vector function 

fxx fxy fxg 

A; f yx fyy Jyg I 

Jzx fzy fzi 

Where / is a scalar field. Hint Set (ir«, vy) = hif^, h^y) in the answer to 
Exercise 11. 

15. Obtain the orthogonal curvilinear coordinates of the vector field dv. Hint 


Multiply the 3 X 1 matrix 


( da d(i dy\ 


by tho 3X3 matrbe given in the answer to 


Exercise 11. 

Answer, dv is the sum of tlie vector whose curvilinear coordinates are (d«“, difi, 
iky) and the vector product of v by tho vector whoso curvilinear coordinates are 

If A is any linear vector function we denote its orthogonal curvilinear 
coordinates (what docs this moan?) as follotvs: 

- - 
aa aP ay 

A' ^ j8a /3^ |9y 

_ya 7/3 

Then A = RA'B* so that (at the point P where 22 is the unit 3X3 


matrix Ea) 


A^ = RA' + A'. + A7e*. 


From tho expression given above for 22, it follows that the element in 
the first row and first column of A, is 

hi(,aa)tt + hiht "t" 1^“) + (“Y + ya)- 

Similarly the element in the second row and firat column of A^ is 

AsOa)/s + Mil a« + htihz ^ — hahi 

and the element in the third row and first column of A, is 

ha('Ya) + hafii «« + Mh Mh (j^ yV- 

On adding those thre<i (ixpressions logcsthor wo obtain the first curvi- 
linear coordinate of div A. It may bo written in the form 
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ICrx). ( m ), + (s)J + (0, ^ 

+ M. (i)^ ( 1 )^ ® _ M. (i)_ 


yy. 


The other two coordinates are obtained by permuting cyclically the 
letters a, /3, y and the labels 1, 2, 3. Note. This result is of importance 
in the Theory of Elasticity. 


EXERCISES 

16. Write out the cylindrical coordinates of div A. 

Answer. (pp)p + - pp + - (^p)^ -f (ap), (p<i>)p + - p0 + - (h>)a + (^)« 

P P P p p 

1 1 1 

+ - <^p; (p«)p + - p* + - + (a?),. 

P p p 

17. Write out the space polar coordinates of div A. 

Answer. (rr)r + - rr + - {dr)e H Br H : — - ^ 0 . 

r r r r am 0 ^ r r 


/On . 2 1 cot 6 « 

(rd)r + - rd + - {eB)e H ( 

r r T 


r sin ^ 



cot 6 ^ 


r 


f \ ,2 1 > cot B 1 

(T^)r H — r<i> H — (B<i>)9 H e<f> H 


/ r: N , 1 , cot 0 . 


18. Denoting by E the average -J-CA + A*) of the linear vector function A of 
Exercise 11 and its adjoint A* determine the orthogonal curvilinear coordinates 
of E. 

Answer. Denoting the desired curvilinear coordinates by 11, 12 , etc. we have 


11 = ^i(v*)o “I" hihi ^ hiht 

23 - i jA.Ce'i'V + - h^, vy — h^ht *^| 


The other coordinates are obtained by permuting cyclically the coordinates a, jS, 7 
and the labels 1 , 2 , 3. ^ote. This important result furnishes the orthogonal 
curvilinear coordinates of the strain tensor in the theory of elasticity. 

19. Write out the cylindrical coordinates of the linear vector function E of 
Exercise 18. 
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Answer, fl = («.)„• 22 = J g 23 - i ji + (^),|; 

31 = 2 + WpI; 12 - ^ i (»p)^ - i»*i. 

20. Write out the space polar coordinates of the linear vector function E of 
£iXeroise 18. 


Answer. U » (pr)^; ^ = i + l,r}. 

^ r sin d 


.i|_i 

2 [r sii 


^ . 1 cot 6 * 

(f^)^ H — H v®; 

r r 


13 = 2 I (»*)r + - (s')* — »® 

21. Detennine the cylindrical coordinates of A.v, the Laplacisn of a vector 
fidd V. Etta. Asv IS the divergence of A* where A is the linear vector function 
whose cylmdnoal coordinates are given in the answer to Exercise 12. See Exer- 
else 16. 

Answer. (i;p)pp + i (,«»), + i („p)^ + („p)^ _ 2 _ ^ 

P P* P* p* 

Wpp + ~ ('^) + ^ + («'*)« +• \ (v^U - V*; 

r P P* p* 

Wpp + ^ (»*)p + i (v)^ + (».)„. 

22. Determine the space polar coordinates of Ajv, the Laplacian of a vector 
neld V. 

2 cot (? * 2 


2 1 ft 

Answer. (tr)„ + - (»r), + ^ 

r r* yi ' ' j^ain*^ 


(t>®)rr + - (v®)r -f ^ + - • - 

r ' r2sin“d? 


1 


r* sin e 
(»"W + ^ (tf)e 


COHOC® 0 


r* 

(l^^)rr + “ (tf*)r + “ (v*)oe + (,V^)e + 

r r“ ^ yjj^2 0 


- 




2cos ^ 
r®HinM 
2 


r® sin e 


(v% 


. 2 cos ^ COHOC® e . 
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LAPLACE’S EQUATION 


1. Problems in electrostatics 

In an electrostatic field there are two fundamental vectors: 

1. The electric intensity vector E. This vector is such that the 
mechanical force which acts on a point charge e is given by the formula 

F = 6E. The line integral I (Elds), along any curve C connecting 

cJPo 

any two points Po and P, is independent of the curve C and so there 
exists a scalar point-function V(P) such that 

J^‘^(Elds) = 7(Po) - F(P). 

The function F(P) defined by this relation is indeterminate to the 
extent of an additive constant; if the electrostatic field is unbounded 
we determine this additive constant by arranging that F(P) — >•0 as 
P ^ 00 (it being assumed that F(P) has a limit as P — »■ <»). Note. 
The definition of F(P) by the formula given above rather than by the 
formula 

f’cElds) = 7(P) - 7(Po) 

JPa 

is attributable to a desire to have the direction of E that of the 
negative, rather than of the 'positive, gradient of V so that V decreases 
(rather than increases) in the direction of E, It follows from the 
definition of the point-function V{P) that 

E = -grad F. 

Hence at any point P, E is perpendicular to the level surface of the 
point-function V which passes through P. FfP) is called the potential 

114 
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of the electrostatic held, and a conductor is an equipoienUal surface, i.e. 
a level surface of the potential point-function. ’ ’ 

2. The displacement vector D. The displacement vector D deter- 
mines the distribution of charge in the electrostatic field as follows: 

The surface integral f(D|dS) of D over any closed surface S (where 

dS has the direction of the outward normal to S) furnishes the amount 
of electric charge inside (in the sense of: interior to or on) the surface. 
If S is the surface of a conductor and if n is the outward unit normal to 
S then 

I>« = (D|n) = ,r 

is the surface density of electric charge on S, the total charge on S being 



Note. Be sure that you understand clearly the different roles of 
the two vectors E and D. E serves to determine the mfifthnnin q) force 
that would act upon a point charge at a given point P of the electro- 
static fi,eld while D servos to determine the distribution of electric 
c^ge in the field. E is what may bo termed a line vector, i.e., the 
kind of vector which is integrated along a curve, while D is what may 
be called a surface vector, i.e., the kind of vector that is integrated 
over a surface. 

Let W denote the volume of which a given closed surface S is the 
boundary (we use W rather than V sintic wo are using V to denote the 
potential of the electrostatic field; wo shall denote the clement of 
volume dx dy dz by dr). The relation 

J^(DldS) = J^divDdr 

tells us that the charge whiiih is <IiHtrihuted over W is furnished by the 

volume integral D dr = p dr, whore p = div D. For this 

reason the point-hinction p = div D is known tis the volume density of 
the distribution of charge in the electrostatic field. At points free 
from charge p = 0 so that 

div D =s 0. 

If we consider the electrostatic field duo to a single point charge e 
located at the origin 0 of a system of space polar coordinates, reasons 
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of symmetry tell us that the polar coordinates of D are (/>’’, 0, 0), whore 
D*" is a function of r alone. Taking S th(? surface of a sphere of 
radius r with center at 0 wo have 


and so (why?) 


J^(D|dS) = 4nrr^D'' 


Dr == 


e 

4jrr® 


The same reasons of symmetry tell us that the spa<^e polar coordinut('s 
of E are (E', 0, 0), where jE' is a function of r alone, and (‘xp<‘ri»*nc«‘ 

shows that E' varies as \ The unit of cloctrio (diargc^ is <let<‘nnine<l 


so that, in empty space, E' 


or, equivalently (why?). 


We postulaie that this relation is valid at points free from matter in g<*n- 
eral electrostatic fields and not merely for the electrosiat.ic field dmi to 
a single point charge. Then on combming the relations 

divD=p; D = ^E; E = -grad f 

we obtain 

AiV = div grad V = —4'jrp. 

This equation governing the potential of an electrostatic fiehl is known 
aaP^son’s equation (after S. D. Poisson [1781-1840], a French mathe- 
matician). At points where p = 0, i.c., whore there is no volume 
density of electric charge, it reduces to 

AiV = 0 . 

This is known as Laplace's equoMon (after P. S. T^aplace [1741) 1827], a 
French mathematician). The problem of determining the (‘k'ctro- 
static field due to a charged conductor may, then, be phrast^l us 
follows: 


= — and so 


Dr =.—Er 
4ir 


D =-^E. 
4ir 



PROBLEMS IN ELECTROSTATICS 117 

Determine a solution V of Laplace’s equation As7 = 0 whidi takes an 
assigned (constant) value 7o over the surface of the conductor. 

It is understood that V possesses a continuous matrix of second 
derivatives (and, hence, a continuous gradient) over the volume W 
bounded by S and that V is continuous over Tf + furthermore if 
W is the region exterior to S, V must satisfy certain conditions, which 
we shall describe shortly, as the point of evaluation P of F — »• « , 

That this problem does not have more than one solution is an 
immediate consequence of the relation 

fjff Aj/ + (grad (/[grad ^ 

(see Exercise 19, p. 30). When gr = / this relation becomes 

f {/A*/ + (grad/|grad/)} dr = f f-fdS. 

Js an 

If f is the difference of two hypothecated solutions of the conductor 
problem we have Aj/ = 0 over W (why?), and / = 0 over 8 (why?). 
Hence, when W is the interior of 8, 

J*^(grad/|grad/) dr - 0. 

Since (pad /|grad f) is continuous and > 0 ovor W it follows that 
(grad /|grad /) = 0 over W (why?) and hence that grad / is the zero 
vector over W. Hence / is constant over W, and, being zero over 8, 
f must be zero over W. Hence the two hypothecated solutions of the 
conductor problem are ono and the same. 

NoU 1. It is clear from the proof that it is not necessary for the 
validity of this uniqueness theorem that F be constant over 8 or that 
A 2 F be zero over W. All that is required (in addition to the con- 
tinuity assumptions) is that F have an assigned value at each point of 8 
and that AjF have an assigned value at each point of W. Then the 
difference / of two hypothecated solutions is zero over 8 and is such 
that A"/ is zero over TF ; thxis the proof proceeds as before. 

Note 2. The uniqueness theorem limits the number of posable 
solutions to one, but it dues not show that there is actually ono solu- 
tion. This existence theorem is known as the Dirichlet problem (after 
P. G. L. Dirichlet [1805—1859], a German mathematician). Its proof 
requires a detailed trtiutmcint, and w'c shall not enter into it here; a full 
discussion may b(( found in Foundations of Polmtial Theory by W. D. 
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Eiellogg. In the problems we shall treat we shall actually furnish a 
solution of the conductor problem, and we only need the umqueness 
theorem (proved above) to assure us that this solution is tlie one and 
only solution. 

When TT is the interior of the closed surface S the one and only solu- 
tion of the conductor problem is 7 = 7o, where 7o is the assigned 
constant value of 7 on S. Hence we have the following theorem 
(which explains the screening effect of closed conductors) : 

The electrostatic 'potenUal Oiroughout the interior of a closed conducing 
surface is constant. 

E = —grad 7 an equivalent form of statement of this 
theorem is as follows: 

The electric intensity inside a closed conductor is zero. 

Note. If the region W is bounded by an exterior surfaces S' and an 
interior surface S (both surfaces being those 
N. of conductors) the electric intensity through- 

^ — V g out 17 wnll be zero if, and only if, 7'o = 7o 

/ j j i.e., if, and only if, both condxictors are kept 

I V — ~^Tv / ' at the same potential. When 7'o 7o there 

^ y/ •wUl be a non-zero electric field throxighout 

Fwlo problem of determining 7 for 

this field is known as the condenser problem. 
In view of the relation (see Exercise 18, p. 30) 


Fio. 20. 


Aif dr 


we have, since Aj7 = 0 over T7, 

JB dn Js' dn 

(the unit normal vector n being, in each of the two surface integrals, 
drawn away from W). Since 

^ = (grad 7|n) = -(Eln) = -47r(Dln) = 4«r 
an 

(where e is the surface density of charge on the inner side of S' and on 
the outer side of S) the relation just written may be put in the form 


adS+ <rdiS = 0. 
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In other words the total electric charge . (T dS on the outer side of the 

conducting surface S is the negative of the total electric charge ( c dS 

Jb' 

on the inner side of the conducting surface /S'. We term the absolute 
value of either of these charges the charge on the condenser, and we 
term the absolute value of the dijEEerence To — T'o between the 
potentials of S and S', respectivelT-, ihe voltage of the condenser. The 
ratio 

^ _ charge on condenser 
voltage on condenser 

is known as the capacity of the condenser. 

When W js the region extemcd to a single conducting surface /S the 
electric field throughout W will not he, in contrast with the internal 
field, zero unless Fo = 0, i.e., unless the con- 
ductor is at 2ero potential. The reason for 
this is that tho unbounded region W must 
first of all bo replaced by a bounded region 
W' which may bo conveniontly obtained as 
tho region between tho inner conducting sur- 
face S and an outer conducting surface S' 
which is a sphere of sufficiently large radius 
r with its center lociated at any eonveniont 
origin 0 . "Wo then investigate wluxt happens 
as r — » « . In order to prove tho uniqueness theorem we must now 
pay attention to the integral 



where f is the difforonco bc^twocn two hypothecated solutions of the 
(external) conductor problem. If this integral has the limit zero at 
r = M the vmiquoness theorem is valid since then the (improper) 
integral 

(grad /I grad J) dr 

is zoro (the integral Ixung improper since tho region TF is unbounded). 

In orck^r to mak<\ Htirc that the integral of / *7^ over S* is null at r = 00 

an 

we impose tho following condition on the potential function Vi 
Not only is V null at r ^ 00 hut the 'product r grad V is null atr ^ 00 . 
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il\^ 

This condition is sufficient to onsun^ that th(». inh^^^ral of 1' ■ • ov(»r 

tin 

S' is mill at r == oo, and this implies (since bot h / ami r grad/arcf null 

/ f 

at r « 00 ) that the integral of/--- S' is null a(. r cc , In order 

an 

to sec that the conditions imposcul on V lu^ar r =- cc an^ sufruuiud- to 
(IV 

niake the integral of V v* over S' null at r « oo \ya first ohs(U*ve that 
tm 



the function “•* satisfies I.apla(*<*\s eipia- 
r 

tion at all points sa.v<* O. (Ih’ovtj this. 
IlinL Kee Mxen’ise. 7, p. KMI.) Let, 
then, 0 ]>e any point <‘xierior to the^ 
clos(ul conductor S, an<l hd 11'" 
the region houmh^d by S, by a sphen^ 
S' of suflicHuitly Ituyv railius A*, and 
by a sphem S" of KuHi(d(Uitly amall 
radius € (both S' and S" having th(‘ 
same center O). Applying to IT" tla^ 
relation (sec^ !Cx(‘rcis(‘ 2(b p. Ill) 



we obtain 


since 




tiS 


A^V - 0, 



0 


over W". Over >S, V has a e-onstaut valium Tu and so 




dS ■■■. 0 


(sinco = 0 ov(>r th<? interior of *S'. S(M! lOxonoKc 7, p. KMIK 

dV 

Fvirthcrmoro, over S, — = Ava, wlu'n^ or is the surfiwe (It'nsilv <>« the 
dn 

outer Bide of S. Heneo 
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(since dS = sin 6 d6 d<l> over S'). Hence, since V is null at r = oo^ 

X' ^ rfn (r) ^ at R = w . Since r grad V is, by hypothesis, 

^ f ldF,„ . 

at r = 00 , -_dS IS nufl at r = oo (why?). Over S", 


nuU 


dS — 6® sin B dd d<j> and so 


.dF 


X" r ^ ^ at € = 0. On the other 

hand F ^ dS has the limit 4rF(0) at « = 0. (Prove this. 
Hint, Remember that n has the direction, of the inward drawn radius 
of 8"] hence, over S", ^ = ^). On letting « -» 0 and R oo 

we see that 


or, equivalently. 


4irJ^^d6’ -47rF(0) =0 

F(0) = f -dS. 

Jsr 


Since 0 is any point exterior to the conducting surface S this relation 
may bo phrjusod as follows: 

TM potenMal at any poinl P external to a conductor S is given by the 
surface irdegral 


YiP) - l^as, 


where tr is ffw surface density of charge on the outside of 8 and r = |QP| 
is the distance from the vanaJ>le point of integration Q of integration on 8 
to the point of (walwiHon P of F. 

Note 1. This iraportimt result is easily remembered as follows: The 
element of the integral which furnishes F(P) may be regarded as 
the potential ut P of the eshargo <r dS on the element of area d^ at Q. The 
potential at P is the result of integrating over 8 the potentials of the 
charges <r (18 on tlio various elements of area dS of 8. 

Note 2. It is clear that the result just proved is valid if there are 
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present several conductors Si, Sa, • • • , Sn. Then 


-f- 

Jsir 


dS + • ' ' + 


Let, now, 0 be any fixed origin, and denote |OP| by It (to disi.inguish 
it from r = |QP|, where Q is the variable point of integral.ioii on S). 
Then it follows at once from the formula 


- f-' 

Js r 


that not only is F(P) null at E = » but also tho product RV{P) hius 


a limit at E = oo , this limit being tho charge 


5 


on S (or, if Bcverul 



0 

Fio. 23. 


conductors Si, , Sn are pttiwuit, the 
sum of the chargers on these various con- 
ductors). In fact if we denote by d tho 
absolute maximum of |OC>| over S we 

have Jr — 7i| ^ d (why?) and so “ has 

at E = 00 the limit 1, tlu^ converg<in(!e 

T 

of rr to its limit 1 boing uniform ov<‘r S, 
K 


(What does this mean?) Henco — has at /i = oo (,h(^ limit 1, tho 

r 

R 

convergence of — to its limit 1 being tmiform over S. But 
r 


E F(P) - <r 




and so R V{P) — o- d/S is null at /f — oo (why?), fn otlu^r words 


R V{P) has at R — fso the limit J cr dS, 

EXERCISES 

!• Show that if V(P) is the potential duo to a point chargfi in tin’* pnw'iioo of 
one or more conductors then RV{P) has at /i » oo a limit (*<(uallinj? tho total 
charge in the field, i.e., tho sum of the point charge and tho charges ou t h<‘ variouM 
conductors. Hint, A point charge e is charact(^riz(«l by th(^ fa<^t that near it V" irt 
unbounded. The product rVj where r is tho distanf^o from the point (thargi*, i« 
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granted to be bounded at r =0, and the integral of — over any sufficiently small 

an 

surface enclosing the point charge, n being the outward drawn normal, is —4^6. 
Apply the argument of the text to a region obtained by removing from the region 
W** of the text a sphere of sufficiently small radius with center at the point 
charge, obtaining 


C (TdS C 

F(P) =— + ..• + 

Jflfx r Js 


(rdS e 

H-» 

8n r r 


where, in the last term, r denotes the dis- 
tance from the point charge to P. 

2. Show that the potential function of 
the field of several point charges ei, • - • , 
eh in the presence of several conductors ^Si, 
• • • , /Sin is given by the formula 


V(P) 



. r <rdS 


+ — 


JSn r 




4 .-. + . . . 


Ti 

n 



where r/,y « 1, • • • , A;, is the distance from the jth point charge to P. 

Warning. Do not fall into the illusion of thinl^g that this formula solves 
the problem of determining the electrostatic field of several point charges in the 
presence of several conductors. The surface density of charge <r on the various 
conductors is unknown and can be determined, only after the problem has been 

dV 

solved, by means of the relation — =* ~~4iircr, 

dn 

Note. The part of the formula for F(P) which is known hefwe the problem is 
solved, namely, — |- • • • -J- — , is termed the inducing potential, and wo shall 

Tl Vh 

denoteitbyF'; the remaining part, namely, I -f . . . + j termed 

JSi r JSn r ’ 

the induced poterUialf and we shall denote it by F". Thus 

F » 4- F", 

and the general problem of (d(M5troHtati(iK may bo phrased as follows: Given the 
inducing pot<!ntial F', (hitermiiu^ the induced potential F" so that their sum 
F =* F' + F", which is the a(‘,tual or total potential of the field, may satisfy the 
various conditions imposed on it. These conditions are 

1. F must be a solution of Ijaplace's equation A 2 F ■» 0. 

2. F must have an assigmid (ionstant value on each conductor in the field. 

dV 

3. The intcgnil of — over any sufficiently small surface enclosing a point 

charge must the pnxluct of this point charge by — 47 r. 

4. F must be null at r « and r grad F must bo null at r »■ 00 , 
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3. Provo the uiiiciucncHH thcoroin for tlu» field of point <du»r|j;<*H in Iho 

prcM(Mi(M^ of HOV(»r4il conduotorH. 

4 . Show that tho potcuiiijil of ii Hinfflo point ohiirgt^ in Notr, Altlumnh thin 

i« not tlio dofmitiou of tho potential of a ninKlc^ point eluiri^o fwhnf m I lu» didinit i(»n of 
tluH?) it wuh in order to have thw relnfion that the hypothoHirt D — • £ » 

'I IT 


— * • grad V wiifl adopted. 

air 

5, Show thiit the poti^ntial of a charg(‘d Hph<‘r(^ in (at. pointw outHidf^ the HpluTe) 

the Hiiine uh if the total ehar^e were 
lumeentrated at tlieeenterof the uphere. 
What ia thc‘ potential <if the ehnrueti 
sphere at points insitle the sphere? 
Wluit is th(‘ Harfae<‘ density cd ehurge <»n 
tlie sphere? 

6, Show that one of tlie h*vel Hurfnees 
of the potential fune.tion V ; ' I'tP) of 
two point eharn<*H<»f tuilikesi^nn is a spher4* 
whoH<* (M‘nl<*r is on the line joitiinn the 
two point eharnen. Hint, If the ptnnt 
«harK<‘H nn‘ e' and r" the h»vel Hurface 

fff 

V «■ 0 is Hueh (Iiat / =■ — * -> where r* and r" art* tin* ilistanei'H of a variable tHiiiit 
r r 

l*o( the 1(W<‘1 Hurfatui from the e.harp;<‘H e'aml e", r<‘Hpeetively, 

7. Show that if (• w th(‘ eent<T an<l a tlu^ radins of th(‘ npln^n* of Kxerei.m* 6 
an<l if tlie point ('hargc^H (/ and a" are at (/ aiul respeetividy, tljen 

a®, and <j" «* — i ;.v::r<A IllnL To obtain 110“ ndation r" ** 



Iwi' 


Rvr' 


<*vahitit(^ “ ; at th<^ i)oint wh<T(». th(» npln^re inf.erH<‘etK the ray f * - > Q\ 

H. Show that t.lu‘ indueed pot(*ntiaI of a point eharjj;e r* at a |M>int Q* ontHidt* a 
eomhu'.tiiific HpIuTO of radiuH a which is varthvd^ i,<s, maintained at tK»tential y,<To* 

is the sanni as that of a point eharj^e e" located at tla* point where 

(/' is lo<tat(»d on th(^ r4iy (! ->y', and sueh that [(7/1 a®. ///«/. Show 


t hat V 


'h p; Hatisfu^s all tin* eonditions imposed on and use tin* nnitpienes?* 


theonon, Nolr. Th(» point e.liarge vvhost^ potential is tin* indueed 

pot<mtial is U^rnnul tln^ itnuf^v in the (earthed sphere of tln^ ifidthing point eharne r 

^whoMe potential is V' « The point f/' at whieh the iinuKeof e' is loeatfsl is 

leniKMl tln^ itntuje pomt of Q/ in tint sphere. 

9* Show that the (tapaeity of a eondexiser fornntd hy two eomtentrie spheres of 

radii a and b > a is the reeiproeal of ^ — ]• Hint, The potential of tin* 

a b 
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electrostatic field between the two spherical conductors is of the form A -\ — > 

r 

where r denotes the distance from the common center of the two spheres and the 
constants A and B are so determined that F(P) has assigned values on the two 
spherical conductors. 

10. Show that the capacity of a sphere of radius a is a. Note. The capacity 
of a single conductor is the limit at r » « of the capacity of the condenser formed 
by the given conductor 8 and a sphere /S' of sufficiently largo radius. It is the 
ratio of the charge on the conductor to its potential. (Prove this.) 

2. The method of separation of variables 

The conductor problem may be divided into two parts: 

1. We must solve Laplace’s differential equation A 2 F = 0. 

2. We must adjust the solution of Laplace’s equation which we have 
obtained to the boundary conditions; for example, we must make sure 
that 7 takes an assigned constant value over each of the given con- 
ductors, and, if the field is unbounded, we must make sure that 7(P) 
behaves properly (what does this mean?) as r — >■ 00 . 

Of these two parts the second is the more difficult and the more 
individual; the potential of every conductor problem must satisfy 
Laplace’s equation, and what distinguishes one conductor problem 
from another is the shape and location of the one or more conductors 
involved. The boundary condition over a conductor is very stringent. 
Thus if the surface of the conductor is given by 

r = r(?^, v) 

then 7 = 7(P) = 7 (.t, y, z) Ixscomes, over S, a function of the two 
independent variabU^s, or parameters, u and v. This function must 
bo a constant function of u and v. Ijdt us suppose, for example, that 
u ^ y^ V ^ z m that the coiKhictor S (or, at least, a portion of it) is 
furnished by an equation of the form 

X = x{y, a); 

then 7(x, y, z) muKt reduce, when x is replaced by x{y, 2 ), to a constant 
function of (?/, 2 ). The simplest case would occur when x(y, 2 ) is a 
constant function cj, suy, so that 8 (or, at least, a portion of S) is 
part of a plaiu^ parallel to tho x-planc. If 7o is the assigned potential 
of the conductor 8 tho function 

7(ci, y, z) - Vo 

must bo zoro, id(mti(ially in y and z. In other words the function 
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V(x, y, z) — Vo must have the property that when x is set equal to ci 
the resulting function of y and 2 must be identically zero. One way of 
securing this result is to have V(x, y, z) — Fo the product of a function 
X of a; alone by a function TJ{y, z) which does not involve x: 

Vix, y, z) - Fo = X(®) U{y, z). 

If X(») is such that X(ci) = 0 then F(a:, y, z) — Fo is such that 
V(fii, y, z) is identically zero. It is clear that this is not the only way 
of Tn a.TdTi g sure that F — Fo is zero, identically in y and z, when 
a: = ci. In fact the sum of any number of terms of the type X(a:) 
U(y, z) would do equally well, 

F(i, y, z) - Fo = Xi(a;)Ui(y, z) + • • • + X„(x)U„(y, z), 


provided that each of the functions Xj(x), j = 1, • • • , n, has the 
value zero when a: = Ci; and we may let n = « provided that con- 
vergence questions are attended to. Since F satisfies Laplace’s equa- 
tion so also does F — Fo. (Prove this.) Our first attempt, then, in 
trying to solve a conductor problem in which one of the conductors 
(or part of it) is a portion of a plane a: = Ci is to seek for a solution of 
Laplace’s equation of the form X{x)U(j/, z). Such a (very special) 
solution of Laplace’s equation has the variable x separated from the 
other two variables y and z, and the method of obtaining such special 
solutions of Laplace’s equation is referred to as solving Laplace’s equa- 
tion by the method of separation of variables. 

The function X(x) which occurs in the solution of Laplace’s equation 
by the method of separation of variables is, naturally, very special. 
On substituting XU for F in Laplace’s equation we obtain 


or, equivalently. 


X„U -b X(U™ + U„) = 0 


X«ai , Um H~ u« 
X U 


= 0 ; 


Ft^ 0. 


Hence, at any point where F 5 ^ 0, which is, by hypothesis, a 
constant function of y and z is also a constant function of x (since it is 
the negatitre of — (U»y -f U,,), and U is, by hypothesis, a constant 
function of a;). In other words 

X„ = A’X; k a constant. 
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Hence Z is a combination of exponential functions e*'* where 
2)2 = /r; we indicate this by the notation 

X = 

Warning. Do not think that the ambiguous sign ± means that 
you must take one or other of the two signs + and — , It means that 
you may take any linear combination of what you obtain by each of 
these choices. Thus is merely an abbreviation for 
where Ci and are arbitrary constants. 

Note 1. Although V{P) is a real point-function so that X and 
hence A* are real it is convenient to work in the complex field (for when 
Ar is negative p is a pure imaginary). Thus when Ar = — n®, say, is 
negative we write 

X = e^^^ 

by which we mean that X is any real linear combination of the con- 
jugate complex functions e^^ and Thus is ahy linear com- 

bination of cos nx and sin nx with real coejBSlcients. We indicate such 
a linear combination by the symbol 

cos nx 1 

sin na: J 

cos nx ] 

so that means exactly the same as }•; namely, C^, cos nx 

sin nx ) 

+ C% sin nx, where Ci, C 2 are arbitrary real constants. 

Note 2. When Ar = 0 so that p — 0, 6=*=^® is merely a constant mul- 
tiple of e®® = 1. In this ciuso the differential equation governing X 
is simply Z** = 0 so that Z is any (real) linear polynomial, i.e., any 
linear combination, with real coefficients, of the two functions 1 and x. 
We agree, then, to understand by the symbol 6=*=®® any real linear 
polynomial. We indicate any such linear polynomial by the symbol 
x \ 

> so that 

l| 

X ] 

1) 

Example 1. The parallel plate condenser 

We take it as granted that the plates of the condenser are so large 
that V may be assumed to be independent of y and z (the plates of the 
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condenser being parallel to the a:-plane). This assumption is usually 
expressed by the statement that the plates of the condonsor aro infinite, 
but this form of statement is rathor unfortimate since if the plates 
extended to infinity they would each have to bo at potential zero. 
If the plates are reasonably large our assumption will be sufficiently 
accurate if we are not too near their edges, and the departure fronx 
reality of the assumption near the edges can bo made n(^gligiblo by 
suitable experimental arrangements (such as a guard ring). Rince V 
is independent, by hypothesis, of y and z wo have V = A' so that V is 
a linear function of x: 

V = Cix + Ci. 

The voltage of the condenser is, accordingly, [( 7 i|d, wlu^re d is tln> 
distance between the plates of the condenser. The surface density of 
0 

electric charge is ± (Remember that n has the direction of tho 

positive or negative s-axis and that <r — ) Hence the 

4T<in 

charge on the poatively charged plate is ^vluu-c? A is the area of 

At 

either plate of the condenser, so that the capactity of the coudemser is 



Note. If the insulating material of the condensc^r luis a appcifio 
induetwe capacity e the relation between the two fundamciutal veustors 
D and £ is 


D = 



, f dV 

and so <r = X)„ 4^^’ capacity of a condenser whowt^ 

insulating material has specific inductive capacity e is, then, c tin«>!S 
the capacity of the same condenser when its in8ulat,ing mnterial luis 
, unit specific inductive capacity . Thus the capacity of a parallel plat<» 

condenser whose insulating material is of specific inductive capacity e is 
eA 

Awd 


Example 2. Separation of variables in cylindrical coordinates 
Any solution of Laplace’s equation A2F = 0 which is of the form 
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V^ZU, 

where Z is a function of a alone while 17 is a function of p and 4 >, is such 
that Z = In fact since, in cylindrical coordinates, AsF = 7„ 

1 1 

H — V, + Fm (see Exercise 6, p. 109) we have 

P P 

z (j7pp + i r/p + + uz„ = 0 

so that, at all- points where V 9 ^ 0 , 

z 

Hence is a constant which we may denote by a®; we do not insist 

that oi be real so that the constant is not necessarily positive. Henco 
Z = e=*=". The function 17 of p and <l> satisfies the equation 

17pp + - 17p + — 17^0 = —a*U 
P /»* 

(why?), and we sock solutions of this equation of the type 

U = P% 

where P is a function of p alone while # is a function of ^ alone. We 
find that 

$ (ppp + ^Pp + a*p) + ^ = 0 

or, equivalently, that 

Henco is a constant (why?), and wo denote this constant by — jw* 

(the prefixed negative* sign being used for rotisons that will bo immedi- 
ately clear). Then 4’ = jf -yfQ demand that F bo a unijorm 

point-function, i.e., that V be unambiguously determined by the point 
(®) y, 2)> ^ must be a ‘periodic function of ^ with period 27 r (because the 
angular coordinate 4 > of the point (a:, y, z) is indeterminate to the 
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extent of an arbitrary integral multiple of 2t). Hence the constant m 
must be an integer which may be taken, without loss of generality, 
to be non-negative since we are using both +m and — m (when m = 0 
only one solution, namely, 1 of the two, 1 and 0, indicated by the 
symbol is acceptable). This is the reason that we wrote our 
original constant in the form — if we had written we would 
have merely found that m must be an integral multiple of i. When a 
constant which arises in the discussion is restricted in this way we say 
that it is quantized; thus the constant m which occurs in the formula 
^ is quantized to integral values by the condition that F be a 

uniform point-function. The remaining factor P in the expression 

F = ZU = Z^P 


must satisfy the differential equation 


Ppp + ip + («^-^‘)p = o. 

On introducing a new independent variable f defined by the formula 
I = ap we have P, = aPj, P,^ ^ a^p^^ so that 

This is Bessd’s equation of order m (after F. W. Bessel [1784-1846], a 
German astronomer). We shall discuss it in some detail later and 
note here only that its general solution is a linear combination of two 
functions and 

^ _ Jm(0 I ^ /m(ap) I 
1 Km(otp) j 

Thus the solutions of Laplace’s equation in which the cylindrical 
coordinates are (completely) separable are of the form 


J m{otp) 
Km(ap) 


I (e±W)(e±<»), 


The conchtion that F be uniform quantizes the 
negative integral values. 


constant m to non- 


Example 3. Separation of variables in space polar coordinates 
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1 


Vrr + - V, + — Vee + — ^ ^ Ve 


V AA = 0 - 


Those solutions F — i2J7, where J2 is a function of r alone while J7 is a 
function of 6 and <j> (so that the radial variable r is separable from the 
angular variables 6 and <;►), are such that 

Hence, at any point where V 9 ^ 0, 

-(Rrr + -Sr) +^(ui> + COt eUe + = 0 

/ 2 \ 

so that (why?) - + - Rr) is a constant k, say. Thus R satisfies 

the differential equation 

r^R„ + 2rE, = kR. 

On setting E = r" we see that n is one of the two roots of the quadratic 
equation 

n(n + 1) = 

The sum of the two roots of this quadratic equation is — 1 (why?) so 
that if one root is n tho other is -(n + 1). Instead of solving the 
quadratic equation (thus expressing n in terms of k) it is simpler to 
leave n undetermined and use the relation n(n + 1) « A- to express k 
in terms of n. We shall see later that n is quantized (by the fact that 
V is continuous) so as to bo a non-negative integer 

n = 0, 1, 2, • • • , 

but we shall not need this result just now. We have, tViATi 

R = 

and U satisfies the differential equation 

Ue$ + cot dUo + ■ ; \ -|- n(n +1)17 = 0. 

sin^ 8 ' ' 


It is important to notice that the solutions 

F< = r"r/; 7. = 
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of Laplace’s equation, obtained in this way, are homogeneous functions 
of (a:, y, 2 ); in other words 7i(^a;, ky, kz) = Z:"F<(a;, y, z) so that F< is a 
homogeneous function of degree n of (a:, y, z) while V,{kx, Try, kz) 
_ y, z) so that F, is a homogeneous fxmction of degree 

— (n + 1) of (a:, y, z). If n is a non-negative integer Fj is not null at 
r = 00 (unless it is the constant zero) and so it is only legitimate over 
a bounded region. On the other hand F, is nuU at r = « as is also 
r grad F, so that F« is acceptable as a potential function over an 
unbounded region. For these reasons F< is termed an internal har- 
monic and F* an external harmonic (any potential function being 
termed a harmonic) . It is clear that if F is any homogeneous harmonic 
function of degree n then F,- = r^U, where U, being a function of the 
ratios x:y:z (since it is a homogeneous function of degree zero of 
{x, y, z)) is a function of the angular coordinates (8, (j>). We have, 
then, the following important result: Associated with any internal 
harmonic Vi = r^U of degree n is an external harmonic V, = 

Vi 

y.2n+l 

Example 1 


= 1 is an internal harmonic of degree 0; hence Fa = - is an 

r 

external harmonic of degree —1. 

Example 2 

Xj y, and z are internal harmonics of degree 1: hence - are 

^8 ^3 ^«3 

external harmonics of degree —2. 

EXERCISES 

1. Show that the homogeneous pol 3 nioinial function of degree 2, ax^ 4- hy^ 
+ 02 * 4 - 2 / 2/2 + 2gzx + 2hxyj is an internal harmonic if, and only if, a+6 + c = 0. 

2. Write down five linearly independent internal harmonics of degree 2, and 
determine the function TJ oi B and ^ in each case. 

3. Determine the function 17 of 0 and 4> for each of the internal harmonics of 
degree 1: x, y, and 2 . 

4. Write down five linearly independent external harmonics of degree —3. 

If the angular coordinate <l> may be separated from the angular 
coordinate 6 in the surface harmonic U we have U = where ilf is a 
function 6 alone while is a function of ^ alone. Hence 
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M 

+ cot 6 Mt) + + n(n + l)M^ = 0 

so that, at any point where U 0, 

1 ^ sin® 0 , , , 

- {ilfjj + cot d Mt + n(n + \)M\. 

Hence j is a constant (why?) which wo shall denote, as before, by 
the symbol — m®. Then 

and m is quantized (by the requirement that V == RU - RM^ be a 
uniform function of position) so as to bo a non-negative integer. The 
remaining factor Af satisfies the following differential equation: 

Mse -|- cot d Me + |n(n + 1) - J—, • | Af = 0. 

I sm® e) 

On introducing the now independent variable ju = cos 5 we have 
Jlf* = —sin 6 M^; 

Met = -1- sin® B = — juAf„ + (1 — yP)M^, 

and the dilTei’ontial equation governing M appears in the form 

(1 - m“)A/‘mm - + 1) - -^ = 0. 

The particular case of this cqxmtion that occurs when m = 0 is known 
as Legendre’s equation (after A. M. Legendre [1762-1833], a French 
mathematician), and wo shall discuss it in some detail later. The 
general equation which occurs when m = 1, 2, 3, ■ • • is known as 
Legendre’s associated equation, and its general solution is a line ar 
combination of two functions P»“(ja), Qn^Oa) which we shall dafipp, 
later. Thus 

«.-w J 

We see, then, that the solutions of Laplace’s equation in which the 
space polar coordinates arc (complotoly) separable are of the form 

” 1 P«™(m) 


r’ 



134 


LAPLACE’S EQUATION 


Those particular harmonics that arise when m = 0 (in which case 
reduces to 1 (why?)) are independent of 4> and are known as zonal 
harmonies. They are of the form 

1 PM 

7 = [ » 

r~”~^ j QM 

where PM, QM stand for P„®(m) and Q„M, respectively. 

EXERCISES 

5. Show that the solutions of the wave equation 

A2Tr =* — Wit 
c* 

(c being a constant and W being a function of the three space variables a;, j/, z and 
the time variable t) in which the time variable is separable from the space variables 
are of the form W *= 76=*=^*, where V * F(a?, 2 /, z) satisfies the equation. 

AaF + = 0. 

6. Show that the solutions of the equation AtV + p^V » 0 of Exercise 5 in 
which the variables aj, y, z are completely separable aro of the form 

■pr ESS 

where Z* + wi® + n® “ 1. 

7. Show that the solutions of the wave equation of Exercise 5 in which the 
variables a;, y, 2 , t are completely separable are of the form W »= e±ip(to+»»y+n«-«£)^ 
where Z* + m» 4- w* « 1. Note, The level (moving) surfaces of W are the planes 
lx + my +nz ^ ct + constant, any one of which moves perpendicular to itself 
with velocity c. (Prove this.) The solution W of the wave equation given in 
this exercise is said, then, to be characteristic of plane waves whose velocity of 
propagation is c. 

8. Show that the solutions of the equation A 2 y 4- » 0 of Exercise 5 in 

which the cylindrical coordinate z is separable from the other two cylindrical 
coordinates (p, </>) are of the form 

V - C/(p, 

where Upp 4- “ + I 4- (p® — n*)C7 =» 0. 

P p 

9. Show that the solutions of the equation A27 4- p^V ** 0 in which the 
cylindrical coordinates (p, z) are completely separable are of the form 

Jmiotp) 1 , , . 

KmM I 

where a =» (p® — n®)^^ and m is quantized to bo a non-negative integer if *7 is a 
uniform point-function. 

10. Show that the solution of the wave equation A2‘F7 — -tTFm (written in 

c* 
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cylindrical coordinates) in which the variables (p, <f>, g, t) are completely separable 
are of the form 

Jm(oip) ] 

J 

where a = (p® — and m is quantized to be a non-negative integer if TV is a 
uniform function of position and time. 

11. Show that the solutions of the equation AiV -|- p*F « 0 (written in space 
polar coordinates) in which the radial variable r is separable from the angular 
variables (0, 4>) are of the form 

V = E(r)U(e, 0 ), 

where 


r*J?rr "I" 2rjRr “h — n(7i -|- 1)}H 
1 


0; 


Uod "h cot 6 U$ + 1) 17 “0. 

sin® d 

12. Show that the substitution E “ r“^ j8 transforms the equation of Exercise 
11 governing E into the equation 

r®/Srr + rSf + {p®r® - (n + •ff)®} S ^ 0, 

and deduce that 

r-^Vn+Ki (pr) I 


E 


r-^Kn+yjipr) i 


13. Show that the solutions of the wave equation Wu (written in 

c® 

space polar coordinates) in which the variables (r, $, <(>, t) are completely separable 
are of the form 

r-^Kn^-aipr) ) (i»"M ) 

where /i ” cos 9 and m is quantized to bo a non-negative integer by the condition 
that 'W'’ bo a uniform function of position and time. 

^±fp(r~f0 1 

14. Verify that W =* — - — is a solution of th(^ wave equation ^ 

Note. x^^Jy^ix) is a constant multiple of siii x so that it follows, on setting n « 0, 
ra “ 0 in the result of Rxerciso 13, that f,±ipet aolution of the wave 

equation. x^^Kyj^(x) is a linear c.ombiuatiou of sin x and cos x so that (again from 
the result of Excrcis<^ 13) jj, ^ Holution of the wave equation. Hence 

solution of the wave equation. The solution W of the wave 


is a 


equation given in this («er(uso is characteristic of spherical vmves emanating from 
the origin, the velocity of propagation being c (tho level (moving) surfaces of rW 
being the spheres r ■« ci 4- constant). 
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3. Two-dimensional problems; conjugate functions 

If the potential function F = 7(P) of an electrostatic problem is 
indeperident of one of the coordinates, z say, of the point of evaluation 
P: {x, y, z) oiY, the electrostatic problem is said to two-dimensionaL 
When the conductors are long cylinders whose axes are parallel to the 
^j-axis the field is, at least approximately, two-dimensional provided 
that we do not approach too closely the ends of the cylindrical con- 
ductors or recede too far away from the conductors. The surface 
density o- of electric charge on any conductor in a two-dimensional 
problem, being furnished by the formula 

47r dn 

is independent of z. If C is the curve of intersection of the cylindrical 
conductor and the 2 ;-plane the charge on any portion of length I of the 
cylinder (intercepted between two planes parallel to the 2 -plane) is 
given by 


f <r dS = i 

1 0* ds, 


Jo 


When Z = 1 we obtain <r ds, and we term this the charge 'per unit 

length or, briefly, the charge on the (cylindrical) conductor. Thus line 
integrals play in two-dimensional problems the role previously played 
(in three-dimensional problems) by surface integrals. 

Laplace's equation reduces, for two-dimensional problems, to 
Vsim + Vyy = 0. When mitten in plane polar coordinates (r, 0) this 
takes the form (see Exercise 3, p. 91) 

Vrr + + = 0 . 

T 


The solutions of this equation which are symmetrical about the origin, 
(i.e., which are independent of 9) are of the form 

V = A log r + B, 

(Prove this.) If C is a circle of radius e with center at the origin 

— — over U so that the integral of -- — — over (7 is — 

an € ^dn 2 
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On denoting this integral by e we have 

F = 2e log - -h B. 

T 

This is said to be the (logarithmic) potential of a line charge of strength 
e located at the origin. 

The proof of the uniqueness theorem for a bounded (plane) region 
interior to a conductor (there being any number of other conductors 
and line charges in the held) is the same as that of the corresponding 
theorem for a bounded three-dimensional electrostatic field. (Repeat 
this proof.) 

Since F is indeterminate to the extent of an additive constant there 
is no lack of generality in taking the potential of the enclosing con- 
ductor to be zero; when this is done the potential function is unam- 
biguously determined by the potentials of the enclosed conductors and 
by the strengths and locations of the various line charges. The sim- 
plest problem of this type is that of the (cylindrical) condenser; here 
there is only one enclosed conductor, and there are no line charges. 
The capacity (per unit length) of the condenser is the quotient of the 
absolute value of the charge per unit length on either the enclosed or 
the enclosing conductor by the voltage of the condenser (what is this?). 

Since Laplace’s equation in a system of conjugate orthogonal curvi- 
linear coordinates (a, j8) obtained by setting the complex variable 
z = X + iy equal to any analytic 
function of the complex variable 
7 = a -b 0 is 

Fa. -H Fw = 0 

(see Exercise 4, p. 100), the solu- 
tions of Laplace’s equation in which 
the coordinates a and jS are separa- 
ble are of the form 

V — k any (complex) 

constant 

(see Section 2). In particular the solutions which are fimctions of a 
alone arc linear functions of a (why?). Let us suppose that the two 
curves C and C", which furnish the cross sections of the two conductors 
of our condenser, are level curves of the function a = a(x, y), C being 
the mner conductor. Since F satisfies the equation F*# F^/ = 0 
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there exists a conjugate function W = W(z, y) such, that V + iW is a 
function, in the complex variable sense, of 2 = a: + iy. Since grad W 
dV dW 

— (^ad F)* have — = -r— » where the direction s is a quarter 
dn ds 

turn ahead of the direction n. Hence the charge per unit length on 
the conductor C is 

1 C dV , 1 C dW , AW 

* 4t Jc dra * 4jr Jc ds * 4ir ^ 

where AW denotes the increment in IF as we pass around C in the 
positive (= coimterclockwise) sense. If F = Aa + B, the voltage 
of the condenser is |AAa|, where Aa is the increment of a as we pass 
from C to C. Since IF is the function oiz = x + iy or, equivalently, 
of 7 = a + which is conjugate to F, we have IF = A/S + J5' (why?) 
so that AlF = AA/3. Hence 

e- 


and the capacity (per unit length) of the cylindrical condenser is 

Aa ' 

The potential function of the field is 



7 « - 


4^6 


a + jB. 


Example 1. The concentric circular cylinder condenser 

Here 2 = e'y, 7 = log z, a ^ log r, jB = Hence A/3 = 27r. If a 

and 6 > a are the radii of the circles C and (7' we have Aa = log - 

CL 

and so the capacity is 


The potential function is 


C = 


1 



F = — 2e log r + B, 

or, on determining the additive constant B so that the outer conductor 
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is at potential zero, 

F = 2elog-. 

r 

noS;T ? ^ independent of a; thus the 

potential function of a circular cylinder depends only on the charee 

and IS the s^e m if the entire charge were concentrated, as a line 
charge, on the axis of the cylinder. 


Example 2. The confocal elliptical condenser 

Here 2 = c cosh 7 , a: = c cosh a cos /S, y = c sinh a sin 5. The 
curves a = constant are the confocal ellipses 


+ 


= 1 . 


c* cosh* a ' c* sinh* a 
If the semimajor axes of the interior and exterior ellipses are a and a', 
re.p«otively, we have i. =. eoeh- [f) - corf,- (|). Ae we toci 
the intenor ellipse C in the counterclockwise direction, /3 traces the 
wr^Mer^’is^ capacity of the elliptical 


C = 


2 ^cosh~* ^ — cosh”^ 


alent fom~* ^ ~ 


C = 1 -5- 2 log 


Mfey-S" 


and as c^O this approaches 1 f- 2 log i.o., the capacity, per 
unit length, of the concentric circular cylinder. 

Example 3. The eccentric circular cylinder condenser 

Here 7 = log {-“q: , « = log whore n and rj are the dis- 

tances of any point in the Hold from the points 2 = c and s = -c 
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respectively. Let both circles enclose the point z — c, and let the 
distances of the centers of the circles of radii a and 6 > a, respectively, 
from the point g = c be p and g, respectively. ^ Fxirthermore let d 

be the distance between the centers of the two circles. Then g — p 

o* 

+ d, and since the distances of the two centers from g = -c are — 

and — , respectively, we have also — = — |- d. On eliminating g 
q q V 

we obtain the quadratic equation 



(6* 


• — d^) / p 

ad \a 


^ +1 


for -. On setting 
a 


cosh 6 — 


jt- gt- da 
2ad ’ 


d>0, 


we have, since - < 1, - = e"*. Similarly (show this) 
a a 


- = er* where cosh 4> — 
0 


b^-a^ + d\ 
2bd ’ 


4>>0. 


*1 • 

For the inner circle we obtain (on evaluating — at the point whore the 

T2 

circle intersects the segment from s = — c to 2 = +c) 


, a — 2> , P 

« = = log - = —9. 

or a 

a 

V 

For the outer circle a has the value — <<> so that 

|Aa| = 6 — <l> 

(it being easy to verify, since & — a > d (why?), that 9 > <f>). Since 
is the angle from the ray — c — » 2 to the ray the increment A/3 
in /3 as we go around the inner circle in the positive sense is — 27r. 
Hence the capacity of the eccentric circular cylinder condenser is 
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Let us examine the Umit of C as 6 , a and p remaining fixed. 
From the two relations q = d + v, b^ = q(d + ^'^ we obtain 


b» = d^ + a^ + d(p + 0 
the lirait 1 as 6, and hence d 
d + 


and so ~ = 1 1 + 

CL 



Hence 




2bd 


has the limit 1 as 6 ■ 


1 , , — a® + (72 

00 and so cosh~^ - 

2bd 


has the limit 0 as 6 oo , 


constant value 
C has the limit 


2\a^ pj 


On the other hand 
and so 


b^ - 

2ad 


has the 


1 -T- 2 cosh"’ i J- 
2 


i(a+;) 


as b—^co. We term this the 
capacity per unit length of the 
circular cylinder in the presence 
of the infinite piano which bisects 
perpendicularly the join of the 
two points -c and +c. If S is 
the distance of the axis of the circular cylinder from this pljine we 

have — = 23 — p so that -■ and the capacity per tmit 

length of the circular cylinder in the presence of the infinite plitno 
takes the siinj)l<^ form 



C = 1 -5- 2 coHh“"^ 

a 


4. The method of inversion 


Let P bo any ])C)int whoso coordinates in a system of space polar coordi- 
nates arc (r, 0, </>) ; the point P' whose coordinates ixi tlio same system of 

space polar coordinate's are (r', 0, <t>), where r' = A being juiy 

positive real cons(.ant, lies on th(^ ray 0~*P and is such that 
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|OP|IOPi = kK 


P' is termed the inverse of P in the sphere of center 0 and radius k 
(which sphere is termed the sphere of inversion). It is clear that the 
relation between P' and P is a partnership: When P' is the inverse of P, 
P is the inverse of P'. As P — »■ 0, P' approaches oo , i.e., as r — > 0, r' 
becomes arbitrarily large. We adopt the convention that there is only 
one point at infinity (whose neighborhoods consist of the points for 
which r is greater than a specified number P), and then we can say that 
the inverse of the center of inversion 0 is the point at infinity. 

Note. If the convention that there is only one point at infinity 
confuses you, think of the relationship between the North Pole and 
the South Pole on the earth. To one whose vision is restricted to a 
small neighborhood of the North Pole the statement that the meridians 
converge to a point, the South Pole, as we proceed southward along 
them, seems absurd. The South Pole bears to the North Pole exactly 
the same relationship that the point at infinity bears to the center of 
inversion in the theory of inversion. 


k^ 

Since r' — — we have df 




dr. If, then, C is any curve 


having the vector element of arc ds whose space polar coordinates are 
(dr, r, do, r sin d<l>), C will invert into a curve C whose vector element 
of arc ds' has the space polar coordinates (dr', r' d6, r' sin 8 dif) 

= (~dr, rd6, r sin d^). Hence the magnitudes of the two 

vector elements of arc are coimected by the relation 

as = — ds. 


If we have two curves Ci and C3 intersecting at P their angle of inter- 
section a is furnished by the formula 

dis dts cos a = dir -j- r® did dad -1- r® sin® d di4> da<t> 

(remember that ri = ra = r, di da == d, <^i = <l>a = 4> since the 
curves intersect at P. Why is dir not, necessarily, the same as ^ 2 ?'?). 
The inverse curves C 1 and Ca' intersect at P', their angle of intersection 
a' being furnished by the formula 

dis' das' cos a' = dir' dar' -f- Z® did dad + r'® sin® d di4> da4> 

k^ 

= — (dir dar 4- r® did dad -f r® sin®^ di<j> da<l>) 
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n 

= ~ dis d^s cos a. 


cos of = cos a. 


Since d,s, d,s' = d,s it foUows that 

In words; 

by^ver^ra* intersection of any two curves is unaltered 

Since the scalar element of area of any surface S is the magnitude of 
the vector product ^is X djs), where the subscripts refer to the 
parameters on the surface, it follows (prove this) that 

dS' = dS. 

j-4 

Siimlarly, since the clement of volume is the absolute value of the 

indeTenipnt^^^^^w subscripts refer to the 

independent variables or parameters, which describe the region whose 

element of volume is being calculated, we have 

dr' =t ^ 

r 

(Prove this. Hint. ^ The alternating product of any three vectors is a 
three-rowed detonmnant; the numerical, or absolute, value of this 

deteminant is unaffected by a change of sign of the elements in its first 
row.^ 

It follows from the fact tliat P' is on the ray O -»-P that 


and so 


X 

x' 

A:V 


r 

r' 


A* 

(r0> 


y 


kY 


(*')* + ivT + («')*’ " ~ (a')® + iy'Y + (z')s’ 

2 = 

(^')* + (/)® -I- (2')®' 

Hence the surfacts N whoso (uiuation is 

A{x^ + jr/® + 2 ®) -I- 2 Jix + 2 Cy + 2 Dz + JE 1^0 
inverts into the surface if' whoso equation is 

E(z'^ + y'® -f 2 '®) + 2kHIix' -I- Cy' -f Dz!) + Ak* » 0. 
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jS is a sphere or a plane (according as A is not zero or is zero), and S' 
is a sphere or a plane (according as E is not zero or is zero) . ^ passes 

through the center of inversion 0 if ^ = 0, and S' passes through the 
center of inversion 0 if A = 0. A plane is, then, the inverse of a 
sphere which passes through 0, and we expi'oss tliis rcault as follows: 

A plane is a sphere which passes through the point at infinity. 

In this terminology we may phrase our result as follows: 

Every sphere inverts into a sphere; ihe particular spheres which arc- 
planes invert into spheres through the center of inversion,, or, equivalently, 
the particular spTmes which pass through the center of inversion invert 
into planes. 

Since the cosine of the angle between any two directions is unaffected 


Fia. 29. 



by inversion any two surfaces Si and Si 
which intersect at right angles invert into 
two surfaces Sf and Si which intersect at 
right angles. Let Si and St be two spluu'cs 
which intersect at right angitis and invert 
from any point of intersection of Si and 
St; then Sf and St' are two planes which 
intersect at right angles. If, then, F' is any 
point on Sf the image Q' of P' in St lies on 
Si, and Q' has the property that anysphe^ro 
through P' and Q' cuts St at right angles; 
conversely, every sphere through P' which 
cuts St at right angles ptisses through Q'. 
Hence, if P is any point on Si, Si also 


contains a point Q such that every spluwe 
through P and Q outs 5* at right angles, and, conversely, every sphere 
through P which cuts St at right angles passes thnuigh Q. Kinctt 
every plane through P and the center Ct of St cuts St at right anghw, Q 
lies on every plane through Ct and P; in other words Q lies on the linci 
through Ct and P. Since Si cuts St at right angles t.he product 
lUiPljCaQl is the square of the radius of St (why?); henc(^ P and Q 
are a pair of inverse points with respect to the sphere St. Led. us now 
consider any sphere S and a pair of inverse points P and Q with respect 
to S. Inverting from any center of inversion 0 we obtain a sphere S' 
and a pair of points P' and Q' which have the property thati any sphen^ 
through P' and Q' cuts S' at right angles. Hence P' and Q' must 
be a pair of inverse points with respect to S'. Wo have, tlien, the 
following result: 


Any sphere 5 and a pair of inverse points with respect to S invert 
into a sphere S' and a pair of inverse points with respect to S'. 
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Since the center of a sphere and the point at infinity are a pair of 
inverse points with respect to the sphere we have the following special 
case of this result: 

Any sphere S and its center C 
invert into a sphere S' and the 
inverse point of the center of 
inversion with respect to S'. 

Por example, if jS is a sphere 
of radius a and if S' is a plane 
(so that 0 is on S), the center C c^" ' 

of S inverts into a point whose 
distance from 0 is 25, 5 being 
the distance of 0 from the plane. 

Hence 2a5 = A®. 

Laplace's equation in space 
polar coordinates is 



Fitj. 30. 


- 1 - ^ Tr 1 1 Tr , cot 5 ,, 


= 0 . 


9 

Replacing the independent varialile r by r' by means of the substitution 


A* 


r'’ 


r' = - 
r 


we have 


A* 




and so 
AsF 


1 / 2A» a-* 2r'» r'* 

Yrr - — — + - 


- hr JL ^ ir , cot 5 „ 

VA/ r + pi + 


r'2 sin^ $ 


We now replace tlui dependent variable F by a now dependent 
variable W dclined liy tlu* formula 

u/ kY , 

kr ’ 


V = 


12:, 

A' a: h 






then 
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and so 



where A '2 is the Laplacian written in the space polar coordinates 

(/, 0, <l>): 

A'.r = IT., + H F. + i w.. + °-^w. + w„. 


Thus at any point P', which is the inverse of a point P at which 
A 2 F = 0, the function W satisfies the equation A' 2 TF = 0. Let us 
suppose, for a moment, that V is the electrostatic potential of a 
conductor at potential Fo, there being no point charges present. 


kVn 

Then W = — — over the inverse’ S' of 8. Since 

0-' 


variable over S' (why?) W cannot serve as the potential of S' regarded 
as a conductor. However, the function V' defined as follows: 


kVo ^ k(V - 7o) 


is constant over S'j its constant value being zero. Furthermore 
2 V' = 0 at all points except the center 0 of inversion; at r' = 0, TF 

has the value - where e is the charge on S (since rV has at r = ex? the 

limit e) and so V' is unbounded at = 0 in the manner characteristic 
of the potential of a point charge = —hVo at 0. In other words 
W is the induced potential of the conducting surface S' supposed 
earthed (i.e., at potential zero) in the presence of an inducing point 
charge — fcFo located at the center of inversion. 

Note. Be sure that you understand clearly that V is evaluated at 
P while W and V' are evaluated at P' . Thus in order to obtain the 
value of V' at P' we must evaluate F at P {not at P'), subtract 7o from 

this value, and multiply the result of the subtraction by 

r' 

We obt^ in this way from one electrostatic fiield another, and we 
say that either held is the inverse of the other. We started with the 
field of a conductor S at potential Fo; its inverse was the fiield of an 
earthed conductor S' in the presence of an inducing point charge 
— AFo located at the center of inversion. We could, however, have 
started with the second field and obtained the first. Thus, if TF is the 
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induced potential of an earthed conductor S' in the presence of a 
point charge e',V = ~ is the potential of the inverse S of S' (regarded 

as a conductor at potential Vo = - ~), the center of inversion being 

at the inducing charge c'. When we look at the matter in this way 
we say that we have inverted away the inducing charge. Since the 
charge e on aS is AIV(O) the capacity of S is the absolute value of 

k^W (0) -Txr , , 

• We have, then, the following rule which is very useful for 

the determination of the capacities of certain conductors : Let W be the 
induced potential of an earthed conductor S' in the presence of a 

charge e' at 0. Then the absolute value of jg the capacity 

of the conductor S obtained by inverting S' with respect to a sphere 
of radius k whose center is at 0. 

If V is the potential of the field due to a single point charge e located 
at Q, where Q is any point other than 
the center of inversion 0, W is the field 
due to a single point charge e' located 

at Q'. In fact 7(P) = j~, W(P') = 

lOPle , . 

and since the four points P, Q, 

Q', P' are concyclic the triangles OPQ and 
OQ'P' are similar so that 


Hence 



OP 


W(P') = 


Fia. 31. 


OQ' 


QP' 


so that W is the potential of a point charge e' = located 

at Q . The value of e' may bo conveniently remembered by the follow- 
ing rule: The value of IT at 0 = -• 

k 

When the point churge a is loctited fit the center of inversion 0, 
7 - so that 17 = - is constant. Hence grad' T7 = 0. Thus the 
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inverse of the field due to a point charge, from a center of inversion 
located at the point charge, is the zero field. 

If we have several point charges ^i, • • • , located at points 
Qij * ‘ • j Qnj none of which is the center of inversion 0, W is the 
potential of the point charges e'l, • • • , e'„, where 


k \OQiY ^ 



located at the 

n 


at 




points Q'l, • • “ , Q'n, respectively. 


The value of W 


If one of the point charges Ci, say, is located at 0, W is (save for an 
additive constant) the potential of the point charges e' 2 , • * • , c'n 
located at the points • • * , Q'n- 


Example 1. The earthed plane in the presence of a point 
charge 

Let 5 be a sphere of radius a at potential 7o. Then V is (at points 
outside S) the potential of a charge e = a7o located at the center of S, 



Inverting from a point on & we obtain the field due to an earthed plane 
conductor S' in the presence of an influencing charge e' — — AFo at a 
distance 5 from the plane where 25a = A®. The induced potential is 
that due to a point charge e" located at the image point of 0 in the 
plane (because this is the point into which the center of the sphere 
inverts); the connection between and the influencing charge e' 
follows from the relation 
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Hence — ~j^ ~ ~a ~ other -words e" is the negative 

of the influencing point charge e' = -hVo which is located at 0. Thus 
The induced potential due to a point charge in the presence of a con- 
ducting plane is that of an equal, but oppositely signed, point charge 
located at the image point of the influencing charge in the plane. 

Note. Assuming this result known we can determine the capacity 
of a sphere. Inverting from the location 0 of the influencing charge 
(so as to invert this charge away) we obtain a sphere of radius a where 

25a = k\ Since the value of the induced potential TV at 0 is — 

25 

cue! 

- “ ■p' capacity of a sphere of radius a is a (why?). 

The relation between the surface density of charge v' on the earthed 
conductor 8>' and the surface density of charge v on the conductor S 
follows readily from the relation 

Y' = MZLzZi). 

r' 


Since V = Vo over S we have, over *S', 






_1 

r' 


re = 




1 

/ sin 5 


7V = 


f-) — 

W r sin 


V,. 


Hence grad'F' at any point P' of S' - tho product of grad V at the 

/ /As 

corresponding point P of S by (- j • Since any direction {dr, rdB, 


r sin e d4i) inverts into a dirc^ction {-dr, r d$, r sin 5 d6) it follows that 
dV dV /A3 


, , over S' is the product of ^ over S by 
dn dn ^ 

dV 

— = (grad 7|n)). Hence 




(remember that 


= 



<r. 


Since <r is constant for an isolated sphere at potential 7o it follows that 
the surface-density of charge on an earthed plane in the presence of an 
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influencing point charge varies inversely as the cube of the distance 
from the influencing charge. The factor of proportionality is easily 
determined by evaluating the density at the foot A' of the perpen- 
dicular from 0 on the plane. At this point n' has the direction of 

A’ -»■ 0; if e' is the influencing point chaage F' = e' ( - — — \ v^here 

\r r"J 

r” is the distance from the image Q' of 0 in the plane to the point of 
evaluation P' of 7'. Hence, at A', 

■where h is the distance \0A'\ of the influencing point charge from the 
plane (remember that n' has the direction of Q' A' so that, at A', 



Hence, at A\ </ == — — = 
point P' of the earthed plane 


where r' = |OP'|. 


e'8 


27r58 


It follows (why?) that at any 


e'5 


27r(r')’ 


Example 2. The eaxthed sphere in the presence of a point 
charge 

Let S be again a sphere of radius a at potential Fo, and invert from 

a point outside 8. Then S' is a 
sphere, and we have the solution 
of the problem of an earthed 
sphere in the presence of an 
influencing charge located at a 
point 0 outside S ' . The induced 
potential is that of a point charge 
e" located at the image point Q' 
of 0 in S' (vrhy?). Let o' be 
the radius of S', and let d' be the distance of 0 from the center 
of 8'. Then the distance of the image point of 0 in S' from 0 is 
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d' 


( a'A t'^ 

^ length of the tangent from 0 to S'. 


e''d' 

Hence W(0) = — , and since W(0) 


■ we hare 


e" = 


kd'' 


If t is^ the length of the tangent from 0 to we have a' = A* and 


a' t' 

— = - = — so that 
a t k* 


e" = = kV,^ 


ad 


d' 


In words: 

The point charge whose potential furnishes the induced potential W 
due to the influencing charge e' = - ft Vo in the presence of an earthed 
conducting sphere of ra^us a' is the negative of the product of this 

influencing charge by — . where d' is the distance of the influencing 

charge from the center of the earthed sphere. 

The surface density of charge on the earthed sphere varies inversely 
as the cube of the distance from the influencing charge (why?) The 
factor of proportionality is found in exactly the same way as for the 
earthed plane by evaluating the density at the point A' of the sphere 
which is nearest the influencing charge. The value of o' at A' is 


Ak\OA'\^ 4ir|Q'd'|*’ ^ d' ol^l “ i' 

of 4' fa - j 1 + t j _ _ ^ _ J,. 

- a'* IS the square of the tangent from 0 to S' (romomber that \OA'\ 

-d - a'). Hence the density at any point P' of 8' is given by the 
formula 


Q'A' 


<r'= 

W |0P'|> 

As a' 00 , — = (rf/ _ a') ^1 + = S ^2 + ^) -»■ 25, where 5 * d' 

— o is the distance |OA'[, and we recover the formula 



162 


LAPLACE'S EQUATION 


e '8 1 

2Tr lOPf 


for the surface density of electric charge on the earthed plane Conductor- 


Example 3. The capacity of a conductor formed by two spheres 
which intersect at right angles 

Let S' consist of two infinite planes intersecting at right angles, and. 

let 0 be at distances 3i, from the two 
planes. Then the induced potential W 
of the charge induced on S' by a charge 
— &7o at 0 (S' being at potential zero) 
is the same as that due to the following 
three charges: 

1. a charge e'l = kVo located at the 
image of 0 in the first plane; 

2. a charge e '2 = kVo located at the 

image of 0 in the second plane; 

3. a charge e's = — A7o located at the “image" of 0 in the line of 
intersection of the two planes; this point is equally the image of the 
location of the charge 1 in the second plane and the image of the loca- 
tion of the charge 2 in the first plane. 

kVn 

(Prove this statement. Hint, Show that 7' = T7 ^ satisfies the 

r 

conditions on 7' at 0, on S', and at 00 , and use the uniqueness 
theorem.) Hence 





Fig. 34 


F(0) = ^ (i + 1 1 

2 \5i ^ Sa (5i* + 52*)^V 

On inverting from 0 we see that the potential function of a conductor S 
which consists of two spheres of radii ai and a 2 which intersect at right 
angles is that due to the following three charges : 

1 . a charge 61 = = aiV o located at the center of the first 

sphere; 

o 1 . 

a charge 62 — = a27o located at the center of the second 

sphere; 

3. a charge es = — 


kWo 


aia2Vo 


+ 52®)^ (ai^ + a2^)^^ 


located at the 
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point Qs -which is equally the image of the center of the second sphere 
in the first and the image of the center of the first sphere in the second. 
In -view of the relations 25iOi = k\ 2hai = ifc® we have 


W{0) 


Fo| 


+ 02 — 


(Xl(l2 


(oi* + 02*) 


-4- 


Hence the capacity of the conductor S is 


C — Cl -f- 02 — 


01 O 2 

( 01 * + 02*)^" 


(since the charge on S is APF(O)). 

The density of electrification at any point P of S may he readily 
determined as follows. The contribution to the density <r at any point 

Poi Si from the potential of the point charge ei = aiVo is — — = 

dflTOi* 4x01 

The contribution to <r from the potential of the two point charges e* 
and es (which together would maintain Si at potential zero) is 


diV pta* 1 

4x01 ICjPI* 

Here h is the length of the tangent from the center C 2 of ^2 to Si so 
that ti = 02 (why?). Hence the value of o- at any point P of Si is 

4 x 01 I \CJ*\A 
Simfiarly the value of or at any point P of S^ is 


4x02 I |c?iP|*r 

where Ci is the center of Si. The density at any point of intersection 
of Si and St is zero. 

JKXERCISE 


1. Show that the charges on the first sphere is 


V, 

‘2 


fi\ “h <i‘i H- 


— <12^ — aia % 1 

(«i^ -H I 


HM. Tho potential of fii (iontribxites to the charge on 8i the same fraction of ei 
that the area of tho *‘oxpoHO(r' portion of Si is to the totiil area 4irOi2 of The 
potential of C 2 contributes to tho charge on Bi tho samo fraction of Oa that the area 
of tho “unexposed” j)ortion of S 2 is to tho total area ^braa® of S%. The potential of 
6i contributes to tho charge on Si ono-half the charge of cs (why?). 
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Example 4. The capacity of a conductor formed by two spheres 
which touch externally 

Inverting from, the point of contact we have the problem of two 
parallel earthed planes under the influence of a point charge c’ = — ItVo 
located between them (at distances 5i and Sa, say, from the two planes). 
This problem is solved by two trains of images designed to keep the 
planes at zero potential. Take the x-axis of a S3rstem of rectangular 
I Cartesian coordinates, whose 

origin 0 is located at the inducing 
charge, perpendicular to the 
g‘ g, planes, and let the equation of 

e' ' Zp ' the left-hand plane be x + = 0 

while that of the right-hand plane 
is X — = 0. The first train of 

images is obtained by starting 
_ a- with the image of e' in the left- 

. , hand plane. The first image of 

tbs train is a charge -ef at the pomt (-25i, 0, 0); the second is a 
charge e' at the point (2(5i -f- b^), 0, 0); the third is a charge -e' at 
the point (— (45i -1- 282), 0, 0); the fourth is a charge e' at the point 
(4(5i -|- 52), 0, 0), and so on. All the images of the first train in the 
left-hand plane carry the charge -e', and the common spacmg 
between them is 2(8i -f- 82), i.e., twice the distance between the 
parallel planes. All the images (of the first train) in the right-hand 
plane carry the charge e', and the common spacing between them is 
again 2(81 + 82). The images of the second train are obtained by 
interchangmg the roles of the two planes (and 81 and 8a). The con- 
tribution to W{ 0 ) from the images m the left-hand plane is 



2(Si -|- 82) 48i -4- 282 


1 

4(8i -{■ 82) 



Note carefully that tbs series, wble convergent (smce it is an altemat- 
mg series) is not absolutely convergent. Thus the order in wbch the 
terms appear is of importmce. The charge on the left-hand sphere of 
the conductor 8 (the radii of the two spheres bemg oi and aa) is, accord- 
ingly, the product of the series just written by k) since 28iai = fc*, 
28202 = e' = —kVa this turns out to be 

Lj am , am _ 1 

I ai + ai Cl -f 202 2ai 4- 2oa 2ai -|- 802 ’ ' j 
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(the successive denominators being obtained by adding alternately Oi 
and as to the previous denominators). Since the charge on the second 
sphere St is obtained by interchanging Ui and as the capacity of the 
conductor 8 is 


didi , CLiCbj 

I I I ft 

CLl “T ^2 T" 


-•••} 


+ 102 — 


€Li “t" O 2 20i O 2 


In the particular case when oi = 02 = a, say, this reduces to 
2a(l — -ir + -J- — • • •) = 2o log 2. 


5. Ellipsoidal coordinates 

Let a, b, c be any three imequal poative real numbers which we suppose 
arranged in descending order of magnitude 

a > 6 > c > 0. 

Then the equation 

5!4.^ 4.!! = 1 
o® 6* c* 


is an equation of an ellipsoid whose semiaxos are (a, 6, c). This 
ellipsoid is a member of the family of second-degree surfaces 


_£!_ + -iL- + _!!_ 

a® H" t 6* -|- i c* H" i 


1 


obtained by assigning to the parameter t different fixed values. In 
order not to rule out the values —a®, —6®, — c® as possible values of t 
we shall write the equation of the family in the form 

Fit) = 0, 

where 

Fit) = (6® + <)(c* + + (c* + <)(a® + t)y^ + (a® + 0(&* + O®** 

- (a® + «)(&* + 0(c‘ + t). 

When t = —c^ the corresponding surface is the plane 2=0 (counted 
twice); when t = —b^ the corresponding surface is the plane j/ = 0 
(counted twice); and when i = — a® the surface is the plane 2 = 0 
(counted twice). Let, now, P: (®, y, z) be any point which does not 
lie on any of the coor^nate pianos so that none of the numbers x, y, z 
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is zero. Since the term of highest degree in F(t) is F(t) is negative 
if t IS sufficiently large. On the other hand F{-c^) is positive since 

F{-C^) = (o^ - c2)(6S _ cS)22 

and a* > e’, 6’ > cK Hence no matter what is the point (x, y, z), 
as long as it does not lie on one of the coordinate planes, there is a 
va]ffie of f > — c* for which F(t) = 0. We denote this value of i by \ 
and observe that each of the three numbers a® + X, 6* + X c® + X is 
positive. Since the equation F(\) = 0 may be written in the form 


T + 


+ 


o® + X 6® + X c® + X 


= 1 


F(\) = 0 is an equation of an ellipsoid 
Since Fi-b^) = (c* - 6®)(a® - 6®)j,® < 0 there is a value of i in the 
open intend (-6®, -c®) for which^CO = 0. We denote this value of 
t by p and observe that a® + and 6® + ^ are positive while c® + u is 
negative. Smce the equation F(^) = 0 may be written in the form 


+ 


y2 


o® H“ /I d" M c® "I" M 

F(j^ = 0 is an equation of a hyperboloid of one sheet 
Fmally,since^(-a®) = (6* - a®)(c® - o®)a.® > 0, thereisa value of 
m the op^ interval (- o®, -b^) for which F(_t) = 0. We denote this 
v^ue of « by V observe that o® + . is positive while 6® + ^ and 
the'^fom'^ iiegative. Smce the equation F(r) = 0 may be written in 


= 1 


■ + 


a® + r ^ 6® + y c® + V 


= 1 


FM = 0 is m equation of a hyperboloid of two sheets, 
of then -with any point P: (x, y, z) which does not lie on one 

the coordmate planes are three numbers X, /*, y which are such that 


X> 


' > M > —6® > V > —a®. 




X = X(P) = x(a;, y, z) 

are ellipsoids while the level surfaces of the point-function 
It = li{P) — ii(x, y, z) 
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are one-sheeted hyperboloids and the level surfaces of the point- 
function 

V = v(P) = vix, y, z) 

are two-sneeted hyperboloids. The three numbers (X, n, v) may be 
regarded as curvilinear coordinates of the point P; we shaU see shortly 
that they constitute a system of orthogonal curvilinear coordinates, and 
this system is known as the system of ellipsoidal coordinates. 

When P:ix, y, z) is given, (X, ju, v) are the three zeros of the cubic 
polynomial F{t) = 0. In other words 

o* -h « 6® + i c* -1- t (a* -h <)(6* -I- t){c^ + t) 

_ (X — — t){v — t) 

(a* + t)ib^ + 0(c* + t) 

(X, n, v) are the point-functions \{x, y, z), n(x, y, z), v{x, y, z) referred 
to above, and the relation 

-fL , - t){v - 1) 

a* -h f -h < c* -I- { ia^ + t)(,b^ + t){c^ + t) 

is an identity in the four independent variables x, y, z, and t. On 
differentiating this identity with respect to t and then setting i = X we 
obtain 


g* . (m - X)(v - X) 

(a* -I- X)2 (6* -1- X)» (c» -1- X)* (a* + X)(6* -f X)(c* + X)‘ 

Similarly 

g^ I [ g* — y)(.v — n) 

(o» -1- m)* (6=* + py (c* + m)“ (a* + + m)(c* m) ’ 

I I ~ **)(** ~ *') 

(o» -I- >-)* -h y)* (c* + v)* (o® + v)(6* -I- v)(c* -(- v) 

Ql*i A/2 <212 

The equation ^ + -r-r-r = 1 is an identity in the 

+ X 0* + X 0^ H” X 

three independent variables {x, y, z) (X is hero not a constant, but 

the point-function X = X(®, y, z)). On differentiating this identity 

with respect to x we obtain 
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,+ 


5} ~ 


2x 


I (a* + X)* (&* + X)® (c* + X)® j a* + X 

and there are similar equations for Xy and X,. Thus grad X has the 
direction of the vector 


‘’t 


y 


a» + X 6* + X c* + X 
/ X 

grad II has the direction of the vector v[- 

\a 


:) 


y 


and, similarly, 

— Y It 

M + A* C* + fij 

follows that the two vectors grad X and grad /j, are perpendicular; in 
fact we obtain on subtracting the eqiiation 


+ 


o* + X 6* + X c* + X 


= 1 


from the equation 

the equation 
(X - At) { 


+ 


+ 


(a> + X)(a* + m) 


a* + jx 6* + At c* + At 


y^ 


= 1 


(5» + X)(6* + p) 

+ 

Since X — u > 0 it follows that 


(c* + X)(c* + m) 


:>} = »• 




(o* + X)(fl» + m) (&* + X)(6» + 

Hence the vectors v\ — 

\d 


+ 


(c* + X)(c* + /x) 


= 0 . 


C* + M 


.J + X 6* + X c* + X/' ' \o® + M 6® + n' 

■J are papendicular so that the vectors grad X and grad n are 

perpendicular. A repetition of this argument shows that the three 
vectors grad X, grad y., grad v are mutually perpendicular. In other 
words 

system of curvilinear coordinates (X, y, v) is a system of orthogo- 
nal cnrvilmear coordinates. 

Denoting by (hi, X 2 , X,) the magnitudes of the vectors grad X, grad y, 
grad V the Jacobian matrix is the product of a 3 X 3 rotation 

matrix by the 3X3 diagonal matrix 
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'hi 0 0 

D = 0 . hi 0 

.0 0 ht_ 

Hence the Jacobian matrix being the reciprocal of the 

IM, v) 

Jacobian matrix ^ is the product of the reciprocal of D by a 

3X3 rotation matrix. Hence the magnitude of the vector v{a>K, yi, zi) 
is —> and so on. Thus the vector element of are ds = v{dz, dy, dz) 
may be written in the form 


dX d /1 dv 

ds = — ui + — Ui + — uj, 

/ii n-i fit 


where Ui, Us, uj are a set of unit and mutually perpendicular vectors 
(namely, the unit vectors along the axes of the system of orthogonal 
curvilinear coordinates). Hence 


(ds)* = 


(dX)^ {dnY (dv)^ 
hi^ hi^ A,* ' 


Since hi is the magnitude of grad X it follows from the equations 

I— j- I X 

l(a* + X)» (6» + \y (c* + X)*| ^ o* 


+ X 


> etc., 


that 111 * 


-1 


r 


+ ■ 




(o* + X)* ’ (&* + X)* ' (c* + X)*| 

4(a* + X)(6* + X)(c* + X) 
(/I — \)(v — X) 


It is convenient to denote the product (a* + <)(6* + i)(c* + t) by the 
symbol A(f ) ; then A(X) is positive, A(/i) is negative, and A(v) is positive. 
(Prove this.) In this notation 

hi = 2{A(X)}^(X - /i)-«(X - v)-^; 

hi = 2{-A(/*)}^(X - ,i)-«(m - v)-W; 

ht = 2{A(y)}^(X - - v)-^. 
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The Laplacian A27 of any doubly differentiable point-function V 
appears when expressed in orthogonal curvilinear coordinates in the 


KMh {(^') + + ('M:') 1 

l\/l2A8A XAsAi/m \h\h^/v) 

(see Exercise 5, p. 109). For the system of ellipsoidal coordinates this 
appears as 


| 1A(X)}^{A(X)^7x1x 

(X - ^){\ -v) (X - -y) + 


1 




(X — v){ji — v) 


-v) V 


The solutions of Laplace’s equation A 27 = 0 which are functions of X 
alone satisfy, then, the equation 

A(X)^{A(X)«7x}x = 0. 

^ ^ ^ then Xj = -{A(X)}^ so 

-{A(X)}^7x= 7f; 

-{A(X)}«(7{)x = 7«. 

Hence 7ft = 0 so that 7 is a linear function of 

V = A+B^, 

w^e £ is undetermined to the extent of an additive constant: we fix 
s additive constant by the requirement that ^ 0 as X oo . Then 


£ = f f 

Jx {A(«)}’^ Jx 


du 


/X {(a® + u)(6® -|- t4)(c* + it)}^ 

^ M + >' = ** + y* + 2* = 2.S, 

Since ^d V are bounded it follows that as P ^ , x « and so 

at electrostatic field is nuU 

If tbA n = 0; hence we have the following result: 

H the pot^tial function 7 of an electrostatic field is a function of 
the eUipsoidal coordinate X alone then luncuon oi 


V = Bi, 
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where 

. r du p ^ 

Jx .{A(«)}^ Jx {(o* + + m)(c® - j- 

On writing {(a* + «)(6* + m)(c“ + «)}“’^ in the form 




u-^ - - (o* + b* + c^)u-^ + 


we see that f has, near X = oo , the development 

I = 2\-^ - ■J(a2 + b<‘ + c*)X-’^ + ■ • • . 

Hence X^€ has at X = « the limit 2. Since has at r = « the limit 1 

j,2 

it follows that the limit of at r = oo is 2. 

Let, now, surface of a conductor at poten- 

tial Fo‘ The function 

y = 

satisfies Laplace’s equation outside the conductor and t akes the 
constant value B j ^ over the conductor. Hence the potential 

of the electrostatic field of the conductor is 


du 


Jo {A(if)p* 

The charge e on the conductor, being the limit of rF at r = ««, is 

2Fo 


c — 


f, 


du 


{A(«)}« 

Hence the capacity of the ellipsoidal conductor is given by the formula 
2 ^ 2 

Jo fA(M)}^'^ Jo 




du 


{(a* + M)(6*-htt)(c* H-w)}^ 
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EXERCISES 

1. Show that the capacity of an ohlate spheroid (i.e., an ellipsoid of revolution 

for which b a > c) is C {a* — c*)^/Arc cos -• 

a 

Hivi, Use the substitution c* + = w* to evaluate the integral 

du 


i 


'o (a* + 


2flt 

2. Show that the capacity of a circular disc of radius a is — Hint I^et 

T 

c — 0 in the result of Exercise 1. 

3. Show that the capacity of a prolate spheroid (i.e., an ellipsoid of revolution 
for which 6 = c < a) is 

^ ^ (a» - 


log 


j g + (o« - e»)^ j 


4. Show that hi is twice the perpendicular distance p from 0: (0, 0, 0) to the 
tangent plane at P to the fib^t coordinate surface, X = constant, through P. 

Bird, The surface X = constant is the ellipsoid — 1 ^ 1 ^ a l * 

a* + X &* + X c® + X ' 

p is the reciprocal of the magnitude of the coefficient vector v = «; ( • 

\ . V ... V 


4- X 6* -{- X 


) XU- T -r A 

of the tangent plane Z + Y + ^ = 1 to the 

level surface X - oonstant. Since grad X = 2p>v, - [grad xj = 2p> - 2p. 

5. Show that the surface density of electric charge at any point P of 
the ellipsoidal conductor — + ^ _ 1 (supposed isolated and carrying a 

p is the distance from the center of the ellipsoid to the 
tangent plane atP. Hint, v — — = -—Vt. - ^ (aCxM-^v. _ 

where B =- \e. Snee fci = 2p (see Exercise 4) it follows that <r = — ? 

edw ^rcotj* !• ® “‘y poiS*P not on the 

edge of a conducting circular plate of radius o (supposed isolated and carrying a 

charge e) is where r = |0P| 5i^ o is the distance of P from the 

center of the plate. HirU. For a prolate spheroid - = ( ”* + _ 

cl o‘ a* I ■ ®^®“®®tl»eliJ“itof-asc -(■ 0 is(l - J . 

Note, <r is unbounded at r * a, ^ • ^* / 
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In. dealing with problems such as that of deter mining the induced 
potential of an earthed conducting ellipsoid when subjected to a uni- 
form electrostatic field we seek for solutions of Laplace’s equation of 
the form 

V = xU, 

where 17 is a function of the ellipsoidal coordinate X alone. Since 
Va = U + xUx, Via, = 2C/* -J- xUxx, V yy = xUyy, Vt, = xU tt WB have 

AsF = xA3U + 2Ux = xA2U + 2UxK. 

Since 


X, = 


2x 


+ 


+ 


o*-l-X l(a*-l-x)* ' ic^ + \y. 


2A(X) 


(X — p)(X — v) o* -j- X 

we have, if F is a solution of Laplace’s equation, 

4A(X)C/x 


A*U- + 


-.-r = 0. 


(X - ;u)(X - v)(o* + X) 

Since U is, by hypothesis, a function of X alone we have 

4{A(X)}« 


(X — /i)(X — v) 

and so U must satisfy the equation 


{A(X)»^l7x}, 


Hence 
and so 


{A(X)Wi;x}x-t-A(X)«^^ = 0. 

a-* + X 

A(X)^(a* •+■ X)l7x = a constant 
^ ix (a» -|-tt){A(«)}^‘ 


where D and E arc constants of integration. The requirement that U 
be null at infinity (i.c., at X = « ) makes E zero and so 


V = D 


i 


dw 

(a* -|- w){A(m)}*'^ 



du 

(a* -t- -I- «)^(c* + uY^' 
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Example. The potential of the electrostatic field due to an 
earthed conducting ellipsoid in the presence of a uniform field 


We take, in the first instance, the uniform field to be a field of in- 


.2 ^2 


tensity parallel to the a;-axis, where + — lisan equation 

0^ cr 

of the ellipsoid,. The inducing potential is, accordingly, — 

Note. This inducing potential is not null at infinity. We ignore 
this fact, however, and assume that in a sufficiently large neighborhood 
of the ellipsoidal conductor the potential of the inducing field is 
approximated, to a sufficient degree of accuracy, by The fact 

that tto potential is not null at a; = ± oo means simply that it is 
impossible to realize an electrostatic field which is uniform over the 
entire a>-axis. 

The function V = —E^ + AxU is harmonic outside the ellip- 
soid, and the part is null at oo. In fact the development of 
(o* + ^ (6® + u) (c* + u)~^ near « = oo starts out with the 
term so that the development of U{\) near X = oo starts out with 


the term f Since has the limit 1 at X = oo it follows that r U 

has the limit zero at r = oo ; in fact rW is null at r = oo so that xU 
IS the potential of a distribution of electric charge for which the total 
charge IS zero (since rxC/ is null at r = oo). In order that V may 

have the constant value zero over the conductor X = 0 we have 
merely to set 





d« 

(a* + 


Hence, by the uniqueness theorem, the field 
its potential furnished by the formula 


outside the conductor has 


1 

1 

f" du V 

F = —E^ < 

1-J 

+ w)^(62 

1 

1 

1 " du 


J 

0 (o* + u)”(6* -I- u )^' 


sum of the potential just given and the two simUar potentials** 
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-EyV a 


-Eji a 


X 


du 


X (g^ + u)^Q)^ + v)^{c^ + u)^ f 


X 

X 


du 


0 (o« + + w)^(c* + u)^ 

du 

X {g-^ + U)^Q)^ + u)^(c^ + 

du 


X 


(a* + + u)>^(c* + u) 


H) 


If the conductor, instead of being earthed, is at potential To we simply 
add to the potential just given the potential of an isolated ellipsoidal 
conductor at potential 7o, namely, 


Vo 


i: 


du 




X' 


du 




6. Concluding remarks 


The problem of determining the capacity of a conductor has been 
solved for very few conductors. No one has yet been able to deter- 
mine the capacity of a conductor whose bounding surface is a cube 
or the capacity of a right circular cylinder. Recently progress has 
been made in the direction of determining limits between which the 
capacity of a conductor must lie. An interesting account of this 
progress may be found in the paper by G. P61ya: “Estimating Electro- 
static Capacity,'^ American Mathematical Monthly, 64 : 201—206, 1947. 
For instance the capacity of a cube of edge a lies between 0.62a and 
0.72a. 
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SPHERICAL HARMONICS AND BESSEL 
FUNCTIONS 


1. The power series solution of Legendre’s equation 

We have sem in Chapter 6, Section 2 that the solutions of Laplace’s 
equa icm j — 0 in which the space polar coordinates (r, B, d>) are 
completely separable are of the form 

r.- 

i<3.-W J 

whTO „ - c™ » and m is quMtissd (by the requirement that F be a 

Tbe funetlona 

n (m), Qn (ji) are linearly independent solutionB of the equation 

(1 — — 2iiM„ + |TO(n -|- 1) _ — .j jf — Q_ 

m = 0 (so that 7 is independent of <(,), 
^ d^ow simply by P„(,), respectivdy: 

differftTi+inl * respect to m by the symbol “D” the 

(1 - - 2Mr>lf + n(n + i)j|f = Q; 

f-l “ restricted to lie in the interval 

tK« . • 1- “ discussing the differential equation, to ignore 

equa^n an^ ^ ^ ^ variable. Since Legendre’s 

equation appears, -when solved for D W, in the form 
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D*Jkf = 




the point ii = 0 is a regular point of the differential equation (by which 


Note 1. Since the coeflBlcients 


we mean, simply, that the coefficients — - ■ and — are 

(1 — ll^) (1 — y?) 

analytic (what does this mean?) at m = 0) . It follows from the general 
existence theorem for linear differential equations (in the complex field) 
that 

Legendre’s equation possesses over a neighborhood of the point p = 0 
two linearly independent solutions each of which is analytic at p = 0 and, 
hence, developable in a series of powers of p. 

Note 1. Since the coefficients -r— ** ■ . . > — vf” are analytic 

(1 - M*) _ (1 - M®) 

over the (open) circle |/li| < 1 the general existence theorem assures us 
that the two linearly independent solutions which are analytic at 
n = 0 are anals^tic over the (open) circle |m1 < 1. 

Note 2. Since »(n + 1) is unchanged when n is replaced by — n — 1 
and since the average of n and —n — 1 is — ^ there is no lack of gen- 
erality involved in the assumption that n ^ — J-, and we shall trm.V^ 
this assumption. In particular if n is an integer it is a norv-negative 
integer. 

In order to obtain the two linearly independent solutions of Legen- 
dre’s equation which are analytic over the circle LI < 1 we set 


M = Com® + Cip^^ -f 


+ Cj,m“ 


where co 7 * 0 and a is an as-yet-undetermined non-negative integer. 
On substituting this expression for M in Legendre’s differential equa- 
tion (remember that power series may be differentiated term by term) 
and collecting together like powers of p (this is permissible since power 
series converge absolutely) we obtain a power series whose sum is 
zero over the (open) circle 1 m 1 < 1, namely. 


a(a — 1 )coM“"® + (a + l)aciM""‘ 

+ {(« + 2)(a + l)ca -f- [n(7i -|- 1) — o(a 4- 1 )]co}m“ 

+ • • • + {(a + J + 2)(a -f i + l)Ca+f+s 
+ [«•(»» + !) — («+ i)(« + j + -t- • • • . 


Since every coefficient of this power series must be zero (why?) we 
obtain the following series of equations: 
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a(ot — l)co = 0; 

(a + l)aci = 0; 

(a + 2)(a + l)c 2 + {n{n + 1) ~ «(« + 


(a + j + 2) (a + i + l)<i +2 + {n(w + 1) - (a + j) (« + J + 1) } «/ = 0; 

i = 1, 2, • • • . 

Since Co 0 we leam from the first of these equations that a must b(» 
either 0 or 1. The second equation tells us nothing about Ci if a = 0 
(in other words Ci is arbitrary if a = 0) while it tells us that Ci = 0 if 
a = 1. Making the choice a = 0 the third of our series of c<iuiitions 
tells us that 

n{n + 1) 

c, Co. 

The fourth of our equations tells us that 

1 o, (r^- l)(»i + 2) 

Cs 273 " + 1) ■" 2}ci = Cl, 


and so on. In general, we find that Cj +2 is a multiple of Cf'. 

{w(a + 1) - j(j + 1) } _ (n - j)(n + i + 1) 

(7 + l)(i + 2) (j + l)(j + 2) 

Thus 

. _ ~ 2)(n + 3) (ti — 2)n(n + !)(?(. + 3) 

Z'* Ti i! 

^ _ _ {n - 3)(n + 4) _ (n - 3)(a - l)(n, + 2)(« + 4) 

51 «> 


and, generally, 

C2j ” 

( _ 1 ),- (^-2i + 2)(n-2i) • • • n(TO + l)(w + 3) • • • (n + 2j- \ ) 

{2j)\ 

Cjtf+I = 

( _ l)i (^-2i+l)(n-2j-l) • • • (?i-l)(re+2)(n+4) • • • (n+2j) 

(2i+l)! ■ 

i = 1, 2, • • ■ . 
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In this way we obtain the solution 

M = CqM\ “h CiMz 


of Legendre’s equation, where 

= 1 - - 2)»(« + l)(n + 3) _ _ _ 

„ (n - l)(n + 2) , , (» — 3)(n - !)(» + 2)(n + 

" si ' + 61 


9 


4) 




EXERCISES 

1. Show that the choice a » 1 furnishes a solution which is a multiple of il/ 2 . 

2. Show that the two solutions Afi and are linearly independent. Hint 

Mi(0) - 1, JkfaCO) « 0. 

If n is an integer it is non-negative (why ?) , and one of the two solutions 
Af 1 , ilf 2 of Legendre’s equation is a polynomial function of ju (but not both ) . 
If n is not an integer no solution of Legendre’s equation is a poly- 
nomial function of /4, for, then, neither Mi nor ilf 2 is a polynomial, and 
no linear combination of them can be a polynomial since Mi involves 
only even powers of ix while Af 2 involves only odd powers of m- K ^ is 
an even integer, If 1 is an even polynomial of degree n, i.e., a polynomial 
function of /x, of degree n, involving only even powers of /x while, if n is 
an odd integer, M2 is an odd polynomial of degree n, i.e., a polynomial 
function of /x, of degree n, involving only odd powers of jx. 

EXERCISE 

3. Show that any polynomial solution of Legondre^s equation is a multiple of Jlf 1 
if n is an even integer or a multiple of Afa if n is an odd integer. Hint. Any 
solution is a linear combination of ilfi and Mi^ and Mi and M 2 ojce not loth 
polynomials. 

When n is an integer we may obtain a polynomial function of /x which 
is a solution of Legendre’s equation by the following device. First 
construct the polynomial function of /x, of degree 2n, (/x^ — 1)"; differ- 
entiate this n times with respect to /x- The resulting polynomial of 
degree n 

— 1 )”' 

is a solution of Legendre’s equation. To see this set 
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then log 5 = w log ( jjl ^ — 1) so that 

D? ^ 2n/i 

T “ - 1 

or, eqiaivalently, 

(m" - 1)D^ - 2n/if = 0. 

Differentiating this relation (n + 1) times we obtain 

- 1)D»+2 j + 2{n + + {n + l)nD^k - 2n/xD’*+i? 

— 2(n + l)nD”{ = 0; 
i.e., 

0x2 « i)D«+2f + - (n + l)nD»f = 0. 

Hence ilf = = D“(ax 2 — 1)»* satisfies Legendre’s equation 

(1 - - 2fxDM + (n + l)nM = 0. 


It follows that, if n is even, — !)« is a multiple of Mi or, equiva- 
lently (why?), that Mi is a multiple of D’‘(/x2 — 1)» and that, if 
n is odd, M^ is a multiple of — 1)*^, On writing D**(/x2 — 1)*^ 
— D"{(/x — l)’‘0ix + 1)"} = nl(/ui + 1)" + terms having (/x — 1) as a 
factor, we see that — I)** has the value 2*^1 at /x = 1. It 

follows then that 

No polynomial solution of Jhegendre^ s equation is zero at fi ^ 1. This 
result enables us to normalize the polynomial solutions of Legendre’s 
equation as follows : The normalized polynomial solutions of Legendre’s 
equations are those solutions which have the value 1 at /x = 1. 

These normalized polynomial solutions of Legendre’s equation (there 
being one for each non-negative integral value of n) are known as 
Legendre polynomials and are denoted by the symbol n = 0, 1, 2, 


EXERCISES 

4. Show that P„(—l) « 1, if n is even, while P„(-l) = - 1, if n is odd. Hint. 
Pn is an even, or odd, polynomial according as n is even or odd. 

5. Show that Pn(fi) * -- „ — 1)". 

2**(nl) 

6 . Show that P.O.) = 1 , Pi(m) = m, PM = ■!(;»• - i), P.(m) = lO*’ - -I/*), 

Piip) = — ■?■/»* + A)) ■P»(m) = + Am)- Hint. Use the 

power series for Mi sjid Mt rather than the formula of Exercise 5- 

7. Show that the coefficient of ju* in PnOu) is 


(2nl) (2n - l)(2n - 3) • • • 6 • 8 

2»(nl)® “ nl 
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Hint, Use the formula of Exercise 5- 

o oi. XI- X r. / N (2n — l)(2n— 3) 

8. Show that Pn(/x) » — 

in — 2)n(n — l)(n — 3) ^ 


6*3 


n\ 


j/*" - 


nin — 1 ) 

2(2n -- 1) ' 


Hint, Use the relation 


£L 

C /+2 


2 • 4 (2?i - l)(2n - 3) 

(yt ^ 1) coefficients c,* and cy+a of the general power 

series solution of Legendre’s equation. 

9. Show that Po(/i) =“ “ istt)* 

10. Show that Pj.(0) 


11. Show that lim 

/i-O 


2**^ (nl)* 

P 2 n+i(M) ^ (-1)" (2n + 2)! 

22»+l ^|(n -j- 1)1 


12. Show that all the zeros of P^in) are real and simple and that they are covered 
by the open interval ( — 1, 1). Hint, - 1)» has a zero of multiplicity n at 
M — 1 and a zero of multiplicity n at m « +1. Hence D(iu® — 1)" has a zero of 
multiplicity (n - 1) at m “ —1, a (simple) zero in the open interval (—1, 1), and 
a zero of multiplicity (w — 1) at /x =» +1. Continuing this argument we see that 
D^iiP — 1)» has n simple zeros which are covered by the open interval (—1, 1). 

13. Show that any polynomial of degree n is a linear combination of the poly- 
nomials Po = 1, Pi, • • • , P». 

14. Show that = Po, P‘i> m* 'i’Pa "h ’S'Poy “ "i'Ps + ■f’Piy /** “ 

4- T ^2 + -J-Po, + ^Pi + ■?‘Pi. Note. The sum of the coefl&cients in 

each of these linear combinations must be 1 since all the P» are 1 at m ” 1* 

2. The second solution of Legendre^s equation when n is an 
integer 

When n is an even integer 

,, , 7i(n + 1) , , (n - 2)n(n + l)(w + 3) , 

Ml =1 — 

is a constant multiple of Pn{p) while, when n is an odd integer, 


Mi = fi 


(n — l)(re + 2) (n — 3)(n — l)(n + 2) (n + 4) 


3! 


/*» + 


5! 


is a constant multiple of Pn(M) ■ Let us denote by M, simply, Mi when 
n is an even integer and JIfi when n is an odd integer. Then the fxrnc- 
M 

tion — is an odd function of n (why?), and it is easy to verify that the 

A n 


derivative of this odd function is the product of y- 

(1 - M*)P« 

zero constant, To do this we combine the two equations 


2 


by a non- 
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(1 - - 2u.I)M + «(■» + l)Af = 0 

(1 - m*)D»P„ - 2mDF„ + n(n + 1)P„ = 0 

as follows: Multiply the first equation by P», the second by —M, and 
add. We obtain 


(1 - m')(P«D*M - MD*P«) - 2/t(PnDM - MDP„) = 0. 


Since P,D*Af - ilfD*P„ = D(P„DM - MDP,) and -2^ == D(1 - /**) 
it follows that (1 — ;t*)(P„DAf — MDP„) is a constant (why?). The 

constant cannot be zero since, if it were, PnD M — Af DP„ = P„*D 

would be zero, and this is absurd since M is not a constant multiple of 
P« (why?). Hence 



D 



C 

(1 - j.*)P„Km)’ 


C^O. 


Let the n (real and simple) zeros of P« be ai, Ui, • 

analysis of — into simple fractions is of the form 

(1 - ju®)P»*(jn) 


, On. Then the 


l i-., -i iVf I 

(1 ft*)Pn*(/i) 1 fi 1 + 1 (^ — a/)® IX — a,- 


(remember that the value of P„*(/i) at each of the points ± 1 is 1). It 
is easy to see that B# = 0, j = 1, 2, • • • n. In fact |q!;| < 1 so that 

M is analytic at = c^; hence, since ^ does not have a logarithmic 

singularity at /t = «?, D has no - ^ term in its development 

in a Laurent series about its isolated singularity ix = Oj. We have 
then, ’ 


D 





1 + /* 


+ 


n 



(m 




M 

Pn 


C 



1 + M 
1 



+ constant } * 


and so 
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Heace 


Pn ^ I 2 


, 1 + M , TTn-lW , , , 1 

log ; 1 h constaixth 

1 — /t J 


where TF«_i(iu) is a polynomial function of n of degree not greater than 
n — 1 (remember that Pn(/t) is a constant multiple of (m — «i) • • • 

(jt» — a*)). Since ^ log is an odd function of y. (prove this) 

as is also ^ (why?) it follows that + constant is an odd 

AnC/i) 

function of y. The additive constant must, then, be zero; in fact it is 
i — y) TF„_i(m)) 

' ■ f which is the quotient of a pol 3 momial of 

nC/*) ) 

degree < n by a polynomial of degree n, and such a quotient is con- 
stant only when it is zero (why?). We have, then. 


X UJ. VJLL f* 

1 f W«-i(- 

2 1 PJ- 


(-m) 


M 


-4 


P„log|-^4- W 

1 - /i 


»-i|' 


and it follows that when n is even Wn-i is an odd polynomial and 
that when n is odd is an even polynomial (remember that 

1 (1 + y) 

- log r is an odd function and that when n is even M is an 

2 (1 - ft) 

odd function while when n is odd M is an even function). We 
denote by the function 


Qn = Qn(y) = Jp« log 

jtS i /X 


Qn is a solution of Legendre’s equation which is not a constant multiple 
of P„. The general solution of Legendre’s equation (when n is a non- 
negative integer) is, accordingly, a linear combination of P» and Q„. 

Note. The case n = 0 is somewhat special since Po = 1 has no 
zeros. Here 



1 + ft 
1 — y 


and in order to fit this into the general formula 
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we understand that W-x is the zero constant function. 

The polynomial function W^-i is best determined by the fact that M 


is a constant multiple of -P« log 

2 


1 + /i 


0 + TFii-i. For example, when » = 1, M = Mi = 1 — 


+ 


- — + 
3 


* -7 * - A 

is a constant multiple of + ^ + • • -j +W 
Hence TFo = — 1 (and the constant multiple is —1). Thus 


= - At log 




wh»« = 2,ip..og ^ . I - 1) (, + 1 + . . _ i. 


+ i ft* + ’ • • and M = Mi = n — fn* + • • 
stant multiple is - -J-, and IFi = - Hence 


H^ce the con- 


Q*(m) =|PilogJ-^-|„= + 


EXERCISES 

1. Verify tliat Qi(jt) «= log ^ 1 is a solution of Legendre’s equation 

when n = 1, 

2. Verify that Q,0*) - |0x» - i) log ^ is a solution of Legendre’s 
equation when n « 2. 

3. Show that TFaO*) * f — f/i*. 

4. Verify that Q.O*) = log + 1 - V is a solution of Legen- 

dre’s equation when n 3. 

5. Obtain the power series development of the solutions of Legendre’s equation 
near it = «>. Hint. Set a* •» j and show that Legendre’s equation takes the 

fonn + «(n + l)Jlf = 0. On setting ilf = cof“ + cif+i 

D ' i.-i Tv v^ ™ or n + 1. The choice a = —n gives a multiple of 

Jrn wnile the choice a « n + 1 gives a linear combination of P„ and Qn- 

Antwer. The solution which is not a polynomial function of ^ is Co | 

(" + l)(n + 2) (n + l)(n+2)(« + 3)fw+41 
2(2» + 3) (2)(4)(2n + 3)(2n + 6) ^ + 


-I- 
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6. Obtain the general formula for TFn-i where Q» «= -gPn log 


1 +M 
1 


+ Wn-U 


Hint. Consider the development of Qn near $ =» 0, where =* — Qn differs from 
iPn log + Wn.~i by a constant multiple of Pn Since i log 

O<iP.(0 


i±i.j + 2 + 

1 - f 3 ^ 


the lowest power of { in the development 


1 + € 

log is the — (rt — l)st. Hence the lowest power of ^ in the development of 


I is the — (w — l)st. The solution given in Exer- 


cise 5 is a linear combination of -g-Pn log ■+• TFn^i and Pn and 
the coefficient of P« in this linear combination must be zero since there is no 
in the solution in Exercise 5. Since this solution starts out 
, Wn^i is such as to cancel the negative power terms in 
• Use the formula for Pn(ju) given in Exercise 8, p. 171. 


term involving 


iP, 


srm ^ 


with the term ^‘*’1, 


Answer. TFn-iW ” ““ 

n(n — 

2(2n 


(2n - l)(2n - 3) 


(5) (3) 


nl 




' i 


.n-l JL nn-Z 


n(n — 1) 1 (n — 2)n(n — l)(n — 
2(2n - 1) 3 (2)(4)(2n - l)(2n 


0 - 


3. Surface harmonics; the orthogonality relation 

We have seen that any solution of Laplace’s equation A*F = 0, in 
which the space polar coordinate r is separable from the angular 
coordinates (0, <t>), is of the form 


r* 1 

f-nr-l j 


where 17 is a function of (5, 4>) which satisfies the equation 

1 


Ai*U — Ub) cot d Ub "1" 


sin* 6 


+ n(n + 1)17 = 0. 


We term U a surface harmonic, and when we wish to indicate the 
value of n with which U is associated we do this by means of a sub- 
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script. Thus if U« is a surface harmonic then r»?7n and are 

solutions of Laplace^s equation. 

00 

Let, now, be a power series in r whose coefficients c», n = 0, 

1, 2, • • • , are functions of the angular coordinates (9, <l>). If the sum 
of the power series is a solution V of Laplace’s equation and if term by 
it ^ permissible for the differentiations involved in 

A* r then each coefficient c„ of the power series is a surface harmonic, 
Cn Doing associated with. In fact) since 


00 

AaF = ^r»-*A2*c» = 0, 


Ji’ important instance of this result is the 

followmg: Denote by R the distance from a point (0, 0, h) on the 

positive a-axis to a variable point (*, y, z) in space. Then ^ = {a:» 

+ y + {z — fe)*} W is a solution of Laplace’s equation, as is at once 
/o n ^ ^ polar coordinates whose origin 

IS at (0,0, A). Since« = rcos(? =rMwehave 


^ — (r^ — 2rhfi + 




T 




< 1; then 


Let r he so small that 2 

~ (y)’ 1^1 < 1. and 




The series 
1 + 


2 \ h av'^2-4Va2'‘ + • • • 

obtamed by expanding the various powers of f is absolutely convergent 
(because the series of absolute values is the series for ^ (1 - ,)-M, 

^ ^ (a) partial sum of this series is less 
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than ^ (1 “ i;) . Hence the terms involving like powers of r may be 

collected, and we obtain 


where 


Co 


— = Co + Cir + C2r^ + 


} 





and so on. 


Since the series for — may also be written as a power series in /i, 

repeated term-by-term differentiation with respect to /x is permissible. 

Hence each of the coefi&cients co, Ci, * * • , Cn, ■ * * of the series for •— 

R 


(as a power series in r) is a surface harmonic; since these coefiicients 
are independent of 4>> Cn satisfies Legendre’s equation 

(1 — — 2juDc« + n(n + l)c„ = 0. 

Since c« is a polynomial function of jtt it is a constant multiple of P„. 
When jii = 1 we have 


1 

R 



1 r 
= - H 1- 


-I 1. 


so that the value of c« when = 1 is 




Hence 


Cn = 


PM 


so that 


1 p.(m) pm 

R h'^h^ 




Note. It was precisely in order to have this simple formula that the 
Legendre polynomials were normalized by the requirement that they 
should all have the value 1 when ^ = 1. 


EXERCISE 


1 . 


Show that if r is so large that 2 




< 1 then 
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^ Po(m) APi(/») A"PnO*) , 

R r +“^7“+ • • • +“;^+ * • • ■ 


jg “ (r — so that the only singularities of — > regarded as 

R 

a function of the complex variable r, are on the circumference |r| =« A. Hence the 
development 


R 


Po(p) 

k 


+ . . . + 


■Pn(M) 


yn 


+ . . . 


is valid over the interior of the circle (in the complex r plane) \r\ < A, and the 
development 

,h-Pn(p) . 

R r “^ * * ‘ “*“ ^+1 + • ‘ * 


is valid if |r| > A. 

Let, now, j and k be any two different non-negative integers, and let 
Ujb be surface harmonics which are associated with j and fc, 
respectively. Then Vi = Vk = T*^Uk are solutions of Laplace’s 
equation so that 

S being any closed surface (see Exercise 20, p. 31). Taking S to be a 

J 7 

sphere of radius a with center at 0, — 7* = (7*),, (7#)r, and 

an an 

we obtain 


where dco = sin 6 dd dxp is the element of area of the unit sphere (i.e., 
the element of solid angle). Since k j we have 

UiUk dca = 0. 

. If Uy is a compZex-^alwed function of 6 and <l> its conjugate complex, Uj, 
is also a surface harmonic associated with the integer j, (Prove this.) 
Hence 


r7,-J7* do) = 0. 
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We express this result as follows: 

Two surface harmonics {7% which are associated with difierent 
non-negative integers J and k are orthogonal over the unit sphere. 

An important special case of this result occurs when IT# and U* are 
zonal surface harmonics, i.e., siorface harmonics which are independent 
of 6. In this case the integration with respect to is trivial and 

^ tJjUh do) reduces to UjUi, sin 0 dd = TJjUj, d/i. Thus, in 

particular, if P,-(m) andPi(jii), j Ic, are Legendre polynomials (so that 

Pm = PM) then 

J Pi(j*)Ph(ji) da = 0. 

We express this result as follows: 

Any two different Legendre polynomials are orthogonal over the 
interval [—1, 1]. 

We can construct from the sequence of Legendre polynomials 
{P„} , ra = 0, 1, 2, • • • , an orthonormal set as soon as we know the 
sgmred magnitude of the function-vector P„, i.e., the value of the 


integral 


/> 


ip) dp. 


To obtain this we consider the solution F = — 

R 

of Laplace’s equation, where B = | QP] , Q : (0, 0, it) , P : (», y, z) (P being 
distinct from Q). If U/ is a surface har- 
monic associated with any non-negative 
integer j, both V and 7,- = r^Uj satisfy 
Laplace’s equation over the region between 
a sphere S of sufficiently small radius e 
with center at Q and a sphere S' of radius 
a> h with center at 0. Hence 




d 





Fia. 36. 


Id 1 

Over S,Y — —7 = —> dS — dw so that the limit at e = 0 of 

£ dn €* 

(because the value of 7/ at Q = A»(C7y)«»o). Over S', 
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00 

£7, = Vi = a^Ui, 

0 

dS = a^doj and so 

- Vi£v) dS^j {h^jPi(j^)Ui + ij + m'PMUi] dco 

= (2j + lwjPi(jx)Uidco 

(remember that the integral of Pi(/i) Ui over the unit sphere, fr 7^ i, is 
zero). Hence 

^ Pi{fi)Ui du = 2^. ^ ^ (C7/)fr.o. 

In particular when U# = Pi(ji) we have 

JPfV)d« = 2vJ_^P,*dM 

and so 

J_ P,*(m) d/» = since (P,)».o = P#(l) = 1. 

It follows that the function-vectors 

/2ra + 1\^ 

““•y 2 / — 1 ^ A ^ 1 

constitute an orthononnal set (see Chapter 3, Section 2) which wo 
term the powen-function orthonormal set. We have seen (see Chapter 
3, Section 4) that this power-function orthonormal set is complete. In 
ot er words the only function which is continuous over the closed 
mterval [—1, 1] and which is orthogonal to every vector of the power- 
function orthononnal set is the zero constant function. This fact 
serves to qyanUze to non-n^ative integral values the constant n which 
appears in Legendre’s equation. In fact if k is any constant 
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which is not a non-negative integer and if Af is any solution of the 
corresponding Legendre equation 

(1 - - 2mDM + + l)Af = 0 

over the dosed interval [—1, 1] then r*Af is a solution of Laplace’s 
equation, and the same argument which proved the orthogonality of 
Piiii) and j A*, over 1—1,1] proves the orthogonality of M and 
Pjifi), every j = 0, 1, 2, • • • . Hence M is the zero constant function. 
We have, then, the following fundamental result: 

If Legendre’s equation 

(1 - - 2mDM + k(Jc + 1)M = 0 

possesses over [ — 1, 1] a solution which is not identically zero then k 
is a non-negative integer w, and ilf is a constant multiple of Pn. 

4. The associated Legendre functions 

The differential equation which P«’"(m) and must satisfy is 

(1 - - 2mDM + jn(n + 1) - 0. 

We proceed now to the proof of the following important theorem: If N 
is any solution of Legendre’s equation 

(1 - - 2mDJV + n(n + l)iV = 0 

then JIf = (1 — is a solution of Legendre's associated 

equation 

(1 - - 2mDM + jn(n + l) - iZygl ^ = 0. 

To prove this theorem we calculate DM and D®M : 

DM = -mix(l - + (1 - ;tS)<'»/«D“+W; 

D*M = -m(l - ^ jn{m - 2)m*( 1 - jnS)("*/«-*D”JV 

- 2mM(l - + (1 - 

On substituting these expressions in the left-hand side of Legendre’s 
associated equation we obtain the product of (1 — ;!*)(”*/*> by 

(1 — ;i®)D’*+W — 2(m + 1 )mD"*+W -1- (?i — 7n)(n -|- m -f l)iV’. 

It follows, on differentiating Legendre’s equation m times, that this 
expression is zero, which proves the theorem. 
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In particular, when n is a non-negative integer and N = Pniij), we 
obtain a solution of Legendre’s associated equation which we denote 

= (1 - 

If m> n, = 0 (why?). The solution which is obtained from 

Qn in this way is denoted by : 

- (1 ~ 

For each non-negative integral value of n we have n + 1 values of m, 
namely, 0, 1, * • • , n for which P«“(iLi) is not identically zero. With 
each of these values of m, except the value m = 0, we may associate 
two surface harmonics P«*‘(jLt)e^* and or, equivalently, 

P cos m<l> and Pn^(jJ>) sin m<l>. Associated with the value m = 0 
we have only one surface harmonic, namely, P«°(/x) = Pn(ji). Thus 
we have associated with any non-negative integral value of rij 2n + 1 
surface harmonics J7n, and for each of these V = T^Un is a polynomial 
function of x, y, and z. 


Examples 


n = 0; 

m = 0; P,0in) = 1; PoOOi) cos = 1; F = 1 

9 

» = 1; 

m = 0; Pi®(m) = n; Pi(ju) coa04> = n; V = 2 ; 



m = 1; Pii(|u) = (1 - 

i‘(m) cos ^ = (1 — ju*)^ cos 4> = sin 0 cos <l>; 

F = a:; 


Pi^O*) sin = (1 — sin <^ = sin S sin <l>; 

V = y, 

n = 2; 

m = 0; Ps»0n) = - %); F = f(rV® - ir*) 

= i(2z* - 

- y ^) ; 


»i=l; PaiOt) = 3(1 - 

P s'- cos ^ = 3(1 — cos 

if 

CO 

II 


Ps^ sin 4> = 3(1 — sin 4>; 

II 

CO 


2; = 3(1 - m®); 

P 2 ® cos 2<i> = 3(1 - ^ 2 ) cos 2^] r = 3(x2 - y^) 


' P 2 ^ sin 24 > = 3(1 - m*) sin 2<^>; V = Sx?/; 

Let us denote Pn’”(M)e**”*, where m is any integer positive, negative, 
or zero, by UrJ^. Then Un^ is a surface harmonic which is associated 
with the non-negative integer n. Hence, by the orthogonal property 
of sxirface harmonics. 
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J* dto = 0 if ni 5^ nt. 

When ni = nt the integral is still zero if mi 5^ m* since 

J * da = djtf di>. 

When «! = n* = ji, say, and mi = m* = m, say, we have 

j Un”U,rdu = 27rJ^ {P„'»(jLt)}*diti. 

On writing {Pn^'C/x) } ^ iix the form {(1 — jLt2)»»‘D’”P„}D*Pn and integrat- 
ing by parts we obtain (since, when m > 0, the integrated part is zero 
at jLt = ±1) 

= - P D>“-ip„{(l - M®)*r>”+‘P« - 2miu(l - m®)*-^D"P,} d/i. 


On differentiating the equation 

* 

(1 - m')D*P„ - 2 mDP„ + ?i(n + 1)P„ = 0 
(m — 1) times we obtain 

(1 — m*)D”*+’^P„ — 2mMD“P„ + (» + m)(n — m + 1)D*^*P„ = 0 
so that 


J'^{P,“(m)}* dM = (n + m){n - m + 1) 


dju 


= (n + m)(n — m + 1) 




(ji)Ydn. 


On continuing this reduction until we reach J* {Pn^C^) } “ d/* = 

P«» dn = — - — 

J_i * ^ 2n + l 


we iind that 
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J* {P„**0x)}® i/i = (n + m)(n + — 1) • • • (n + 1) 


(« — m + 1) • • • n 


(n + m)\ 2 

(n — m) ! 2n + 1 


2 

271 1 


Hence (* E7o”f7»’" dw = ^ so that the function-vectors 

J (ti — m) ! 2n -1- 1 


(2n+l)(n-m)t p r r „ ^ | (2n-H)(w-m)! l^ ^ 

47r(n-l-m)! J “ I 4ir(ft-+m)! ) 


(M)e*”** = 


I 47r(n-hm)! J I 4T(ft-l-m)! J ” 

— 1^/i^l; 2x; n = 0, 1, 2, • • • ; 

m = 0, ±1, • • • , ±n 

constitute an orthonormal set over the unit sphere. If fin, <l>) is any 
function which is integrable over the unit sphere its Fourier coefficients 
with respect to the orthonormal set {Un**} are given by the formula 

Cn” = (ttn^lf) = J'«„’“/d£o, wheref:/(M, <p). 

The Fourier series of f with respect to the orthonormal set {un™} is 


” n 


n“0 171 «- —n 


This series is known as the Laplace series of the function /(/x, 4>) of 
position on the unit sphere. Just as for the Fourier series of a con- 
tinuous function /(/x) with respect to the power-function orthonormal 
set, and of a continuous fiinction /(<^) with respect to the exponential 
orthonormal set, it is possible to show that if /(/x, 4>) is continuous over 
the unit sphere it may be approximated arbitrarily closely, uniformly 
over the unit sphere, by a linear combination of a finite number of the 
functions (this finite combination being an average of partial sums 
of the Fourier series of /(/x, The proof of this fact is detailed, and 
we do not give it here. It may be found in Spherical and Ellipsoidal 
Harmonics by E. W. Hobson, Cambridge University Press. Taking 
this proof as granted it follows that the orthonormal set {un’”} is 
complete (prove this), and this serves to quantize the integer m which 
occurs in the formula 
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for those solutions in which the space polar coordinates are completely 
separable. In the first place if /r is not a (non-negative) integer and 
we denote by Mj^ any solution of Legendre’s associated equation over 
[ — 1, 1] then /(m, <t>) = is orthogonal to every vector of the 

complete orthonormal set {u»®} by virtue of the general principle of 
orthogonality of surface harmonics. Hence /(ju, <#>) s 0; this quan- 
tizes k to the non-negative integers. If n is any non-negative integer 
and m is any integer greater than n let us denote by ilf any solution 
of Legendre’s associated equation over [ — 1, 1]. Then f(ji, <l>) = 
is orthogonal to every member of the complete ortho- 
normal set {u»“} (why?) so that f(jx, <l>) = 0. Thus we have the fol- 
lowing fundamental result: 

If Legendre’s associated equation 

{ 772^ I 

kik + 1) - ® 

possesses over [—1, 1] a solution which is not identically zero then 
1. % is a non-negative integer n; 

2. m is one of the n -t- 1 non-negative integers 0, 1, • • • , n. 

Note. Pay particular attention to the closed nature of the interval 
[—1, 1] in the statement of this theorem. 0n’“(/t), for example, is not 
a solution of Legendre’s associated equation over [—1, 1] since 0 »’"(m) 
is not differentiable at the end-points ± 1 of this interval. 

EXERCISES 

1. At what points of the unit sphere arc Pi, Pi’ cos and Pi‘ edn ^ zero? 

2. At what points of the \init sphere are Ps, Pj’ cos <t>, Pj’ sin 4>, Pj* coa 2^, 
and Pi* sin 2^ zero? 

5. The power series solutions of Bessdl’s equation 

We have seen in Chapter 5, Section 2 that the solutions of Laplace’s 
equation AzF = 0 in which the cylindrical coordinates (p, <t>, z) are 
completely separable are of the form 

V = |e±“‘, 

Kmioip) f j 

where m is quantized (by the requirement that P be a uniform function 
of position) to be a (non-negative) integer. The functions Jm{ctp), 
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are linearly independent solutions of the equation (Bessel’s 
equation of order m): 


We shall consider first the case m = 0 so that the equation we have to 
discuss is BesseVs equation of zero order 

+ jp = 0. 

We shall regard { as a complex variable, and on writing our differential 
equation in the form 

Pu ^-\Pi-P 

it is clear that the point { = 0 is a singular point of the differential 
equation (i.e., that at least one of the coeflSicients (of and P) is not 
analytic at J — 0) . There is a general theorem on second-order linear 
differential equations in the complex field which says that if f = 0 is an 
(isolated) singular point of the differential equation and if (1) the 
coefficient of P when the equation is solved for P^j, is either analytic 
at f = 0 or has { = 0 as a simple pole and if (2) the coefficient of P, 
when the equation is solved for P^g, is either analytic at J = 0 or has 
f = 0 as a pole of either the first or second order then the differential 
equation has a solution which may be written, in a neighborhood of 
f = 0, as the product of a power series in J by a power of a being 
some complex number. 

Note* The theorem just stated is part of a theorem known Ss^Fuchs^s 
theorem (after L. Fuchs [1833—1902], a German mathematician). A 
singularity of the type described is known as a regular singular point. 

In order to determine a solution of Bessel’s equation of zero order 
of the type described we set 

P = Hco + + • • • + _j. . . . 4. 

whem Co 5 *^ 0. On substituting this expression in Bessel’s equation we 
obtain a power series whose sum is zero over a neighborhood of f = 0. 
Since each coefficient of this power series must be zero (why?) we 
obtain the following series of equations: 
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Coa* = 0; 

ci(« + 1)* = 0; 

C2(a + 2)* + Co = 0; 


<V(« + jy + Cj-2 = 0; j = 2, 3, • • ■ . 

The first of these equations tells us that a = 0, the second that Ci — 0, 
and the remaining coefficients are determined by the formula 


Cj= - 



3 = 2, 3, 


Hence Caj+i = 0 (why?), cy ~ (— 1)^ (2»)(4») 
tion is 

to [1 - ^2 + (22) (42) - • • • + (-1)’ (22)(4=) . . . (2;)2 ■'■ ■ ■ J 


The function inside the brackets is known as Bessel’s function of zero 
order of the first kind and is denoted by Jo {^) : 


1 2* (2»)(4*) 




n\n\ 


The power series which defines /oCS) converges for every (finite) value 
of (Prove this.) 

Since the quadratic equation which determined a, namely a* = 0, 
had a = 0 as a double root, Fuchs’s theorem (porf of which we have 
already quoted) assures us that Bessel’s equation of zero order possesses 
a second solution of the form 

P = J o(f) log { + to({), 

where w(i) = oif + 02 ^* + • * • + o„f" + • • • is analytic, and 
zero, at 5 = 0. Upon substituting this expression for P in Bessel’s 
equation of zero order we find that w>({) must satisfy the following 
differential equation: 

+ Dw + fw = —20/0, 
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where D denotes differentiation with respect to Upon equating 
coefficients of like powers of ^ on both sides we obtain the following 
series of equations: 

Oi = — 2ci; 

2*0, = -(2)(2)c2; 

3*0, + oi = -(2)(3)c,; 


pOi + = -(2)(j)ci = T'Ci-a; j = 3, 4, • • ■ , 

where J o(5) = 1 + ci^ + + • • • . Since ci, cs, Cs, * • • are all 

zero it follows that ai, as, as • • * are all zero. The second of our 

series of equations tells us that oj = -c, = the fourth that 


04 


- - «>) - pO + 0 - - (i +1) 


and so on. Thus 


6*(6"* (2*)(4^(6*)0+i + 5) 


and, generally, 


a^/ = 


(2*)(4*) 


(2j)‘ 


' + 2 + 


+ 


j}' 


This second solution of Bessel’s equation of zero order which we have 
obtained is known as Bessel’s function of zero order of the second kind 
and is denoted by the symbol Ko{^ : 

■K’o(€) = J o(J) log I 


2* (2*) (4*) 


2 ) (2*) (4*) (6*) 2 3 ) 


(2*) (4*) (6*) 

Appl 3 dng the same method to Bessel’s equation of order m 
J*D*P + 5DP + ({* - m*)P = 0 
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we finH first that a = ±m. In the case we are discussing m is quan- 
tized so as to be a (non-negative) integer, but it is useful (in other 
connections) to develop the solution of Bessel’s equation “of order m” 
when m is not an integer. For instance the case where m is “ an integer 
plus I-’’ is important in connection with those solutions of the wave 
equation in which the radial coordinate r of a system of space polar 
coordinates is separable from the angular coordinates (0, 4>) (see Exer- 
cises 12 and 13, p. 135). We shall, therefore, ignore the fact that m is 
quantized to (non-negative) integral values and proceed on the 
assumption that m is any (positive) number. The two roots of the 
quadratic equation which determines a are distinct since m 9^ 0; their 
difference has the numerical value 2m, and if this is not an integer we 
obtain two linearly independent solutions of the differential equation 
by setting first a = m and then « = — m. We denote these solutions 
by Jmi^) and J'_m(?) so that /».($) is the product of a power series, 
which is different from zero at | = 0, by while ^-^(f) is the product 
of a power series, which is different from zero at | = 0, by 
On substituting P = Cof“ + + • • • + -f- • • • in the 

differential equation 5*D*P + {DP + ({* - m*)P = 0, the equations 
which determine a and the coefiBLcients ci, C2, • • • (the latter in terms 
of Co) are 

(a® — in^)ca = 0; 

{(a -1- 1)® - ms}ci = 0; 

{(« + “ W®}cy -f- C;_2 = 0; j = 2 , Z, ••• . 

Since m > 0 none of the coefficients of Ci, cj, - ■ • in these equations 
is zero when a = m. Hence ci = 0, and it follows at once that Cj, Cs, 
• • • , can+i, • • ■ are all zero. Furthermore 

_ Co £* 

(a 4- 2 + m) (a -|- 2 — m) ’ * (a -|- 4 -|- m) (a -|- 4 — m) 

and so on. On setting a = m we obtain 

Co _ Ci Co 

" 2®(m + 1)(1)’ “ (2®)(m + 2)® “ 2*(m -H 2)(m -h 1)2!’ 

• • • ; = (”l)'2®>-(m-|-j) • • ■ (m-|-l)(i!)' 

On replacing Co by Co r(m -f- 1) we obtain the formally simpler 
expressions 
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Ct — 


Co 


r(m + 2 )(ll)’ 


Ct = 


Co 


r(ffi + 3)(2!)’ 


Csf = 


Co 


r(m +3 + l)(j!) 


Note. r(j8) is the gamma function which is defined for all complex 
numbers jS whose real part is positive by the formula 


m 


-i 


dt. 


When jS is a positive integer we have 

r03) = 08-1)1 

(it being agreed that 01 = 1(1) = 1). When /9 = -J- we have 

r(i) = 

We have, then, the following solution of BesseFs equation of order m 
(obtained by setting Co = 

2»» 


/»(0 = 


1 


r(m + 1) \2/ r(m + 2)(1 1) \2. 


+ 


m+2 


1 


wi+4 


so 

=i:<- 


1)" 


r(w + n + l)(n!) 


(I) 


r(m + 3) (2!) \2, 

w»+2» 


When m is an integer r(m + p + 1) may be replaced by (m + p) !. 
For example, 


Jiii) — I — + 


f® 


2 (2^)4 (2*)(4»)(6) (2*)(4»)(6*)(8) 


+ 


EXERCISE 

1. Show that J^({) — ^ sin HiTU. Bemember that r(^) =» 

When 2?71 is not an integer (so that none of the coefiSicients in the 
equations which serve to determine Ci, cj, • • • is zero) we obtain a , 
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second solution of Bessdl’s equation of order m on setting a — —m. 
This second solution is 




If m < 1 


{- 


+ 




2»(1 - m) (2*)(4*)(1 - m){2 - m)(2!) 
2 »» 


we may set co = 


r(l — m) 

tion so obtained by the symbol 


, and we denote the solu- 


= 


(ir (ir dr 


r(l - m) r(2 - m)(l!) r(3 - m)(21) 

^\— »»-H2n 




r(n + 1 — m)(nl) 


The (apparently) exceptional case m = -J- falls under this formula. In 
this case the coefficient of ci is zero, but this only means that ci is 
arbitrary. On setting ci = 0 we obtain a multiple of (as 

defined above). If we do not set Ci = 0 we simply obtain a linear 
combination of /-) 4 ({) and 


EXERCISES 

( 

2. Show that J-aiO = I — j cos f. 

3. Show that the change of dependent variable P ^ tiansforms Bessel’s 
differential equation of order m into 

4. Deduce from the result of Exercise 3 that TauBt be a constant multiple 

of sin € and that must be a constant multiple of cos Hint. 

is a linear combination of cos ^ and sin Since is zero at $ “ 0 

it must be a constant multiple of sin f. Similarly (^) is a linear combination 

of cos ^ and sin being an even function of ^ it must be a multiple of cos 

5. Verify that a/i(^) “ — D/oCi). 

In order to obtain the second solution Kyn{X) of BessePs equation of 
order m, when m is an integer, we combine the two equations 
•J2D2P + 5DP + ({2 - m2)P = 0; 

+ ({2 - mO/rn * 0 
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as follows: Multiply the first equation by the second by —P, and 
add; we obtain, on dividing through by 

- PDV„) + (JJOP - PBJJ = 0. 

Since (/„D*P — PDVm) = D(y„DP — PDJm) it follows that {(/™DP 
~ ^*D/„) is a constant (why?). Hence 



where the constant C is not zero since we take it as granted that P is 
not a constant multiple of J „• f is a power series in f which starts 

p 

out with the term. Hence — is a constant times log f plus a 

power series in ^ plus some terms involving negative powers of the 
lowest power of { being the — 2mth power. Since it is shown, in the 
proof of Fuchses theorem, that the constant which multiplies log f is 
not zero we can take it, without lack of generality, to be 1 (why?). 
Hence 

P = /«» log { + V){Q, 

where w?(f) is a power series in ^ plus the sum of a fibuite number of terms 
involving negative powers of {, the lowest power being the — mth. 

Upon substitution of this expression for P in Bessers equation we 
obtain 

+ ^Bw + (52 - 17 ^ 2 )^ = - 2 ^BJ„,. 


On setting w = + oir^+i + • • • + + V we 

nM) 

obtain a series of equations which serve to determine the coef5.cients 
®o, Ui, ■ • , The first of these equations tells us nothing about 
ao; the second (-2?7i + l)ai = 0 tells us that ai = 0; the third 
2(-2m + 2 )a 2 + uo = 0 tells us (provided that m > 1) that a 2 

~ 2^(m — 1)' fourth equation 3(— 2m + 3)a8 + Ui = 0 tells us 

that o, = 0 (why?). In this way we see that all the coefficients 
Uif+i are zero and that, if m > 2, 


4(2to - 4) (2<)(m - l)(m - 2)2l' 
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Similarly 


Oe = 


ai 


ao 


(6) (2m — 6) 2*(m — l)(m — 2)(m — 3)31 

and, generally, 


if m > 3, 


do 


2^m(m - 1 ) 


(m - j)j\ 


r,; j = 1, 2, 


, m — 1. 


When we reach the term os» its coefiBlcient is zero, and we have the 
equation 

® 2 »n — 2 “ 2mCo, 

where Jmi^) = co?" + C2p“''‘® + • • • so that co = 

1 

a2»-2 - 

so that (from the formula for an, with j = m — 1) 

oj = 2*(“"W(m — l)!(m — l)!a2m-2 = — 2”“^(m — 1)1. 

The coefficient a2n> is undetermined (which is only another way of 
saying that P is indeterminate to the extent of an additive constant 
multiple of /m(|)). The remaining coefficients 02»+2, 02m+4, • * • ,are 
determined by the series of equations 

2(2m + 2 )a 2 m +2 + a 2 )i» = — 2(m + 2 )c 2 ; 

4(2m + 4)o2m+4 + 02m+* = — 2(m + 4)c4; 

6(2ot + 6)a2»+« + 02»+4 = — 2(m + 6)04; 

and so on. The first of these equations 3delds 

OiM-s 2 m + 1/ 4(m + 1) 

If we set 

£5 I 1 _L 

4(m + 1) 2 \ 

we obtain the relatively simple formula 

= -2(i + 1+ 2'^--- + ^ ^ i)' 
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a- 1 

Since “ “ ~ definition of ajm may be put in the form 


--|(‘+5+-"+;)- 


N ote. The reason for the particular choice of the value of jiist 
made will be explained in the following section. 

The second of our equations yields 


2 V2 m + 2/ (2*)(m + 2)2 

and since, by virtue of the rdation cj = - 4 (m + 2)(2<;4), 

®2in+2 ^4 f - . ^ , 1 \ 

2*(m + 2)(2) "2 v + ^ + • • • +;rn) 

we obtain = -|^(l+^ + H--+** - H — Y 

2 \ 2 2 m + 2/ 


<t2in+2 

22(7n + 2)(2) 


we obtain < 


Continuing this argument we obtain the general formula 

«««= -f l(l+|+ • • • +j) + (l+i+ • • . 

We denote by the solution of Bessel’s equation of order tn 

obtained in this way; thus 

^«(?) = JM) log I - I j(m - 1) ! 

eo 

-^'.|(i+ 5 + • ■ • +j) + (i+i+ ■ . . +j^)}r-». 


where /„({) = cof" + + . . . + caff“+*» + • • • , so that 

Ci} = (—1)# 4- 2^*^j!OT + j!. 

EXERCISE 

6, Write out the es^reseion for Kii(), and verify the relation 
SiCf) = -DK, (t). 
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6. The recurrence relations for Bessel functions 

The relations of Exercises 5 and 6 of the preceding section are special 
cases of the following general theorem: 

{^j; {^^}- 

To prove this theorem we observe that if Pm(i) is any solution of 
Bessel’s equation of order m then 


RM) = ^ 

satisfies the differential equation 

+ (2m + l)Dfe„ + = 0. 

In fact DP„ = D^R„ = + 2mf— 

+ m(m — so that 

{*D*P„ + fDP„ +(e- ni»)P„ 

= + (2m + 1)DB„ + 

which proves the statement. Set, now, f and denote differenti- 

ation with respect to f by the ssonbol d so that 

DP„ = (dR„; = dB„ + = 6P„ -1- 2f5»P„. 

It follows that 

2f5®P» + 2(m -H l)dBm + Pm = 0, 
and on differentiating this equation with respect to t we obtain 


2f5*Pm + 2(m -|- 2)S^Rm -j- SBm = 0. 

In words: 

SBm is a solution of the equation which Bm+\ satisHes. 

Returning to the original dependent variable Pm and independent 
variable ( this result appears as follows: 


If Pm is any solution of Bessel’s equation of order m then 




is the quotient of a solution of Bessel’s equation of order m + 1 by 
An equivalent statement is the following: 

If Pm(0 Is any solution of Bessel’s equation of order m then 


is a solution of Bessel’s equation of order m -f- 1. 
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Wien P„(f) is ^ is a power series and so 


the 


product of a power series by Hence which we know 

to be a linear combination of /«+!({) and the second solution, 
or «/-rm+i)({) as the case may be, cannot involve this second solution. 

Hence is a constant multiple of On checking the 

derivative of the second term of against the first term of Jm+i{£) 
we find that the constant multiple is — 1. Hence 

- -PD {i^j. 


or, equivalently, 


Jtn+l{^) _ _ 1 f Pro({) | 
1 1 / 


Jm+l 


When P„ is K„(Q , {“D 


Y-p-yisali 


linear combination of Jm+i({) and 




is 


1 , 


•Km+iCi) • Since the coefOlcient of log { in 

= -/m+i(£) and since the coeflacient of log £ in is J.,.+.i(£) the 

coefficient of is the linear combination of Jm+i(£) and E^m+i(£) 

which furnishes £“D is —1: 

(^} = ^-^-fi(£) - Ji:»+i(£). 

On comparing the coefficients of £^’- in this equation we find that 

1 


A = 0. In fact = (co -|- C 2 £* + 


1+1+2+ 


£« 

+ 




--C* 


■ . . ) log £ + • 

SO that the coefficient of 


{ 

S in D {^>1 {i + 1 + . . . +^J. However, the 


Co for Jhk.i = 


— — 2c2 so that the coefficient of 


2**+i(m + 1)1 

in Z»i+i(£) = — cj |l + - + . . . ^ ^|- Hence A = 0. 

1 -6 m H- Ij 
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Thus 




-£"D 


or, equivalently, 




-Id 


^m+1 

€ 

1 ) 


Note. It was in order to have this relation that the particular choice 
1 l\ 

1 + - + • * • H — ) for the constant that occurred when 

< Z 771 / 

we were defining Km{l^ was made. 


-f(' 


EXERCISES 

f2Y 

1. Show that J^(^) = I ) (sin f | cos ^). 

2. Show that if Pm is any solution of Bcssers equation of order m then 
I D(^Pfn) is a solution of Bessel’s equation of order (m — 1). 


(f) 

3. 

(0 


3. Show that 




= /w-i or, equivalently, that 


Note. When m is half an odd integer, so that 2m is an integer 

without m being an integer, the second solution of Bessers equation may be 

obtained from by repeated application of the formula Jm-\ * 

ThusJ_w(«) :■/-«(€) =€«D(r^V_> 4 («}, and soon, 


4- Show that 

5. Show that = Km^i or, equivalently, that « 

Hint. Check the coefiBcients of on both sides of the relation 


I "Di^Km) =» A/m-i -f- Xm-i to show that .4=0. 

Hint. 


6. Show that 
the two relations 


Eliminate DJm from 




./m(« 


Jm-M) 


(f) 




7. Show that {l/fm+iCJ) -f => 2mKmi^). 

8. Show that D./„({) - il/»+i(|) +/„-i(4)}. 

9. Show that J-i(f) =■ —Jiii) and, generally, that if m is an integer 
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7. The zeros of the Bessel ftmctions of the first kind 
The fvinction J»(|) satisfies the differential equation 

+ fD/„(0 4- (f* - m2)/„({) = 0. 

Let a and ^ be any two complex constants, and consider the two func- 
tions /(J), defined as follows: 

m = JMY, ?(€) = JM-, » 9^ a. 

Since the operators fD and J®D® are unaffected when { is replaced by 
any multiple of itself we have 

€*Dy -f |D/ -h — wi®)/ = 0; 

|®D ®(7 -t- |Dg -I- - m?)g = 0. 

On dividing each of these equations by { they appear as follows: 

D(€D/) -h (a®| - * 0; 

I>(fDgr) -h g — 0. 

Upon multiplying the first of these two equations by g, the second by 
— and adding we obtain 


(ffD/ - fDg) + {(^Dy - fD^g) + (a® - = 0, 

or, equivalently, since (flrD®/ - fD^g) = D(gD/ - /Dy), 

DUCffD/ - /Dfl-)} -H (a® - /3®)f/j7 = 0. 

Upon integrating this relation over the interval [0, 1], provided that 
€(flfD/ — fDg) exists over [0, 1], we obtain 


^isTtf-fDg) 


I = 032 _ r 
,0 Jo 




From the series expansion Jm{Q = cof" 1 1 ^ !-•••[> 

I 4(m -h 1) J 

where Co = 2”(m!) * ^ ^ verify that 

€(ffD/ -/Dflr) = f{a/„08£)J^'«(«© - where 

J'mifiQ denote the values of DJ„({) when { is replaced by af and ;8f, 
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respectively, starts out with the term involving unless jS = — a, 
in which case it starts out with a hi^er power term. (Prove this.) 
Hence — fDy) is zero atj = 0 ifm> —1, and we shall suppose 
this to be the case. Let, now, a and p be any two distinct zeros of Jmii) 
(assuming that has two distinct zeros). Then both g and f are 
zero at 5 = 1 so that 




a*) = 0. 


It follows from this relation that Jm(|) has no non-real zeros if m > — 1. 
In fact it is evident, since J mii) is the product of by an alternating 
power series in f that J m(f) has no purely imaginary non-real zeros. 
If, then, a is a non-real zero of J «({), 5 a (since a is non-real) and 
5 5 ^ ~a (since a is not purely imaginary). Hence 5* — a® 5^ 0. 
Now, since the coefficients of the power series multiplying in the 
defimtion of Jm(f) are real, it follows that a is a zero of Jm when a is; 
in fact /m(a) is the conjugate of Jm(a). On setting, then, |8 = a we 
have, since j9* 9^ a®, 

r'€/(l)?(£) = 0. 


Since /(f) = /^(af), flf(f) = Jm(j 8 f) *= J„(af) wehavep(f) = /(f), and 

the relation /; df = 0 is absurd since the integrand f/(f)p(f) 

is non-negative and not identically zero. We have, then, the following 
fundamental result: 

If m > — 1 , /„(f) has no non-real zeros. 

Furthermore if at and aa are any two (necessarily real) distinct positive 
zeros of Jm(f) the two function-vectors 


Virwi = f’^/„(«if); Varva = f’^/»(aaf); 0 < f < 1 


are orthogonal. (We confine our attention to positive zeros ^nce 
d'm(— f) is a constant multiple of /m(f).) 

Note. The same argument is applicable to the zeros of DJm if 
wi ^ 0 . It is necessary for the argument to go throu^ that m be 
non-negative (and not merely > — 1 ) since, on writing 

Jmii) = cof” + caf^® + ■ • • , 

we have 

— mcof*"‘ + (m + 2)caf^® + • • • 


so that DJ'm(f) can have a pure imaginary zero if m < 0 . Let f = iij, 
17 real, be a hypothecated zero of DJ'm(f); then 
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m + 2 / (^^ + 4) A Y I . . . ^0 

^ m + 1 \2/ l(2)(m + l)(m + 2) \2/ 

The function of rj on the left is naonotone-increasing (why? renaember 
that m> —1). Hence if m < 0 it has precisely one positive zero. 
Since it is an even function it has precisely two zeros. Thus, 

When — 1 < m < 0, D/,„ has two purely unaginary zeros and no 
other complex zeros. If ffi and ^2 are any two positive zeros of 
the two function -vectors 

wr.wi= wt:wi = 0 ^ ^ 1 

are orthogonal. 

Having shown that /«({) has, when m > — 1, no non-real zeros it. 
only remains to discuss the situation as regards real zeros. We shall 
confine our attention to (non-negative) integral values of m and shall 
prove the following result: 

Jn(i) has an infinity of real zeros. 

It is sufficient to prove this theorem for Jo(f) in view of the recur- 
rence relations. For example the two relations 

Jx(?) = -BJoiO ; Mi) = I D 1 iMi ) } 

tell us that (1) between any two zeros of Jo(f) there lies at least one 
zero of J i( J) ; and (2) between any two zeros of f J i(|) there lies at 
least one zero of fJ'o(€). Since Jo(€) is an even function and Ji{^) 
is an odd function we may confine our attention to non-negative values 
of Then statement 2 above may be phrased as follows : (2') between 
any two non-negative zeros of Ji{^) there lies at least one zero of J o(S)- 

Note. We shall understand from now on by the phrase ''a zero of 
a nofir-negative zero of Jm- 

Assuming for the moment that Jmii) possesses zeros we know, since 
is an analytic function of that each of these zeros is isolated 
(what does this mean?). Hence in any circle with center at $ = 0 
there are only a finite number of zeros of Jm{i) (why?). Hence the 
zeros of Jm{^) can be counted^ and it is convenient to do the counting 
according to size. We shall see shortly that t7o(S) has an infinity of 
simple real zeros, and we denote these by ai, a 2 , • ■ * , where 

0 < o!i < 0:2 < * • • . 

It follows, on combining the statements 1 and 2' -with the fact that 
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{ = 0 is a zero of J i, that J i has an infinity of zeros which we denote by 
0, /3i, iS2, ‘ • and which are such that 

0 < ai < /3i < a2 < /32 < • • • . 

We express this result as follows: 

The zeros of /o(f) and interlace each other. 

On using, in a similar manner, the two relations 

J2(& = -ID {^}; = iD{|V*(£)} 

we see that Jsd) has an infinity of zeros 0, 71, ya, • • • , which are 
such that 

0 < < 7i < jSs < 72 < • • • . 

In other words the zeros (other than | = 0) of Ji(|) and Ja(() interlace 
each other, the first positive zero of JiO) being less than the first 
positive zero of J'2(|). In general, 

The zeros, other than | = 0, of Jm(() and interlace each 

other, the first positive zero of Jm(() being less than the first positive 
zero of JnH-i(S)- 

In order to prove that J o(|) has an infinity of positive zeros we set 
w = Then (see Exercise 3, p. 191) w satisfies the equation 

We combine this with the equation 

D^t; + t; = 0 

of which 2; = sin ({ — a), a any number, is a solution, as follows: Multi- 
ply the equation satisfied by by v and the equation satisfied by v by 
— lu, and add to obtain 


vw 




Since {vD^w — viD^) = D(2;Di«? — we obtain, on integrating 

over the interval [a, a + tt], a being any positive number. 


{vDw — wDv) 


la+ir 


la 


1 r°+- »>(i)^>(i) 
4 J« I® 


d|. 
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Since »({) = 0 when f = o and when { = (a + ir) and since D»({) 
= cos ({ — o) is 1 when { = o and — 1 when ^ = a + ir, we obtain 


1 

+ t) + w(a) ~ ~ ^ J “ 




Since »({)/ is non-negative over the interval [a, o -|- ir] it follows that 
w(() changes sign over this interval. In fact if to({) were non-negative 
over the interval we would have the contradiction that w(a -f r) 

•+ to(o) is negative (remember that ^ is not the zero constant function 

f® 

over [a, a -f ir]). Similarly w(Q cannot be non-positive over [o, a -j- v]. 
Since w({) is a continuous function of | (why?) it follows that «)(5) 
has at least one zero in the interval (a, a -|- «•). Thus, since io(f) 

Every open interval of length v on the positive x-azis contains at 
least one zero of /o({)- 

On denoting by ai, aa, • • • , a», • • • the positive zeros of Jo(S), 
arranged in order of magnitude, the function vectors {v„} defined as 
follows 

V* t s»({) = o(an{) ; 0 ^ 5 ^ 1 

are mutually perpendicular. To obtain from this sequence of mutually 
perpendicular vectors an orthonormal set we must determine the 


squared magnitude /: ^ o*(anf) of Vn. For this purpose we con- 

sider the relation 

tO/D/ -fDg)f = 03> - a*) fV(f)flr(f) 
lo Jo 

where 

/ = J o(at), g = J ; a and /S any two real numbers. 
Written out in full this relation appears in the form 

cJo(fi)DJo(a) - l3Jo(a)DJo(l3) = 03 * - dl 

and on differentiating this with respect to p and then setting = a we 
obtain 

«{DJo(«)}* - Jo(«)D/o(«) - aJo(a)D*Jo(«) = 2aJ^^f{ Jo(«{)}® df- 



THE ZEROS OP THE BESSEL FUNCTIONS 203 
On replacing aDVo(a) by — D/o(a) ~ aJoific) we obtain 

a{D/o(a)}® + {/o(a)}* = 2oJ^ 

Let, now, a be a (positive) zero of t/o({) ; then 

Thus the function-vectors {u»} defined by 

constitute an orthonormal set. We shall prove later (by means of a 
general result concerning integral equations) that this orthonormal set 
is complete. 

Note. The relation /; {{Jo(a5)}*(if = ■J-{DJo(a)}® assures us that 

DJo(a) 5^ 0 (why?). Hence the zeros ai, of Jo(f) 

are all simple. 

EXERCISES 

1 . Show that if a 0 is a zero of where m > — 1, then. 




and deduce that the positive zeros of Jm(& are all simple, 

2. Show that if jS is a positive zero of / 1(5) (or, equivalently, of BJoiQ) then 


3 . Show that if pij 182, 
function-vectors {u»} defined by 


• are the positive zeros of then the 


u» : 


/o(/5n) 


0 ^ ^ 1 , 


constitute an orthonormal set. 

4 - Show that if 71, 72, • • - , • • • are the positive zeros of DJmi&j m any 

positive integer, then the function-vectors {tin! defined by 

constitute an orthonormal set. 
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5. Deduce from the proof of the result of Exercise 4 that the smallest positive 

zero of is greater than m. 

6. Show that, using the notation of Exercise 4, {/m*( 7 n) } is a monotone decreas- 
ing sequdhce (m jSxed, n = 1, 2, 3, • • • )• Hint. On setting F($) =« 

m* 

^ I 


we obtain 


1 -• 




Hence is a monotone decreasing function of ^ over { > 0. At the points 
71, 72, • • • , 7 n, ’• • • , F{& = Note. This result tells us that the 

absolute values of the successive maximum and minimum values of Jmi^) steadily 
diminish as ^ > 0 increases. 
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1. Self-adjoint linear differential operators 

We have seen (Exercise 5, p. 134) that the solutions of the wave 
equation 

AtV = -.Vu 

c* 

which depend only on x and t, where x is one of the rectangular Car- 
tesian coordinates of a point in space, and for which the variables 
X and t are separable are of the form 

y = 

Here p is a constant and u = «(») is a function of x alone which satis- 
fies the equation 

D\{ 4- Xu = 0; X = p*, 

where D denotes differentiation with respect to x. (Prove this.) 
This equation governs the (free) vibrations of a tightly stretched 
string or wire, x being a coordinate along the string and u = u(x) 
being the amplitude of the (transverse) displacement of the point 
whose coordinate is x. If we denote the left-hand side of the differ- 
ential equation which u must satisfy by L(u) -f- Xu so that 

L(u) s D*u, 

L is a linear differential operator; in other words 
L(cu) = cL(u); c any constant; 

L(u 4- ») = L(u) 4- L(t)); u and v any two functions possessing 

second derivatives. 

We term L a linear differential operator of the second order to indicate 

206 
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that the hi^^est order derivative that occurs in L is the second, and 
we write 

L = D*. 

L is not the most general linear differential operator of the second order, 
this being the linear differential operator 

pD* + gD -f- r, 

where p, q, and r are functions of x which we assume to be continuous 
over some interval [o, 6]. The particular operator L = D® is special 
in the sense that its coefficients are constant functions of z: 

p = 1; 2 = 0; r = 0; 

but this is not the featiire of L = D® to which we wish to direct your 
attention. L = D® arose from a consideration of special solutions 

of the wave equation AaF = ^ Now those solutions of the wave 

c® 

equation in which the time variable is separable from the space vari- 
ables are of the form 

V = Ue*'®’", 

where p is a constant and the function U of the space variables satisfies 
the equation 

AjU “t" XU = 0; X = p*. 

The Laplacian linear operator Aj possesses the following remarkable 
property: 


(w Ajtf — V Aati) dr = 



dS', 


S the boundary of the 
region 22 


(see Exercise 20, p. 31). When u and v are fimctions of x alone As 
reduces to D®, and the relation just written reduces, when applied to a 
cylinder whose axis is parallel to the x-axis, to 


/: 


{viDh; — vDhC) dx = (wDt; — vDu) 


which is only another way of writing the relation 


iuDh) — vD^) == — vHu), 
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Now, whenL = D*, we have uLv — vLu = (uDh) — t;D*w) and so 
vLv — vLu = D(uDt; — uDw). 

Thus 

The linear difierential operator L = D^ possesses the property 
that uLv — vLu is the derivative of an expression uDw — wDu which 
involves only the first derivatives of u and v and which is a linear 
differential operator on either of the two functions « and v, the other 
being regarded as a given fixed function. 

If L = pD* -h gD -h r is any linear differential operator of the sec- 
ond kind we can obtain a relation similar to, but not as special as, the 
relation liLv — vLu — D(ttDt; — vDu) which the particular operator 
L - D* satisfies. In fact a simple application of the process of 
integration by parts yields 


J* tigD(v) dx = quv — J* 
J* tipD*(«) dx = puDv 


vD(gu) dx; 


-f 


DvD(pu) dx 


puDv - vD(pu) + J vD^(pu) dx. 


Hence 



dx 


= puDv — vD(pu) + quv + 



dx, or, equiv- 


alently, 



{wL(t;) — vM(w)} 


dx = p(uDv 


— vDu) + (g — Dp)uv, 


where M(w) = D^(pu) - D(gu) +ru so that M is the linear differen- 
tial operator 

M = pD^ + (2Dp - q)D + D^p ^ Dq + r. 

We say that the linear differential operator M is the adjoint of the 
linear differential operator L, and the relationship between an operator 
L and its adjoint M may be written as follows: 

uL(v) — — D{p(wDt; — vDu) + (g — Dp)uv}. 

From the alternating character of this relationship (i.e., from the fact 
that an interchange of u and v followed by a change of sign is equivalent 
to an interchange of the two operators L and M) it is clear that the 
relation between L and M is a partnership: 
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When M is the adjoint of L then L is the adjoint of M. (Verify 
this. Hint. You have merely to show that 2Dp — (2Dp — g) = g 
and that D®p — D(2D2) — g) + (D^p — Dg -t- r) = r.) 

When the two mutually adjoint operators L and M coincide we say 
that L is a sdf-adjoint operator. This is the property of the special 
operator L = D® to which we wish to direct your attention. This 
special operator is self-adjoint. (Prove this.) The quality of a linear 
differential operator of being self-adjoint is the analogue of the quality 
of a real linear vector function of being symmetric or of the quality of a 
complex linear vector function of being HermiUan. For this reason 
self-adjoint operators are also termed Hermitian. The criterion by 
which we can recognize self-adjoint linear differential operators of the 
second order is clear. We must have 2Dp — g = g or, equivalently, 
g = Dp, and this necessary condition is sufficient since, then, D®p — Dg 
-|- r = r. We have, then, the following result: 

The linear differential operator of the second order L = -f qD 
-b r is self-adjoint when, and only when, q = "Dpt i.e., when it is of 
the form L = D(pD) -|- r. 

For a self-adjoint operator of the second order L we have 

{uLo — vJm) = D{p(wDt; — aDu)}. 

An operator L = pD* -f- gD -|- r which is not self-adjoint may be made 
self-adjoint by multiplying it by a factor u which is never zero (it 
being understood that juL is the operator -h iitgD -1- yr)- We 
have only to determine ii so that nq = D^p). On dividing this 
relation by up and integrating we see that 


log (up) = 



EXERCISES 

771 * 

1. Show tliat the operator L = (1 — iLi*)D* — 2 aiD + n(7i + 1) — ;; which 

1 — /t* 

occurs in the theory of Legendre’s functions is self-adjoint (ai is the independent 
variable). 

2. Show that the operator L » ^*D* -f fD + ($* — wi*) which occurs in the 
theory of Bessel’s functions is not self-adjoint but that the operator ^ is self- 

adjoint ({ is the independent variable). 

3. Show that any operator of the form D* -i- r is self-adjoint. 

4. Show that the operator adjoint to the third-order linear differential operator 
pD* -f gD* H- rD + s is furnished by the formula M(?^) = — D®(pw) + D*(^w) 
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— D(rw) + 8U, and deduce that no third-order linear differential operator is self- 
adjoint. Hint. Self-adjointness would require — p = p, i.o., p « 0. 

5. Show that the operator adjoint to the fourth-order differential operator 
PqD^ + piD® + P 2 D* + psD + P4 is furnished by the formula 

M(m) = Df(po?^) — I)3(pl1^) + D*(P2W) - D(P3W) + P4W, 

and deduce the conditions for adjointness. 

Answer. pi = 2Dpo; pz - Dpa - D®pt. 

6. Show that a linear differential operator of the fourth order is self-adjoint if, 
and only if, it is of the form L = D*(pD*) + I)(gD) + r, and verify the relation 

24L(t;) — i;L(w) = DjpCwD^!; — -f (Dp)(^4D*t> — 

— p(DwD*t> — Di;D^) H- q{uDv — «;Dt4)|. 
Hint, p as poj ^ ~ D*po; r = p4. 

2. The boundary conditions; regular boundary-value problems 

In the case of the free vibrations of a tightly stretched string the 
amplitude u = u{x) of the transverse displacement of any point x 
of the string must not only satisfy the differential equation 

L(w) + \u s Ty^u -j- \u = 0^ X = p® 

but also u{x) must be zero at the (fixed) ends of the string. Taking 
our origin at the mid-point of the string (whose length we denote by 1 ) 
we must have 

"(ii)-"- 

These conditions which must be satisfied by a solution of the differen- 
tial equation L(«) -f Xm = 0 so that it may be an acceptable solution of 
the problem are known as boundary conditions, and the problem of 
determining a function u = u{x) which does the following two things: 

1. tt = u{x) satisfies tho differential equation L(it) -|- Xu = 0; 

2. u = u(z) satisfies the boundary conditions, 

is known as a boundary-value problem. The zero constant function is 
evidently a solution of the boundary-value problem, but we disregard 
this trivial solution; when we speak, then, of a solution of the boimdary- 
value problem wo shall alwajrs mean a non-trivial solution, i.e., a 
solution which is not tho zero constant function. 

The boundary conditions servo to quantize the constant X which 
occurs in L(u) -1- Xu. In fact the general solution of L(u) -J- p®u = 0 is 

( cos px 

= A COB px B sin px, 

sin px 
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where A and B are undetemoined constants. On substitution of the 
I 

values ± - for a; we obtain the two equations 

A cos ^ -1- R sin ^ = 0; A cos ^ — J? sin ^ = 0 
2 2 ’ 2 2 


vl pi 

so that A cos — = 0, R sin ^ = 0. 
2 2 


(why?) we must have either cos 



Since not both A and R are zero 

7 

0 or sin ^ = 0. Hence pi must 
2 


be an integral multiple of t so that p must be real. Since p enters the 
problem only through its square there is no lack of generality in taking 
p to be non-negative. It must actually be positive since, if p = 0, 
A = 0, and u is the trivial solution w s 0. Hence p is quantized 

to the numbers n = 1, 2, 3, • • • , or, equivalently, X is quantized 

rf'TT® 

to the values w = 1, 2, 3, • • • . We term the values to which X 


is quantized the characteristic numbers of the boundary-value problem. 
Thus 

A characteristic number of a boundary-value problem is a value of X 
for which the boundary-value problem, supposed homogeneous, 
possesses a non-trivial solution. 

Note. A boundary-value problem is said to be homogeneous when 
it is insensitive to multiplication of the unknown fimction u by any 
constant. The differential equation L(u) -j- Xz^ = 0 must be homo- 
geneous, and the boundary conditions must be homogeneous. A linear 
differential equation such as Dhi, -f- Xu = 1 is not homogeneous 


(why?), and a boundary condition such as u 



= 5 is not homo- 


geneous (why?). 

When X is a characteristic number we term any (non-trivial) solution 
of the boundary-value problem a characteristic function which is said 
to be associated with the characteristic number X. Thus, in the case 

of the vibrating string, when X = ; u = cos — j— is a characteristic 

0 L 


function when n is an odd integer, and u = sin is a characteristic 

L 

function when n is an even integer. When n is an odd integer 2k -f 1, 
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say, the amplitude u = «(a:) of the transverse vibration is zero at the 
points®* ±(2i + l)|i = 0, 1,2, • • • and when n is an even 


integer 2^^, say, the amplitude is zero at the points x 

" " ' k. The n — 1 points i (2j 1) y * 0, • 

2 


= = 0 , 1 , 

• • , J — 1 when 


n = 2^ + 1 is odd and 0, ±2j^ y = 1, •••,*- 1 when n = 2* is 


even are known as nodes. Thus the string vibrates in n separate 
parts which are separated from one another by the nodes. 



n = 3 


Fig. 37. 


We shall confine our attention for the present to second-order differ^ 
ential equations, and we shall suppose that the liT'an.r differential 
operator which is furnished by the differential equation is self-adjoint. 
An undetemuned constant X will appear in the differential equation, 
and one of the first problems we have to answer is the following: 

How is the constant X quantized by the boundary condiUonst 
An equivalent formulation of this problem is the following: 

What are die characteristic numbers of the boundary-value problemt 
We shall write our differential equation in the form 


here 


L(w) -1- Xszt = 0; 
L(u) = D{pD«} ru. 


and a = a(®) is a function of ® which we shall assume (for reasons that 
■will shortly be clear) to bo non-negative. The functions p, r, and a are 
taken to be continuous over a given interval [o, 6], and p is granted to 
be differentiable over this interval. The boimdary conditions involve 
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the values of u and Dw at the points a and b in a linear and homogeneous 
manner. We write them as follows: 


Bi{u) \ 0 Liu(<i) -f- a' iDu(cL) 4“ Piu(]b) + j9^iDtfc(6) — 0; 
B2{u) ‘. 0L2u(a) 4“ cl' iJiuia) 4“ P2u(]b) 4" iS^2Dw(6) = 0. 


Thus in the case of the vibrating string for which Bi(u) :u(a) = 0 and 
Bi(u):u(J>) = 0 ^where a = — 6 = we have (on, a'l, jSi, p\) 


= (1, 0, 0 , 0) and (0^2, ct'2, P2, = ( 0 , 0 , 1, 0 ). The vibrating string 

is an instance of a special type of boundary-value problem which is of 
great importance. For this type of boundary-value problem /?! = 0 , 
iS'i = 0 (so that the end-point h is not mentioned in the statement of 
the boundary condition Ri), and 012 = 0, a' 2 = 0 (so that the end-point 
a is not mentioned in the statement of the boimdary condition B2). 
We say that this type of boundary-value problem is unmixed (by 
which we mean, simply, that the end-points a and h of the interval 
[a, b] are kept separated from one another in the statement of the 
boundary conditions). 

Let us suppose that we have two functions u = u(x) and v = v{x) 
which satisfy the boimdary conditions Bi and B2: 


Bi{u) = 0 ; B2iu) = 0 ; J 5 i( 2 ;) = 0 ; B2iv) = 0 . 

Whether or not u = u{x) and v = v{x) satisfy the differential equation 
which is part of the boundary-value problem is, for the moment, of no 
concern to us. We denote by p2z, Vzu ' • * , 2>84 the two-rowed 
determinants which may be obtained from the 2 X 4 matrix 

/ ai a'l Pi P'i\ 

\a2 a! 2 p2 P\) 

by ignoring two of its columns (the subscripts on the p's indicate the 
columns we do not ignore and also the order in which these appear in 
the two-rowed determinant in question). Thus 

P28 = a' 1^2 “ a^2iSi; Pzi = Pio^2 — P2OL1; pi2 = aia'2 OL2a'i; 

PlA = 0 £i ^'2 "" OL2p'l', P24 = <X-'lP'2 ~~ 0 £^ 2 i 9 \; PZA “ PlP' 2 — p2p'l' 

In the same way we denote by 7 r 28 , ttsi, • • * , ^34 the two-rowed 
determinants obtained from the 2 X 4 matrix 

( u{a) Du{a) u(]b) Dw(6)\ 

v{a) Di;(a) v(Jb) 'DvQ)) ) 
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by ignoring two of its columns so that 

9-2* = DM(a)i;(6) — Dj;(o)u(6) ; vn = u(b)v(a) — v(Jb)u{a ) ; 

9-12 = «(a)Dt;(a) — v{a)Du{a); tu = «(a)Dv(6) — j;(o)D«(6); 

9-24 = Dw(o)D«(6) — Dt;(a)Du(6); 9-84 = u(6)D!>(6) — «(6)Dtt(6). 

Then it is easy to see that the ratios 

PM-P3l'Pli'Vn‘ P24 : 7>34 

are the same as the ratios 

9'i4 : 9'24 : 9'34 : 9'23 : 9’SI : 9’12. 

(Note the rule: 9-;* corresponds to if Qmjk) is an even permutation 
of 1234.) To prove this we eliminate u{a) from the two relations 
Bi(w) = 0, Btiu) = 0 obtaining 

pi2D«(a) -1 - Pi3m(1>) -|- piiDuQ)) = 0. 

Similarly pi2Dj;(a) + piavib) -1- pi4Dt;(fc) = 0, and on eliminating pi2 
from these two relations we obtain 

P139-23 + ?5149’24 = 0. 

Since psi = —pu it follows that paiipu — iru'-'jrss, and the equality of 
the other ratios may be similarly proved. 

The boundary-value problems for which 

p(o){u(a)Di;(a) — D(o)Dtt(a)} = p(b) {u(b)Dv(b) — a(h)DM(6)} 

(where u = u(x), v = v(x) are any two functions which satisfy the 
two boundary conditions and where p = p{x) is the coefficient of D* 
in the self-adjoint operator L) are particxilarly important and simple. 
We term such boumdary-value problems regular, and we sliall confine 
our attention to regular boundary-value problems. Since 

«(a)Dt;(a) — i;(a)DM(a) = 9-12, u(6)Du(l!>) — i;(6)Di4(5) = 9-84 

and since 9-12: 9-34 = P34:pi2 we have the following result: 

The boundary-value problem 

L(u) -H Xsu = 0; Bi(u) = 0; Ba{u) = 0 

is regular when, and only when, 

p{a)pzi = .^(b)^i2. 

Since pu and P34 are each zero for an uiunixed boundary-value problem 
(why?) we see that 
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Every lumixed boundary-value problem is regular. 

The characteristic feature of regular boundary-value problems which 
makes them particularly simple is the following: Since tdliCa) — aLCu) 
= D{p(«Da — aDu)} it follows that 

/•b ]» 

I {tiL(t)) — t)L(u)} dx = p(uDv — vDu) . 

Ja o 

Hence if u and v are any two functions which possess second derivatives 
which are continuous (or piecewise-continuous) over [a, b] and which 
satisfy the boundary conditions Bi and Bt then 



— } dr = 0 


if, and only if, the boundary-value problem is regular. Note carefvMy 
that u and v are any two functions satisfjdng the boundary conditions 
for which L(«) and L(j;) are piecewise-continuous over [a, &]. It is by 
no means implied that u and v are solutions of the boundary-value 
problem. 

EXERCISES 

1. Show that if « and v are two solutions of the boundary-value problem (sup- 
posed regular) oorresponding to diSerent characteristic numbers X and m then 


j: 


SUV dx 


0 . 


Hint L(u) + Xsu « 0, L(t;) + /xst; = 0. Hence yL{v) — ■» (X — 

i . , . 

J 2 Bin nvirx 

7 "T'l dx ^ Oj n m ^ lf2, • • • 

_ I cos ^ ) cos ^ 

is a consequence of the fact that the problem of the vibrating string is a regular 
boundary-value problem. 

3. Show that the characteristic numbers of a regular boundary-value problem 
are real (the coefficient functions p, r, and « ^ 0 which occur in the differential 
equation being real as are also the coefficients a and which occur in the boundary 
conditions). Hint. If u = w(a;) is a (non-trivial) solution of the boundary-value 
problem which corresponds to a characteristic number \ then v = «(a?) is a solution 
of the boundary-value problem which corresponds to the characteristic number 

r 

jii » ^ If X is not real m X and so I sHu do; » 0. Since a is by hypothesis 

r 

non-negative (and not identically zero) the rdation I sHu da? « 0 is absurd (why?) . 

Hence if a characteristic number exists at all it must be real. 

4. Show that if a regular boundary-value problem has two distinct characteristic 
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numbers X and /i (so that X and /* are real) and if u and v are solutions of the bound- 
ary-value problem which are associated with the characteristic numbers X and a, 
nh 

respectively, then I mv dx = 0. Note, This important result may be phrased 
as follows: 

If a regular boundary-value problem has two distinct (real) characteristic 
numbers X and ju and if u and v are solutions of the boundary-value problem which 
are associated with X and m, respectively, then the function -vectors vi and V 2 
defined by 

vi(x) « s^u(x); Vi(x) = B^^v{x)) a ^ x ^ h. 

are orthogonal. 

It follows that if a regular boundary-value problem has an infinite sequence of 
distinct characteristic numbers Xi, Xa, • • • Xn, • • • there is associated with the 
boundary-value problem an orthonormal set. One of the mnin results which we 
shall prove in the next chapter is the following: 

Every regular boundary-value problem possesses an infinite sequence of charac- 
teristic numbers. If all, or all but a finite number, of these characteristic numbers 
are positive the corresponding orthonormal sequence is complete. 

3. The Green’s function of a regular boundary-value problem 
for which zero is not a characteristic number 

We know that the characteristic numbers of the boundary-value 
problem of the vibrating string 

(D* + X)« = 0; = «(|) = 0 

are the numbers X = n = 1, 2 , • • • , Thus the boundary-value 

problem of the vibrating string does not have zero as a characteristic 
number; in other words the boundary-value problem 

D% = 0; «(-0 = O; «(|) = 0 

does not have any solution other than the trivial one « = 0. An 
important class of boundary-value problems shares this property with 
the boundary-value problem of the vibrating string. No problem of 
the class has zero as a characteristic number. We shall treat this 
class of boundary-value problems first and shall consider later those 
boundary-value problems which have zero as a characteristic number. 

Assuming, then, that zero is not a characteristic number of our 
boundary-value problem 

L(tt) -1- XsM — 0; J5i(w) = 0; = 0 
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•we know that the boimdary-value problem. 

L(u) = 0; Bi(u) = 0; BsCu) = 0 

has no solution (other than the tri-vial one it s 0) . In other words the 
conditions imposed on it are too stringent to permit the existence of a 
(non-trivial) solution. We lighten these conditions in the slightest 
possible manner as follows: We still demand that it = it(a:) satisfy 
the boundary conditions J5i(it) = 0, Bi(u) = 0, and we demand that 
it satisfy the differential equation L(ii) = 0 at every point except one 
of the interval (a, h]. At this point (which is an arbitrarily selected 
point t of the interval) we do not demand that u possess a second 
derivative or even a first derivative so that the operator L becomes 
devoid of meaning at the point t for the (non-trivial) solution (of the 
listened (or weahened) boundary problem) which we are attempting 
to determine. This solution is a function of the interval variable 
a ^ X ^ I which depends on the accessory variable or parameter t. 
We shall see shortly that it is unambiguously determinate if we impose 
a certain condition concerning the permissible discontinuity of the 
first derivative at the point ( (no discontinuity in the function itself 
being permitted). This unambiguously determinate solution of the 
lightened boundary-value problem 

L(u) =0; X 9^ t] Bi(u) = 0; B^iu) = 0 
is kno'wn as thedreen’s function of the original boundary-value problem 
L(it) + "hsu = 0; jBi(it) = 0; Bi{u) = 0 


(after G. Green [1793-1841],. an English mathematician). We shall 
denote it by the S3rmbol 


The upper symbol x indicates the variable of which G ^ y is a function, 

and the lower symbol t indicates the point of the interval [a, 6] at 
which a discontinuity in the derivative DG of G is permitted. 

Note. We use the S3rmbol 0 h in anticipation of the result, which 


we shall shortly prove, that there is closely associated with G | 



GREEN’S FUNCTION 


217 


linear integral op^ator K : K 



which serves to replace the linear dif- 


feremUal operator L + Xs and the boundary conditions B\ jgj. 

The fact that we have selected a point t of the interval [a, h], at 
which the linear differential operator is devoid of meaning when applied 


toG 


forces us to consider two intervals [a, «] and [t, 6] rather than 


the single interval [a, b]. 


The function G 


/x\ 

II must be a solution of the 


equation L{G) = 0 over each of the two intervals, but it need not be the 
same solution. In other words, if Ui = Ui(z) and li* = Ui(x) are two 
linearly independent solutions of the equation L(tt) = 0, the Green’s 
function which we are seeking must be a linear combination of Ui and 
Ui over each of the intervals [a, t\, U, b], but it need not be the same 


linear combination over these two intervals, 
the linear combination 


We denote by Oi 



Gi 



— CiUi{x) + CaUt{x) 


over the left interval [a, <], and we denote by Or 
tion 


fx\ 

( I the linear combina- 




CiUiix) + CtUt(x) 


over the right interval [«, 6]. Warning. Do not fall into the mistake 
of thinking that there are two Green’s functions Gi I 


■(:)' 


<?i [ J is a function of the interval variable [a, f] while O 


fimction of the interval variable \t, 6]. The Green’s function G 

of our boundary-value problem is a function of the interval variable 
[a, 6] which is defined as follows: 


0 
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G 


The two functions 0\ 


/x\ /®\ 

G I 1 = I over [o, f], i.e., i 


if ® ^ 
over [i, h], i.e., if a; ^ t 




must fit together at the point t 


which is common to their intervals of definition [o, i] and \t, b], respec- 
tively. This establishes one linear, homogeneous relation between 
the four coefficients (ci, ca, Ca, c^) of the two linear combinations of 


Ml and Ma which serve to define 0\ 




this relation is 


CiUi{() + — C8Wl(0 + 


The fact that 0 


(:) 


must satisfy the two boundary conditions 

Bi((?) = 0; Ba(G) = 0 


imposes two more linear homogeneous relations between the four 
coefficients, (ci, Ca, Ca, ci), namely, 

«a(;) + + m.Q + - 0: 

“^(t) (t) (<) (t) “ 

We suppose that these three linear homogeneous relations between the 
four coeflBlcients (ci, C 2 , Cs, Ci) serve to determine the ratios of these four 


coefB.cients. Then G 
constant. 


(:)‘ 


is determined up to a multiplicative 


Example 

For the boundary-value problem whose solution determines the free 
vibrations of a tightly stretched string L = D* so that we may set 


Ml = 1, Ma = X. 


Hence Gi (:) = Cl + ctx; = Ca + and 
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the fitting together relation Gi ^ J = Gr ^ J yields ci + Cai = 03 + cj,. 

(- V 2 \ 7 

The boundary condition BxifiG) = 0 is Gj ( j = 0 so that Ci — ca ^ 

/Z/2\ 7 

= 0 ; the boundary condition £2(C?) = 0 is G*r ( 1 = 0 so that c» + C4 ^ 

= 0. Hence Ci = ^Ca; c, = - |c4, (^ + *)«* = (- ^ + «) c* so 
thatci:ca:cs:c4 = 2^” 2 ~ 2 ~ 2 (2 ^ 

® C) " “ (" ^ + ‘) G + *)' C) - ^ G + ‘) (“ 5 + 4 

where c is an undetermined constant. 

The undetermined multiplicative constant c is fixed by the following 
requirement: 

The reason for this (at present artificial looking) requirement will 
be clear in the next paragraph. It requires that p({) DGA] 

/A \ ‘ \w 


— DGf I be different from zero over [a, &], and we shall makp, this 
assumption. 

In the case of the vibrating string 

DftQ. , = IXJ.Q = C.-«(| + ,) 


so that DGi 


1 = — cZ. Since p(Z) = 1, c = — — • Hence 


the Green’s function for the vibrating string is 
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Thus the graph of the Green’s function for the vibrating string is 

a broken line connecting the two ends 0^ of the string, the 

slope of the left part of the broken line being 
^ greater than the slope of the right part by 1. 
The Greenes function of a regular self- 
adjoint boundary-value problem possesses a 
remarkable property: 

is a S3rmmetric function of the two variables {x, t)\ i.e., 




In order to prove this let h and U > ti be any two points of the open 
interval (a, 6), and consider the two functions u{x) 


-0 


-0 


v{x) 


Then we have to prove that M(fj) = Since both u 

and V satisfy the boundary conditions Bx and Bt (why?) and since the 
boundary value problem is regular we know that 

h 

pCiiDt) — vDti) = 0. 

a 

Furthermore, since the boimdary-value problem is self-adjoint, we 
know that, at any point x where v, and v possess second derivatives, 

D{p(«Dv — vDtt)} = zdj(a) — vL{u) = 0 


(why? 


Remember that L 



0 for every t) . Since u does not 


possess a hrst derivative at a; = and since v does not possess a first 
derivative at a: = fe this relation is meaningless at the points h and fe; 
however, it is true over the open interval (<i, fe) and the half-open 
intervals [o, ii) and (i, 6], and on integrating it over these intervals we 
obtain 


p(i/Do — vDv) 


l<i— 


+ 


l<«- 


< 1 + 


+ 


<>+ 


= 0 , 


where we mean by a symbol ii-t-, for example, that we take the limit of 
p(«Dj> — pDu) as X approaches tx through values greater tbnn tx. 
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Ui- Us- 


Ui- u*- 


p(uDv — + + = p(ul>v — vDt^) + + 


Ui+ |ij+ 


\ti+ \U+ 


since each side means the same thing, namely, the sum of the values of 
p(mDv - vD«) at the points h—, U—, b less the sum of the values of 
p(uDv — vDu) at the points a, ti+, and ti+. The first of the three 
terms in the expression on the right is zero (why?) ; since p, u, v, and 

Dt> are continuous at a: = tithe second term = —p{ti)v(ti) jouj | 

and since p, w, v, and Dw are continuous at » = <2 the third term = 


p(ti)uih) 


Dv 

I ««+ J 


Hence we shall have uiU) = v{ti) if, and only if. 


p(<2)D(t;)|^^^ = p(ti)D(M)| 


or, equivalently. 


pix)DO 


(I- 


V{x)l>0 1 


We arrange the multiplicative constant which remained undetermined 
/x\ 

in the definition of G I J so that this equality is valid; in other words 


we determine this multiplicative constant (which is a function of t) 
so that is independent of t We choose it to be 1 


(note that this choice makes p(0DGi^ j greater than p(^)DG'r^ j). 
We have proved, then, the following result: If a < h < tz < b. 


0-<3 


Since this relation is equivalent to the relation 


S,nd since Gi 


AV 

I I IS a 

\w 


<9 - <) 


continuous function of ti over [a, < 2 ] it follows that 
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/k\ /a\ 

(?J ) is a continuous function of ti over [o, fe] and that (ril I = 

= o( )• Thus 


^ z ^ b; a ^ t ^ h. 


Warning. Be careful, in checking the Green’s function of a bound- 
aiy-value problem for symmetry, that you do not thoughtlessly merely 


interchange z and t in either 6i 




in general, symmetric; the symmetry 


by the rdation 


or 6r Neither G, 


nor 


is expressed 


•‘Q-’-O 
'(:) 


‘C) 


Thus once you have Gi ( ) you may vrrite down G, ( J by merely 

interchanging the variables (a;, t) in the expression for Gi ^ How- 
ever, this is merely a convenient memory rule since, in order to deter- 
mine Gi (:) . you hare to stoultaueouiy delonuiue ft Q- 

4. The Green’s function as a linear integral operator 


/x\ 

Let 01 jhe the Green’s function of a regular self-adjoint boundary- 

value problem (for which zero is not a characteristic number), and let 
h = h{x) be any function which is continuous over [a, h]. We regard 
the function h of the interval variable [a, 6] as a function-vector h| and 


we regard the function G 




the square variable a ^ x ^ 6, 
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Gh 




h(t) dt — k{x ) ; a ^ X ^ b 


is a new function-vector k whick is in important respects smooOier 
h. Thus k{x) is not only continuous but differentiable over [o, 6] 
while h(x) was not assumed to be differentiable over [a, 6], To show 
that k(,x) is differentiable over [a, 5] we write its definition in the form 

k(x) = *+£<?(*) h(.{)dt 

!>(:) 


Since both (?, 


-r‘C) 


dt “H 


|h(2) dt 


are differentiable (with respect to x) over 


[a, 6] it follows by the rule for differentiating an integral that k{x) is 
differentiable over [a, b] with 


Dii = a O'*'*' + X I>Or(^^h{t) dt - 6l ("V») 


+ 


|h(<) dt + 


since G, 


-/>C) 


x>C) 


/>‘C) 


|h(Q dt 


|h(t) dt 


Thus Dfc may be written in the form 


DA- = dt. 


TFamin^r. Do not fall into the error of trying to obtain this result 
“cheaply” by merely differentiating, under the sign, the integral 


!”(:) 


\h(t) dt which furnishes k(,x). This is not a legitimate pro- 


cedure since 0 


(:)" 


not differentiable over [a, 6] (although Gi and Or 
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are differentiable over their intervals of definition). The fact that the 
incorrect procedure would furnish the correct result is due to the 


(accidental) facts that G, 


e)-*o 


and that h is continuous at x. 


It follows by repeating the argument that k{x) is not only differenti- 
able over [a, h] but that it possesses a continuous second derivative over 
[a, h]. However, this second derivative is not furnished by the formula 


D** 


\h(t) dt. In fact 


■r~t) 

-/>(:) 


\h(t) dt -j- 


r“(:) 


h(t) dt 


so that 


D** = IXfrf^'^hix) +J D»G,Qh(t) dt - D(?i 
= ji>G.Q - De,Q|K.) 

Hence p(®)D*fr = —hix) -f- /: p{x)D^O ^^h{t) dtf by virtue of the 


relation 


pBO 


it-'- 


On combining this result with the two relations 


Dp(®)DA- = Dp(®)DG ( jh(t) dt; 
r{x)k = J]Ka:)<?Q^ 


'(:> 


mt) dt 


(note that t is the variable of integration so that x is constant in the 
integration) we obtain, since L = pD® -|- (Dp)D + r, 
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LA- 


—h + 




= —h 

since LG 0 — 0 for every point P : (x, <) of the square a ^ x ^ b, 

c ^ i < 6 except the points of the diagonal a: = f of this square. In 
view of the definition k = Gh we may write this result as follows: 


LGh h. 

In words: 

The linear integral operator G followed by the linear differential 
operator L is equivalent to multiplication by — 1. 

It is clear that the function-vector k = Gh satisfies the boundary 
conditions Bi(k) = 0, B8(k) = 0 (it being indifferent whether or not 
the function-vector h satisfies these boundary conditions). In fact 

BilG(h)] = Kt) dt H- 

H) h(,{) dt + dt 

= dt = 0, 


and, similarly, Bj(k) = 0. Thus 

The linear integral operator G not only smooths out the arbitrary 
continuous function-vector h so that the linear differential operator L 
can feed on it but it also adjusts k to the boundary conditions. When 
L feeds on k = Gh it returns to us the original function-vector h 
changed in sign. 

Conversely let k(,x) be a function which satisfies the boundary 
conditions Bi and Bs and which possesses a continuous second deriva- 
tive over [u, 6]. On denoting LA- by — h we have, on combining the two 
relations 

L(A) = -A; L(G) = 0 
in the manner with which you are now familiar, 

A-L(G) - GI.(A) = Oh. 

Since both k and G satisfy the boundary conditions Bi and Bj we have 
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pikDG - GDk) = 0 (since the boundary-value problem is regular). 

a 

Hence on integrating the relation 

-Djpw[»D6Q-oQ»]j 

over the intervals [a, and {t, b] and adding the results we obtain 

Wx) dx = k{f) 


r»(:> 


Since 


'(X- 


p(®)DG| 

On interchanging the roles of the variables x and t we obtain 


and, by virtue of the ssnoometry of G 


r-C) 




is equivalent to 


A(i) dt = A'Ca?); 


i.e., 


Gh = k. 


Thus not only is L6h = — h but GLk = — k- Combining these 
results we have the following fundamental theorem : 

The linear integral operator G and the linear difierential operator L 
combine y in either order , to yield a simple change in sign. G feeds on 
any continuous vector h and returns a vector k which possesses a 
continuous second derivative and which satisfies the boundary con- 
ditions Bi and L feeds on function-vectors k which possess 
continuous second derivatives over [a, b]; if, in addition, k satisfies 
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the boundary conditions B\ and Bt, it is of the form Gh, where h 
= — Lk. In other words either of the two relations 

Lk = — h; k = Gh 

is equivalent to the other. 

We indicate this theorem by the symbolism 

LG = GL = -1. 

Warning. In using this symbolism be sure that you understand the 
difference between the vectors h and k on which G and L, respectively, 
operate, h is any continuous vector while k must not only possess a 
continuous second derivative but must also satisfy the boundary con- 
ditions Bi and Bi. 

5. The equivalence of the boundary-value problem and an 
integral equation 

We can now easily show that any solution of our boundary-value 
problem is a solution of an integral equation and, conversely, that any 
solution of this integral equation is a solution of the boundary-value 
problem. In proving this theorem it is just as easy to deal with a 
non-homogeneous boundary problem 

L(y) + Xsy = /; Bi(y) = 0; Rj(y) = 0 

(where / = fix) is a given continuous function of x and y — yix) is the 
sought for function) as with the (associated) homogeneous boundary- 
value problem 

L(tt) + 'Xsu = 0; Biiu) = 0; jB 2 («) = 0, 

and we shall do this. We first suppose that y — yix) is a solution 
of the non-homogoneous botxndary-value problem. Then L(y) 
= — Xsy +/so that 

GL(y) = -XG(«y) -t- Gf. 

Since GL(y) = — y we have 


y = XKy -h F, 


where K : ^ ^s(f) and F : — 

tion of the following integral equation 


Thus y = y(a:) is a solu- 
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where K (:)-"(:) s(t); F{x) = The function 

of the square variable a ^ X ^ b, a^i^bis termed the 

Itemel of the integral equation. Since s{x) is non-negative we may 
replace the integral equation by an integral equation whose kernel is 
symmetric. All we have to do is to introduce the new unknown 

z = z(,x) = {s(a:)}^ 2 /(a:); 

then the function-vector 2 satisfies the integral equation 


where H : 0 :) {s(a:)s(0}^ andFi: {s(®)}^E(a:). (Prove this.) Since 

uQ is symmetric it is clear that ff (:) is symmetric. 

Conversely, let y = y{x) be any solution of the integral equation 
y = XKy -f- F. Since 5^y and F are continuous (why?) so also is y 
(why?). Since 


2 = XHz “h Fi 


■ £f: dt = £g Qs(f)j/(f) dt 


we have 

LKy = LG(sy) = —sy 
and since F = -Gf we have L(F) = f. Hence 


L(y) = — Xsy + f 

so that y = y(x) satisfies the differential equation 
L(y) + Mx)y(x) = f{x). 

Furthermore Ky = G(sy) and F = — Gf each satisfies the boundary 
conditions Bi and B 2 . Hence y = XKy + F satisfies the boundary 
conditions Bi and B 2 . This completes the proof of the equivalence 
tkeorem: 

Each solution of the boundary-value problem is a solution of the 
integral equation^ and each solution of the integral equation is a solution 
of the boundary-value problem. 
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We shall discuss in detail in Chapter 8 the integral equation 

»(®) = € jfiC ^ ^ y{£) dt + F(x) 

or, equivalently, 

y = XKy + F. 

The equivalence theorem assures us that in solving this integral equa- 
tion we solve the boundary-value problem: every solution of the 
integral equation is a solution of the boundary-value problem, and no 
solution of the boundary-value problem escapes us. The essential 
advantage of the integral equation point of view is that the boimdary 
conditions are automatically cared for; once the Green's function has 
been constructed from a knowledge of these boundary conditions we 
do not have to worry about them any more since every function-vector 
of the form Gh satisfies them. 

We carry over the terms characteristic number and characteristic 
function from the botmdary-value problem to the integral equation. 

Thus a characteristic number of the integral equation of which K 

is the kernel is a value of X for which the homogeneous integral equation 
u = XKu possesses a non-trivial solution, i.e., a solution other than 
the zero function-vector u : u(x) s 0. Any such non-trivial solution is 
a characteristic function or characteristic vector which is said to be associ- 
ated with the characteristic number in ciucstion. 

EXERCISE 

1. Show that when X is a charactoriatic numl>er of tho boundary-value problem 
then tho non-homoRcnooxiH boundary-value problem doow not, in general, possess a 
solution. Hint, If u is a characteristic vector associated with X so also is a; 
combine the two equations L(iZ) H- » 0, L( 2 /) H- Xsy to obtain i£L{y) — 
2 /L(^Z) = af. Upon integrating and using tho fact that tho boundary-value 
problem is regular wc obtain (u|f) « 0 (remember that U and y both satisfy tho 
boundary conditions). Note, Tho important result of this exercise may bo 
phrased as follows: 

In order that the non-homogeneous boundary-value problem may possess a 
solution when X is a characteristic number the function-vector f must be orthogonal 
to every characteristic vector u which is associated with X, 

We shall see in the next chapter that this necessary condition is sufRciont. 

6. The Green’s function when xcro is a characteristic number 
The boundary-value problem 

(D* + \)u = 0, D« ^ = 0; Dw Q) = 0 
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has X = 0 as a characteristic niunber. In fact u(x) = 1 is a non- 
triAdal solution of the boundary-value problem 

D*« = 0, D«(-^) = 0, D«Q) = 0. 

The construction of the Green’s function of a boundary-value problem 
which has zero as a characteristic number is as follows. Let v be a 
real characteristic vector which is associated with the characteristic 
number zero. The assumption that v is real is merely a simplifying 
assumption which involves no loss in generality; in fact if v is any 
characteristic vector which is associated with the characteristic number 
zero so also are f and v + v, and v + ^ is a real vector. Since any 
multiple of V is also a characteristic vector which is associated with the 
characteristic number zero we may assume, without any lack of gen- 
erality, that is a unit vector. We consider the non-homogeneous 
boundary-value problem 

L(z) = s(x)v(x)v(t); Bi(z) = 0, £2(2?) = 0. 

Since s{x)v(x)v(t) is not, in general, orthogonal to v{x) (why?) this non- 
homogeneous boundary-value problem does not, in general, possess a 
solution (see Exercise 1. p. 229). We seek solutions of the differential 
equation over [a, i] and over [i, 6], and we patch these together to 
form the desired Green’s fimction: 



On combining in the usual way (what is this?) the equations 
L(i;) = 0; L(G) = s{x)v{x)v{t) 

we obtain 

vL{Gf) — GL(v) = s{x)v^{x)v(t), 

and on integrating this over the intervals [a, t]j [tj 6] and adding we find 
(since both v and 0 satisfy the boundary conditions jBi and B 2 and since 
the boundary-value problem is self-adjoint and regular) 
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at those points where t)(t) 0 . Thus we do not have to use our last 

undetermined constant to ensure the validity of this relation: we use 

this constant to make the integral 
will ensure the symmetry of 0 


'(:) 


/>(:> 


Js(x)v(z) dx zero since this 
In fact a a <ti<ti<b and we 


0 by 22 we find, on combining the two 


equations 


L(zi) = s{x)v(x)viti); L(2j) = s(x)v(x)v{ti), 


that 22X1(21) zjlj(za) — s(a;)t)(a;) {»(<i) 22 — t>(f2)zi}. Upon integrating 
this relation over the intervals [a, ij, [ti, ti], [i*, b] and adding we obtain 


Ziik) - zi(ti) 


= ^ 8 (®)»(®) dx - t;(<2) J* O 

■ 0 ' 


|s(a:)i>(a:),da; 

= 0. 


Hence ® j ~ ^ ° ® I ^ “ symmetric in x and t over [a, 6 ] 

(why?). 

Let, now, k{x) be any function possessing a continuous second deriva- 
tive which satisfies the boundary conditions Bi and Bi, and set L(A!) 
= —h. From the two equations 


s(x)v(p:)v(t) _ 


we obtain (how?) 


- “0 - 

m = *’(<)£' 3 (a:)i;(a:)fc(a:) dx + />(•) h(x) dx, 


and this may be written, in view of the ssmunetry of G (:) , in the form 

k(x) = »(z) J s(t)v(t)k(l) dt + r*o h{t) di 


or, equivalently. 


k “ Gh -|- av; a 


sif)v{t)k{{) dt. 
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It follows (how?) that any solution of the boundaiy-value problem 
L(y) + Xsy = /; BiCy) = 0; Bi(y) = 0 
satisfies the integral equation 

y{x) = X H) s(t)y(t) dt — rK:) /(i) di -f- »(«) J* s{t)v(f)y{t) di. 

Since « is a solution of the boundary-value problem 
L(«) = 0; Bx{v) = 0; BaCv) = 0, 
a necessary condition for the boundary-value problem 
L(y) + Xsy = /; Si(y) = 0; Ba(y) = 0 
to have a solution is that v be orthogonal to f — Xsy. Thus 




Hence, if X 5 >^ 0, y{,x) must satisfy the integral equation 

Conversely it follows (exactly as in the case where X = 0 was not a 
characteristic nximber) that any solution of this integral equation is a 
solution of the boundary-value problem 

L(y) + Xsy = /; Bx(j/) = 0; Bs(y) = 0. 

(Prove this. Remember that L(i;) = 0.) 

Example. The Green’s function for the boundary-value 
probletn 

(D*-hX)« = 0; Dtt(-|) = 0; Bu(0 = 0. 

Here X = 0 is a characteristic number. v(x) is a constant function, 
and to make v a unit vector we set v(x) = Jr^, The Green's function 


satisfies the equation D®(r = - and so Gi 




+ C2x; 

+ ax. The boundary conditions yield a == -J-, 


O-s- 
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Ci = and the “fitting together” condition Gi = Or yi 
Cl -H -J-i = Cs — = c, say. Hence 


yields 


The remaining constant c is determined by the relation 




We find c = — -I- — so that 
ZL 


(:)■ 




7. Bessel’s and Legendre’s boundary- value problems 
Bessel’s equation of zero order is 

{D^ti -I- D« -I- iu = 0. 

On setting ^ = ax this appears as 


xD^u + Hu -f- a^xu = 0, 

where, now, D denotes differentiation with respect to x (rather t.hat' 
differentiation with respect to as before). On introducing the 
notation 

L = a;D® + D = D(a:D); \ «= a*; s{x) = x 
the differential equation part of our boimdary-value problem is 

L(m) -f Xstf = 0. 

The interval [o, b] is [0, 1], and we note at once that p = a; is zero at 
a: = 0. In other words the end-point a = 0 of the interval is a singular 
point of the self-adjoint linear differential operator L. This introduces 
a certain novelty in the statement of the boundary conditions. We 
shall consider only unmixed boundary-value problems, and we choose 
the boundary condition Bi which i-efers to the end 6 = 1 of the interval 
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to be simply u — 0. Hence the value of p('uDt) — i)D«) at !!> = 1 is 
zero {u and » being any two functions which satisfy the boundaiy 
condition B»). In order, then, that the boundary-value problem be 
regular the boundary condition which refers to the end a = 0 must 
be such that p(uDt> — t>Dtt) be zero at a: = 0. Since p = a: is zero at 
a: = 0 it is not necessary to prescribe a relation between u and Du 
at a: = 0; it is sufficient (but not necessary) that u and Du be defined 
over- [0, 1] for then a:(uDt; — vDu) wiU certainly be zero at a; = 0. 
Since L is self-adjoint, and s = x is non-negative, the boundary-value 
problem, being regular, has no non-real characteristic numbers. The 
general solution of L(u) = D(®Du) = 0 is u = ci -f- C 2 log x. Hence 


■ 0 - 


condition Gi 




Cl (why?),(?r^^^ = Cl 


log X (why?), and the fitting together 


yields ci = Ct, log t. Since DGi 


0 - 


the condition 




yields C 4 = — 1. Hence 


0 - 1 : 


— log i; 0 ^ a; < t; 

— log a:; i ^ ® ^ 1. 


The point O:(0, 0) is a singular point of 0 




is not 


bounded over the square Nevertheless the 

general theory of the previous sections is applicable since if is any 


function which is continuous over (0, 1) the integral 


XH') 


h{t) dt 


exists and possesses a continuous second derivative over [0, 1] (it 


being understood that the integral 


X-O 


A(t) di is an improper 


integral, its value being the limit 
positive values). 


imit of J* 


h{i) di as a; — » 0 through 
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For Legendre’s boundary-value problem we have 

L = D{(1 - m®)D} ; X = n{n + 1), s(m) = 1. 

The underlying interval is [a, 6] = [-1, i], and the end-points of this 
interval are singular points of the self-adjoint linear differential 
operator L. The boundary conditions state simply the existence of u 
and D« at the end-points of the interval [—1,1]. In view of the fact 
that j) = 1 — y? is zero at these end-points the (apparently vague) 
boundary conditions are strong enough to make the boundary-value 
problem regular. Since L = D { (1 - m*)D } , \ = 0 is a characteristic 
number, » = a constant being an associated characteristic fimction. 
Choosing the constant so that = v is a unit vector we have 
v{x) = 2“^. The differential equation which serves to determine the 
Green’s function is 

D{(1 - m*)D(?} == 

and a particular solution of this is — -i- log (1 — y^). (Derive this 
result (mere verification is not enough). Hint. The solution of the 

associated homogeneous differential equation is Ci C 2 log — • 

1 — A* 

Use the method of variation of constants.) Plence 

0 “ ~ i 

Or = Cz + Ci log log (1 — ja*). 

The boundary , conditions yield C 2 = i (since the coefiBcient of log 
(1 -f- y) in Gi ^ must be zero) and, similarly, C 4 = — -J. The fitting 

together condition ^ ^ 

^’(t) “ ® 


114 -^ 

1 yields ca = ci -f - log -• 

U/ ^ 1 — I 


Thus 
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where we have denoted ci simply by c. Determining the constant c 

= 0 we find 

c = log 2 — — -J- log (1 H- t). 

(Prove this. Hint. ^ log x dx = ^(log a: — 1).) Hence 

0 1 log 2 — ^ — -J- log (1 -t- i) (1 — /i) ; — 1 ^ ft ^ i; 

I log 2 — If — log (1 — i)(l + ft); i ^ ft ^ 1. 

8. The Green’s function for boundary-value problems of higher 
order 

In the theory of the vibrations of beams we are confronted with a 
boundary-value problem of the fourth order such as 

(D* + X)« = 0; u(0) = 0, D«(0) = 0, D*u(0 = 0, D*uQ) = 0 

(this is the boundary-value problem which governs the free vibrations 
of a beam which is built in at one end and free at the other) . Here the 
operator L = D^ is self-adjoint; 

tiL(!;) — »L(m) = D{(wD*t; — »D*u) — (DwDH> — D«D*u)}. 


by the relation 


/>(:) 


The boimdary-value problem is regvlar; in other words if u and v are 
any two functions which satisfy the/ottr boundary conditions J?i, 

Bz, and B 4 and which possess fourth-order derivatives then 
— has the same value at both ends 0 and 

I of the interval [0, 1], X = 0 is not a characteristic number. (Prove 

must possess a continuous second 

derivative over [0, Z], but a discontinuity in the third derivative is 
permitted at the point L . The amount of the discontinuity is furnished 
by the formula 

D®G = 1. 

t+ 


this.) The Green’s function G \ 
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' Cz + C4(x — Z) 


(the expression for Gr 0 follows from the fact that any cubic poly- 
nomial function of x may be written as a cubic pol 3 naomial function 
X — 1). Since D^Gi^^ = 6 c 2 , D*(rr^^^ = 0 the relation D*G 

= = 1 yields cs = Continuity of D*(? 


I*+ 

at 


X = t yields 2 ci •+■ 6cat = 0 so that Ci = — -• Continuity of DO 

at a; = < yields C4 = 2cii -f Scgi* = — -J-i*, and continuity of G at a: = < 
yields cj = - -f- -Ji*. Thus 


• 0 - 


~ 2 i **’ 0 ^ a; ^ 
1 

~ 2 ® 0 ^ ^ ® ^ 


EXERCISES 

1. Determine the Green’s function for the boundary-value problem. 
(D*-hX)«-0; «(-^)-0: 

iVoie. This is the boundary-value problem governing tho free vibrations of a 
beam which is “built in” at both ends. 

2. What is tho definition of regularity for tho general self-adjoint boundary- 
value problem of tho fourth order? 

Anmer, - vDH) - p(DwD»t; - DyD^u) -f- Dp(wDH; - vDhi) -h 

q{uDv — vDv), where L « D“(pD*) -f D(gD) + r, must have the same value at 
both ends of the interval. 

3. Show that if tho discontinuity in D«G for the general self-adjoint regular 
boundary-value problem of the fourth order for which L « D^*(pD*) -|- DfeD) + r 
is determined by the formula 



then (7 ^ ^ is symmetric. 
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9. Boundary-value problems iu more than one dimension 


The argument being the same for two, three, or more independent 
variables we ahall leave unspecified the number n of these independent 
variables. Let P be any n X n matrix whose elements are differ- 
entiable functions of the n variables (xi, • • • , x„), and let « be a 
function of position which possesses continuous second derivatives Ur,. 
The matrix Dau of these second derivatives is symmetric, and the trace 
(i.e., the sum of the diagonal elements) of the product PDau is given 
by the formula 


IPD.U1 = y V 




(Prove this.) If g is a 1 Xn matrix whose elements ffr are continuous 
functions of position the product g grad u (where grad u is the n X 1 
matrix whose elements are r = 1, • • • , n) is furnished by the 
formula 


n 



The linear differential operator L which we have to consider is 


L(u) s [PDsu] -1- g grad u -f rii, 

where r is a continuous function of position. The boundary conditions 
are of the form 

„ dw - _ 

B(u):oeu -f- /3 — = 0 over S, 
an 


where iS is a closed (n — l)-dimensional ^read in the n-dimensional 
space. The function u = «(P) must satisfy these boundary conditions 
and, in addition, must satisfy the partial differential equation 

L(tt) -1- "Ksu = 0 

over the n-dimensional region E whose boundary is S. 

The conditions that are imposed on the linear differential operator L 
by the requirement that it be self-adjoint are found in much the same 
way as in the ease n — 1 which we have already treated in detail. 
Since 

Up„Vr, = iuj)r^,)r — {«(tip«)r}* + v(up„)r,; 

Ug^r = {uP,v)t — V(ugr)r 
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the integral of vL{v) over R may be replaced by an integral over the 
boundary SoiR plus the integral of »M(tt) over R, where M(tt) is the 
linear differential operator 

M(m) s (mp„)„ - y (riff,), + rw. 

rllall 7^1 

(Remember that if /is any differentiable function of position the integral 
of /, over R is equivalent to an integral over S. See Chapter 1, 
Section 8; and observe that the results given there for spaces of two 
and three dimensions may be extended to spaces of n dimensions 
n 4, 6, ’ * • ,) 

We term M the adjoint operator to L; its characteristic feature is 

that the integral J^{wL(«) - t;M(«)} dr of uL(v) - vM(u) over R 

(dr being the n-dimensional element of content) is equivalent to an 
integral over the boundary S of R. The operator L is said to be 
sdf-adjoint when M coincides with L. Since M(tt) may be written in 
the form 


n n . 

V V ^ 

+ 2«,(p„), + m(p„)„} — ^ ((ff,),tt + 

r — 1««1 


(prove this) a necessary condition for self-adjointness is 



<?r, 


+ ru 


and it is at once clear that this necessary condition is siiffioimt. Thus 
The linear differential operator 

L = [PDs] -f ff grad + r 

(where [PDJ indicates the trace of the product of the matrix Dj of 
second derivatives by the matrix P) is self-adjoint, if, and only if, 

ff = div P, 


In particular if P is a constant matrix the condition for self-adjointness 
is simply g = 0. 


EXERCISE 

1. Show that the Laplacian differential operator n, is self-adjoint. 

When the operator L is self-adjoint the vector whose integral over /S 



240 BOUNDARY-VALUE PROBLEMS 

is equivalent to the integral of {tiL(») — aL(tt) } over B takes a simple 

n n n 

form. — »L(m) reduces to Pr,v, — a^pr.M.| and the 

r—l a—1 a— 1 

integral of idL(a) — i>L(«) over R is the same as the integral of the 

n n 

vector whose rth coordinate is jw^Prat^* — i^^PraWaj, i.e., the vector 

a—l a»l 

u (P grad v) — » (P grad u), over 8. If n is the unit vector normal 
to S (drawn away from R) and if Pn is the vector N we have 

— DL(tt)} dr = J^{M(grad »|N) — t;(grad «]N)} dS. 


In the particular case where P is the unit matrix (so that L is the 
n-dimensional Laplacian) N = n, and we recover the familiar formula 


(u AaO — V Aj«) dr = 



The boundary-value problem is said to be regtdar if the integral over 8 
is zero for any two functions u and v which satisfy the boundary 
conditions. In particular, if the boundary condition is ti = 0, or 
(grad tt|R) = 0, the problem is regular. The values of \ for wliich 
the boundary-value problem 


L(u) -(- 'Ksu = 0; B(u) = 0 


possesses a non-trivial solution (what does this mean?) are termed the 
characteristic numbers of the boundary-value problem. When X = 0 
is not a characteristic number we define the Green's function of the 
boundary-value problem by the following specifications (the question 
whether any function exists which meets the specifications being a 
fundamentally important one which must be settled): Let T: (ii, • • • , 
tn) be any fixed point of R. Then the Green’s function of the problem 


is a function of position 0 



P being the point of evaluation of 0, 


which depends on the location of the point T and which satisfies the 
(partial) differential equation L((?) = 0 at every point of B, except T] 

{P\ /P\ 

also satisfies the boundary conditions. Gl ) need not be 

\tJ 

bounded at T, but if S' is a sphere (ra-dimensional) with center at T 
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and of radius « the integral of Gv over 8' is null at e = 0, v being any 
vector which is bounded at T. Furthermore the integral of (grad GIN) 
over S' has the liimt 1 at e = 0. Here N is the vector Pn where n is 
the unit vector normal to S' (drawn away from the region 12' bounded 
by S and S'). 

The question as to the existence of this Green’s function is a difficult 
one about which we shall make only a few remarks. In the one- 
dimensional case the function p(x) dominated the situation, and it was 
not permitted to change sign over the iuterval {a, 6] (any poiut at which 
p{x) is iiero being a singular point of the differential operator L). 
When n = 2 the coefficient function p{x) is replaced by the coejficient 
matrix 



which may be taken, without loss of generality, to be symmetric 
(why?). The differential operator L is said to be elliptic when -P is 
either positively or negatively definite, and (since L may be multiplied 
through by - 1) we may restrict ourself to the case where P is positively 
definite, by which we mean that v*Pv > 0 for every non-zero, two- 
dimensional vector V. If the matrix P is indefinite (so that v*Pv > 0 
for some vectors v and v*Pv < 0 for some vectors v) then the differ^ 
ential operator L is said to be hyperbolic. The Green’s function does 
not exist for hyperbolic differential operators while it does exist (under 
suitable conffitions) for elliptic differential operators. When n> 2 
the same distinction and difference in behavior as regards the existence 
of the Green’s function between elliptic and hyperbolic differential 
operators exist. The simplest case of an elliptic differential operator 
arises when P is the unit matrix. When n = 2 we have, then, 

hU ^ Uxa + Um = A2tt, 
and when n = 3 we have 

Lm e Uxx + Urn + ism* — AiU 

so that L is, in either case, the Laplacian operator. In these cases the 
Green’s function e.xists and takes the following forms: 

1. n = 2. G = ^ log i H- F(P), where r = 1pp| and F is a solu- 
tion of Laplace’s equation over R. Since P is the unit matrix N = n so 
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that (grad GIN) = ^ = -f Since ^ is continuous at T 
^ ' ' dn 2re dn dn 

(why?) the integral of (grad G|N) over 8' has the limit 1 at « = 0. 

Furthermore the integral of Gv, where v is bounded at T, over S' is 

null at 6 = 0. (Prove this.) If the boundary condition is u = 0 the 

function V(P) must = log r over 8. In other words, F(P) is the 
2]r 

potential of the electrostatic field of the charge induced on the earthed 

conductor S by a (line) charge of strength -p at P and G is the potential 

(inducing plus induced) of the field. This is not a “proof” of the 

fP\ 

existence of G ( ], but it makes the existence of Q plausible. 

\t} 

2. n = 3. G = + V(P), where r = I TPl and V(P) is a solution 

4jrr 

of Laplace’s equation over P. The integral of (grad GIN) = ^ over 

dn 

8' has again the limit 1 at 6 = 0; and the integral of Gv where v is 
bounded at T, ovei; S' is null at « = 0 (prove this) ; G is the potential of 

the field of a point charge ^ at T in the presence of the earthed con- 
ductor /S. 

Assuming the existence of the Green’s function (so that L is granted 
to be not hs^perbolic at each point of R) we proceed exactly as in the 
one-dimensional case. On combining the two equations 

Im Xsu = 0; L(G) = 0 

in the usual manner we obtain 

— GL(«) = XGsm, 

and on integrating this relation over the region R' between 8 and S' we 
obtain 

{«L(<?) - GL(«)} dr = xJ^G i^^siP)u(JP) dr 


(P being the variable point of integration). The integral on the left 
may be replaced by an integral over 8 plus an integral over S', the 
integrand being, m each case, «(grad GjN) - G(grad «|N). The 
integral over 8 is zero since the boundary-value problem is, by hsrpothe- 
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sis, regdar. The integral of GCgrad «|N) over 5' is nuU at « = 0 since 
grad ti is bounded at T, and the integral of «(grad (?1 n) over 8' has 
the limit u{T) at e = 0 (why?). Hence 


<T) = dr. 

On interchanging the roles of the points P and T this may be written 
in the form 


tt(P) =X 0 \ 

\p, 


s(T)tt(T) dr 


(where P is now the point of evaluation of tt and P denotes the variable 
point of integration). 

If Pi and Pj are any two points of R we consider the two functions 


Ul 


“®C) 


and denote by P" the region bounded by 8, 8'i, and 8't where 8'i and 
S'i are spheres of radii €i, ^2 with 
centers at Pi and Pj, respectively. 

On combining the two equations 

L(wi) = 0; L(w2) = 0 

we obtain the relation 

UiL{Ui) — «iL(M2) = 0 

which is valid over P". On inte- 
^ating this relation over P" and 
replacing the integral over P" by 
the sum of three integrals over 8, 

8 'i, and 8 ' 2 , respectively, we obtain, on letting 6i and €2 tend, inde- 
pendently, to zero (and using the fact that the boundary-value problem 
is regular), 

= Mi(P2) 



Fiq. 39 . 



or, equivalently. 
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The Green’s function G is a symmetric function of the two 

points P and T. 

It follows that 


or, on regarding u(P) over P as a function-vector u, 

u = AEIu, 

. /P\ 

where K is the linear integral operator K:G f )s(I7’)- Hence 

\tJ 

Every solution of the homogeneous boundary-value problem is a 
solution of the integral equation 

u = AKu = XG(su). 

When 8 is non-negative this integral equation may be roplaciccl, on 
setting = V, by the integral equation 

V = AHv, 


where the linear integral operator H : ® ( j, ) ^ symmetric. 


EXERCISE 

2. Show that if Lfc - -A then k - Gh: i.e., that GL = -1. 

In order to prove the equivalence of the boundary-value problem and 
the integral-equation problem we have merely to show that if k =» Gh 
then LI; = — h,i.e.,thatLG = —1. In performing the differentiations 
of Gh involved in calculating LGh we have to pay attention to the fact 
that Gh is an improper integral. Owing to the fact that the limit of the 
integral of the product of G by any function which is bounded at P over 
S' (where S' is a sphere of radius e with center at P) is null at 6 = 0 the 
first derivatives of k = Gh are obtained by differentiating under the 
sign: 


hr = \Gr 

Jb 


|A(r) dr. 


However, when we pass to the second derivatives, we have to take 
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account of the fact that the integral of (gradGjN) over S' has the limit 
1 at « = 0. The integral over S' arises from an inner bounding simface 
of the various improper integrals involved and this introduces a minus 
sign. The end result is that 

JJc = -h(P). 

This sufiSces to prove the equivalence of the integral equation problem 
and the boundary-value problem. (Show this.) 

Warning. Be sure that you understand clearly that you do not have 
any integral equation at all until you have the Green’s function. Thus 
you must be sure that the Green's function actually exists before you 
attempt to apply the method of integral equations. For example, it 
would be absurd to attempt to deal with hyperbolic partial differential 
operators by methods which depend on the existence of the Green’s 
function. 
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1. The Fredholm determinant 

The integral equation we propose to consider is of the form 




“ 1*0 


yit) dt +f(x); 


i.e., 


7 = XKy + f . 


The function K (:) is granted to be continuous over the square 

a ^ X ^ b, a ^ t ^ 1. / = f(x) is a given function which is granted 
to be continuous over [a, 6], and the problem is to determine the 
unknown function 2/ = y{x). Since Ky is continuous (why?) y = y(x)j 
if the integral equation has a solution at all, must be continuous. 
When the given function / = f{x) is the zero constant function the 
integral equation is said to be homogeneoTis; if / = f(x) is not the zero 
constant function, the homogeneous integral equation 

u = XKu 


is termed the homogeneous equation associated with the nonr-hoTnogeine-* 
om integral equation 

y = XKy + f . 


EXERCISES 

1. Show that the difference of any two solutions of the non-homogeneous equa- 
tion y XKy + f is a solution of the associated homogeneous equation u = \£u. 

2. Show that if u is any solution of the homogeneous integral equation u =» XKu 
^ also is cu where c is a constant and that if ui, ua are any two solutions of the 
homogeneous integral equation so also is Ui + ua- 
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3 . Deduce from the results of Exercise 2 that if Ui, U2 are any two solutions of the 
homogeneous integral equation u = XKu so also is ciUi + C2II2, where ci, C2 are 
any constants. Note. In view of the result of this exercise the homogeneous 
integral equation ti = XSlu and the non-homogeneous integral equation y =* X£y 
+ f are said to be Umar, 

We may find an approximation to a solution of the homogeneous 
equation u = XEu (provided always that this equation actually 
possesses a solution, other than the obvious and trivial solution w s 0) 
as follows: Construct a net 


\u{t) dt by the 


a= to <tl < • • • < <tn = b 

on the interval [a, 6], and replace the integral 
approximating sum 

Ai« + • • • + if I \u(trt) A„i; Ap(t) — 


H) 


- * A C 

S-'C) 


(:> 


On evaluating this approximating sum at the n points ii, • • • , in we 
obtain n linear homogeneous combinations of the expressions 
• • • , m(<«): 


On setting 


Aii + • • . + X Ant 

u(t,) — vP) K Agt = X/ 


the sum ^ is the jth element of the n X 1 matrix Ku, where K is the 

n X n matrix of which the element in the pth row and gth colunon is 
X/ and u is the » X 1 matrix whose pth element is u^. Then the 
elements of the ?i X 1 matrix u will furnish an approximation to the 
values of the sought-for function-vector u at the points ii, if 

u = \Ku 

or, equivalently, 

{E„ — XX)tt = 0; E„ the nXn unit matrix. 

In order that this equation may have a solution other than the trivial 
one «** = 0, p = 1, • • • , n, the matrix E, — XX must be singular: 

det {En — XJf) = 0. 
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Each element of the matrix — \K is obtained by subtracting 
an element of TJS. from the corresponding element of JEr«. Hence 
det (JEn — XE) may be analyzed into the sum of 2* determinants in 
each of which there are a certain number of columns from jB« and a 
certain number of columns from — XJt. Thus any one of the 2* 
determinants is a principal minor of —\K (the determinant of En, 
namely, 1, and the determinant of —TJC being included). For exam- 
ple, when m = 3, the determinant of — \K is the sum of eight 
determinants of which the first is 

1 0 0 

0 1 0 = 1 ; 

0 0 1 

the second 

0 0 

-X Zi* 1 0 = -Xi?:ii; 

Ki* 0 1 

and so on, the last being 

-X* Ki^ Za* Ks^ =-X®detir. 

Ki* K3> 

On collecting these eight determinants together we obtain 
det (E, - XE) = 1 - X{Zii + Ej* + E,») 

+ X®(E 28 *® + ETii®! -f Ei 2 ^®) — X® dot K, 

where 

e:2* Es® 

Esa** = , and so on. 

Ej* E,® 

In general, we have 

det (E, - XE) = 1 - XK,- + _ . . . + (_i)»x» det E, 

where a symbol such as indicates a summation of two-rowed 

principal minors of E, the summation being over all pairs of numbers 
fleeted from the set 1, • • • , n. Since E„« = 0 if r = s and since 
«r . i»" the summation is one-half the summation E«jj“^, 

where, m this summation, a and /S range, independently of each other, 
over the numbers I, ,n. Similarly 
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and so on. Hence we may write det (En — >JC) in the form 
det {E„ -\K) = 

1 - XZ„“ + |j - . . . + 

(where *3" = det jRC when the n letters ji, * • • , constitute 

a permutation of the n numbers (1, * ‘ , n)). As n increases 

indefinitely approaches J* arbitrarily closely, Kas^ 

n h /ti iaX 

jff I ) dti dU arbitrarily closely, and so on. 

We are led in this way to a consideration of the following power series 
in 

-D(X) = 1 — AiX + — AaX^ — . . . ^ ■ ApX3* + • ■ • , 

where 

Ap= f ^ • Ck dh dti ■ dtp. 

Jo Ja • tpf 

We shall see shortly that this power series in X converges for every 
(finite) value of X. It is known as Fredholm^ $ determinant (after E, L 
Fredholm, a Swedish mathematician) . The power series D (X) is called 
a determinant since it was suggested to Fredholm by the determinant 
of the matrix En — XiT, and it plays, for the integral equation, the 
role played by the determinant of the matrix Bn — XJS for the system 
of n homogeneous equations 

u = \Ku, 

In order to show that Z)(X) converges for every (finite) value of X we 
first make an appraisal of a p-rowed determinant. At first we confine 
ourselves to the case where the column vectors Ui, • • • , Up, of the 
matrix whose determinant we wish to appraise are unit vectors. The 
elements of the matrix need not be real so that the vectors ui, • • • , Up 
are p-dimensional complex vectors. The determinant of the matrix 
is a complex variable which is a continuous function of the elements 
of the matrix. Hence the modulus (i.e., absolute value) of the deter- 
minant of the matrix is a continuous function of the (real) parameters 
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which identify the points of the p-dimensional (in the complex sense) 
unit sphere whose coordinates are the coordinates of the vectors Ui, 
• • • , Up. This unit sphere may be regarded as the 2p-dimensional 
real unit sphere, and since this is closed (what does this mean?) the 
modulus of the determinant of our matrix has an absolute maximum 
(why?). Now the determinant of the matrix whose column vectors 
are Ui, • • ■ , Up is the scalar product of ui by the vector product 
(u 2 X • • • X Up) (see Chapter 1, Section 10). Let us denote, for a 
moment, (ua X • • • X Up) by vi so that the determinant we are 
interested in is (vi|ui). We know, from Schwarz’s inequality (see 
Chapter 1, Section 10) that (vi|ui) ^ ai. The equality is valid when 

Vi 

Ui = — (why?), and it is easy to see that the equality is not valid unless 

Vi 

Ui is the product of — by a complex number of unit modulus. {Note. 

Vi 

We have no concern with the case where vi == 0 since, then, the 
deter min ant in which we are interested is zero (why?).) In fact if 
(vi|ui) = vithevector vi — (ui|vi)ui is the zero vector since its squared 
magnitude is ((vi - (ui|v i)ui)| ( vi — (ui|vi)ui)) = — 2(ui|vi)(vi|ui) 

+ (ui|vi)(vi|ui) = — (ui|vi)(ui|vi) = 0. Thus 

When the modvlus of the determinant of the matrix whose column vectors 
are the unit vectors Ui, • • • , Up attains its absolute rno/ximum, ui is the 
product 0 / (ua X * • • X u,) hy a constant; in other words Ui is perpen- 
diaular to each of the vectors Ua, • • • , Up. 

Since the modulus of the determinant in question is a symmetric 
function of the vectors Ui, • • • , Up (why?) this result is valid for any 
one of the vectors Ui, • • • , Up and not merely for Ui. Hence the p 
vectors ui, • ■ • , Up are mutually perpendicular and so, since these 
vectors are all unit vectors, the matrix whose column vectors they arc 
is umtary (why?). Hence the modulus of the determinant of the 
matrix is 1 (see Exercise 15, p. 36). We have, then, the following 
important result: 

The absolute maximum of the modulus of the determinant of a 
p X p matrix all of whose column vectors are unit vectors is 1 (the 
matrix being unitary when its modulus is 1). 

It is easy to extend this result to the case of any p X p matrix (none 
of whose column vectors Vi, • • • , Vp is the zero vector). In fact if 
we set Vj- = vyuy, j = 1, • • • , p, the vectors Ui, • • • , Up are all unit 
vectors, and the determ inan t of the matrix whose column vectors are 
Vi, • • • , Vp is the product of the determinant of the matrix whose 
column vectors are Ui, • ^ , Up by viv^ • • • Vp. Hence if the magni- 
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tudes vi, • • • , Vp are assigned we know that the modulus of the 
determinant of the matrix is not greater than di • • ■ Vp. Thus 

The modulus of the determinant of a p X p matiiz whose column 
vectors have magnitudes v\, Vs, • • • ,Vp is not greater than the product 
of these magnitudes, and it is equal to tire product of these magnitudes 
when, and only when, the p vectors are mutually perpendicular. 

This theorem is known as Hadamard’s theorem (after J. Hadamard, 
a French mathematician). 

If the modulus of each element of our matrix is less than, or at most 
equal to, a given number M then each of the column vectors Vi • • • , 
Vp has a magnitude which is less than, or at most equal to, (why?) 

E 

SO that the modulus of the determiiiant ^ It is this corollary 

to Hadamard’s theorem that shows at once that the power series which 
defines D(X) is convergent for every finite value of X. In fact we are 


C) 


granted that K[ ) is continuous over the square a ^ rc ^ a ^ t 




< b. Hence the modulus oiK^ j has an absolute maximum, M say. 


over this square. 


Hence the modulus of K 


Vi • • • J 


is not greater 


tTinn and so the modulus of Ap, where 


s 

is not greater than — ay. Hence the power series whose sum 

is D(X) is dominated by (what does this mean?) the following power 
series: 


1 + M{b- a)|x| + ^M*(b - a)»lxl* + • • * + 


pi 


+ 


. The ratio of the (p + l)st term of this series to the pth is 


j^M(b - o)|x| 

(p - l)”p 




■riM(b - a) X 
' ’ 
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Slid 5iiic6 lim f 1 "1" i ) ^ ratio of tlxo (p l)st tomx 

of our dominatmg series to the pth has at p = w the limit zero (no 
matter what is the value of |x|). Hence the dominating series con- 
verges for every value of |x| , and it foUows (why?) that the power series 
whose sum is Z>(X) is convergent for every (finite) value of X. Thus 
p (X) is an integral function of the complex variable X ; m other words 
it is an analytic function of X at every point (other than X = 00 ) of the 
complex X-plane. 

Suggestion. Try to grasp how remarkable this result is. The only 

information you were given about K (:) was that it was continuous 

and, therefore, bounded over the square a^x^b, a^t^b. Nev- 
ertheless tMs mere boundedness (you did not have to use its cmtinuity) 
coupled with its integrability is enough to ensure the convergence of 
the power series, whose sum is U(X), for every (finite) value of X. 


2. The Fredholm minors 

IVedholm was led, by his examination of the system of n li-nanr equa- 
tions u = XKu, to other power series in X which are closely associated 
with p(X). Since we shall not have to use anything more tbnn the 
definition of these power series we shall merely give this definition and 
shall content ourselves with the remark that they play for the integral 
equation 


u = XZu 

the role played by the cofactors and lower-order minors of the matrix 
En — \K for the system of equations 


u = \Ku. 


We denote by 


f 

1 



L«i • • • 

^PJ 

k(‘- 

■ ■ 

Thus 

^1 * ’ * tp 

Vi 

■ tj 

[ 

" * ’ tjf 


is the determinant of the p X p 
matrix of which the element in the rth row and sth column is K 
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More generally, we understand by the symbol 


the determinant of the matrix of which the element in the rth row and 


sth column is K 


general rule 
In the symbol 


<:} 

[xi • • ' Xpl 

L J 


In particular 


"rrl /x\ 


Remember the 


the upper letters tell the row, and the hwer 


the column, of the matrix involved. 

Furthermore a single integral sign will be used to denote multiple, or 
repeated, integration. The integrations are all over the basic interval 
[a, 6], and the variables of integration are those symbols which occur 
twice, once above and once below, in the integrand. In this abbreviated 
notation Ap appears, for example, as follows: 


J h • • • tp 

L«i • * • tp 


(the limits are not attached to the integral sign since the lower limit is 
always a and the upper always h). We now introduce the symbol 

Bp l * 1 by means of the following definition: 


( Xl ‘ * X \ 

^ ) by means of the following definitior 

( xi • • • a; A r[xi • • • Xq Ti ■ • • Tpl 

h • ' • tqj J L ix ‘ Tl - - • TpJ 


\tl ' • tqj J I h ••• tq Tl - - • TpJ 
The subscript v attached to B tells the number of iritegi*ations involved 

( Xx • ' x\ 

1 indicates 


'xi • • • aJal „ , ,1. 

the determinant • I P® “ fii5action of the 

_ J \h ''' in/ 

q points Pi: (xi, ti), • - • , P«:(x® h) of the square a^x^b, a^t 
^ b. When g = 1 we obtain the functions Bp of the single point 
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P : (x, t), and we use these to define the simple Fredholm miruyr D ( X ) 

as follows: ^ 




B 


X + 


-0 


+ Xi/ xi^i 

(p-1)! 


The generalized Fredholm minor D 


\ii • ■ ■ i, } 


+ 


same 


X ) is defined in the 
X 


/®i ■ ' ■ ®«\ 

\fi • • • J ,_ . ■ 

71 TT; Xf ^ 4 - • • • , 


The same proof 


+ • • • + (— — 

(p - 1)1 

as that given for I>(X) shows that the Fredholm minors (simple and 
generalized) are integral analytic functions of the complex variable X; 

in other words the power series which serve to define 2) ( ^ ** xY 

_ 1 o \ti ■ ■ • it / 

g - 1 , 2 , • • • , converge for every (finite) value of X. In fact the 


f 


Xi • 


modulus of 
and so 
power series whose sum 


Tl 

<« Tl 


• Tl 


\tl- ■ tj 




«+p 


is not greater than (g + p) 2 


(Z+P 


< (g + p) 2 JIf e+p(5 _ a)p. Hence the 


. ^/xi • ■ • Xf \ 

1 SI>( *x) 

\ti - ■ -t, ) 

fl+P 


is dominated by the power 

series whose (p + l)st term is (g + p)^ K Ip and the 

pi ‘ ' 

ratio of the (p + l)st term of this series to the pth is 

g+P 

(g + p) 2 M(b 


g+P - 

(g + P - 1 ) 2 p 




The limit of this ratio at p = oo is zero (why?) no matter what are the 
values of g, Jlf or X and so the dominating power series converges for 
every value of |X|. In. other words 
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B\ * ^ ) analyUc funciion of \ at every {finite) point 

\ti - ■ 't, ) 

of the complex h-plane. 

Note. The convergence of the dominating series shows (since the 
coeflGicients of this series do not depend on the points Pi: (zi, ii)j ' ' ' > 
■P*' (®«> *«)) the convergence of the power series in X, whose sum is 

D ( * \ V is uniform with respect to the points Pi, • ■ • , P® 

\ti ’ ‘ ' tf J 

over the square a^x^b,a^t^b (what does this mean?). Since 
the coefficients of this series are continuous functions of the points 

( JCj, • ■ * 23 \ 

* X I is, then, a continuous fimction of 

tl ’ ' ‘ tq ) 

these points (why?). 


EXERCISES 


J V/ 

2. Show that dr •» Ai - At>> + A,j^ - ■ ■ ■ = -2)'(X), where 

the prime denotes differentiation with respect to X. Justify term-by-term integra- 
tion of the series for . 


1. Show that Ai ■« dr] Ai =» J-(D dr and, generally, that 

Show that ^ dr ■» Ai — Ai'X 4- -ds — — 

' Eferentiatio 

h: ::) 

5. Show that ^ D ^ X^ dri • * drq Aq — dg.|.iX -f- • * " > 

(-1)«D««>(X), where D^«5(X) denotes the qth derivative of Z)(X) with respect to X. 

^ oi. — xu-x » ^ C Bp ^ dr, p « 0, 1, 2, • • • 


3. Show that 


4. Show that 


\ dri dri « Ap+i and, generally, that 




Aa, 


\ dridn =» Aa — A|X “I" ^ 


7)"(X). 
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( xi ■ • • Xt\ c /xi • • • Xt n • • • tA 

I - I B, ( ) • • • dr,. 

' ' ' U/ J \tl is Ti • • • TrJ 

K Xl ■ • ■ Xq Ti ■ • • rA 

, ^ )dTl - drr = 

tl • • • t* Tl • • - T,/ 

( Xi • ■ ■ X, \ 

h - ■ - tq J 


10. Show that if \o is a simple aero of D(X) then 


is not the ;5ero con- 

N** / 

stent function over the square a^x^i, a^i^b. Hint. 2)'(Xo) 0 (see 

Exercise 2). 


('*■ ■ ■ •*' u) 


11. Show that if Xo is a zero of multiplicity p oi D (X) then D 

m •J* •'J? / 

IS not identically zero, i.e., is not zero for every choice of the points Pi: \x\j U), 
Hint. See Exercise 5. 

12. Show that the symbol P, 


) is alternating in the upper variables 
, \ ^^ * * * / 

® and in the lower variables t; i.e., that an interchange of any two of the 
symbols xi, • ■ ■ , Xq or any two of the symbols <!,•••,<* changes the sign of 

13. Show that ^ ^ ^ »s alternating in the upper variables x and in 

Ia^XTAT Troivia 1 ^l 0 g ^ 

<:z» 


the lower variables t. 

14. Show that 
Vb, are equal. 

15 


j is zero if any two of the x% or any two of the 


1. Show that B. Q “ [J] / \l] Q dr. Hint. On ex- 
panding ^ ^ 1 jjj terms of the first row we obtain I" 1 f*"* ^*1 _ 

_ r ®i tti ■ . - 

.<T, -.tJ 


ter of the symbol 

B, 

integrate to the same 


■ 

• T» 


Tl • • • Tn," 

ri • . - 

— • • • (in view of the alternating chartK?- 




in its upper (i.e., row) labols). Hencse 


0 Lj^" ” ’*“®ga-tively signed terms iUl 

thing, namely. 
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16. Show that ^ ^ 

rxTi • • • T»*l 

determinant in terms of the nr 

L i Ti • • • Tn J 


dr. Hint. Expand the 


in terms of the first column. 


ir. Sh™ ft.1 B. (“ - Q B. Q - [*'] B.Q - 

“• C‘. r) ■ [r] *• c) ■ [r] *• o ■ 

“j-c. :)[:]- 

-.f Mb.., 

J [tJ \tih---tJ 

(Xi • • rcA 

' 20. Show that Bn 1 ] = 

Vi • • ij 

1 

It follows from the result of Exercise 15 that 

yn /x\ 

In fact the coefl&cient of (— 1)” — j on the left is B„ ( 1 while the coeffi- 
cient of Cl B^xQrfr. In 

the same way it follows from the result of Exercise 16 that 

®C ')C1"'' 

The two relations 

“C ^)“C1'’^’'''J'C]"C 
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dr 


are kno-vm as the Fredholm relations, 
integral operators 


If WQ consider the two linear 




they state that the two linear integral operators K and D commute : 
KD = DK = i {D - D(X)K}. 

A 

(we assume that X 0 smce when X = 0 we have no integral equation) . 

We obtain in the same way from the result of Exercise 19 the follow- 
ing generdized Fredholm rdatim: 


x) 

• <* / Y LipJ V • • • ip-lW • • • ig / 

+ xf MdA®* ■ ■ ■ x)rfr. 

L ’• J \tih • ■ ■ t, / 

^m the result of Exercise 20 we obtain the second generalized Fred- 
holm relation 

Sygim. In a fet reading these various Fredholm relations wiU 
doubtless ^ forbidding, complicated, and confusing. They are 
miM^ t ^ central core of the subject of integral equations, and you 

liT,,.,.,. in W which merely express the commutativity of the two 

e^efvo,, ^ see in the next section how this result 

integral equation ™ ^ manner the non-homogeneous 


y = XKy ■+• f 
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THE SOLUTION WHEN D(X) ^ 0 

•when i)(X) 0 and the homogeneous equation u = XKu when D(X) 

= 0 provided that D is not the zero linear integral operator. It is 
only in the “exceptional” case where D is the zero linear integral 
operator that you ■will have to appeal to the generalized Fredhohn 
relations. 


3. The solution of the integral equation when D(X) 0 

If we assume the existence of a continuous solution of the integral 
equation (non-homogeneous or homogeneous) 

y = XKy + f 


it foUo'ws at once from the first simple Fredholm relation that this 
solution is unambiguously determinate. In fact 

Dy = XDKy + Df = (D - D(X)K)y + Df 

1 

so that D(X)Ky = Df. Hence if D(X) 0 we have Ky = so 

that 


The second ample Fredholm relation enables us to verify that the 
function-vector y furnished by this formula actually is a solution of the 
integral equation, and thus our assumption that the integral equation 
actually possesses a solution is validated. In fact it follovre from the 
relation 

that 


(D-D(X)K}f 

dK) 


nfw 


Df. 


Hence y = XKy + f. We have, then, the following fundamental 
result: 

When D(X) 0 the linear integral equation y = XKy -1- f possesses 
one and only one continuous solution 


1 
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The linear integral operator r 






2>(X) 


which fur- 


C')" 


nishes, in this way, the unambiguously determinate solution of the 

integral equation is known as the resolving operator, and T 

known as the resolving kernel. 

In particular we see that when /is the zero constant function, so that 
the integral equation is homogeneous, the one and only solution of the 
integral equation is the zero constant function. In other words 
Wlwn D(k) 7 ^ 0 the only solution of the hornogeneous integral equation 

u = XKu 


is the trivial one u = 0. TkitSj if Z)(X) 0, X is not a characteristic num-^ 

her of the integral equation. We may phrase this result as follows: 

If the integral equation possesses characteristic numbers these will 
be found amongst the zeros of the Fredholm determinant D(X). 


EXERCISE 

1. Show that if 2)(X) « 0 the integral equation y = XKy + f does not possess a 
solution unless Df = 0. 


homogeneous integral equation when 

Let \ = Xo be a zero of i)(X). Then 

XoDK = XoKD = D. 

Hence «(*) = Xo^ is a solution, no matter what is the value of t, 
of the homogeneous integral equation 

u = X(Su. 

/« \ 

If, then. 




is not identically zero, Xo is a characteristic number 
^ ^ ^ ^0 is s. simple 

/ ® ( )• Let Xo be a zero of multiplicity p of D(X) ; then 

^ / •Cl * ■ • rcp \ 

\ii - ■ -tp ^ 7 ^ identicaUy zero (see Exercise 11, p. 256) . Let 
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fxi • • • aij \ . 

q be the positive integer ^ p which is such that D I \o ) is 

\ti ’ ’ ' / 

C Xi ' ‘ ' Xr \ 

Xo ) is identically zero if r < g, 

ti - ■ 'tr J 

and let the points iri:(|i,Ti), • • • ,ira:(|g,r*) be such that the number 
Ja \ 

Xo ) is not zero. Then the functions 


Z) I Xo J IS 

Vi • • • ’■« / 



are all solutions of the homogeneous integral equation u = XEu. To 
prove this we observe that, in view of the definition of q, the first 
generalized Fredholm relation yields 


X.) 

\n • ‘ • rj / 


and on dividing this equation by . 


we obtain 


Ui = XtpEiui 


so that Ui{x) is a solution of the homogeneous integral equation. Ui(_x) 
has the value 1 when a; = Si so that Xo is a characteristic number 
(why?). Thus we have the following result: 

Every zero of D^K) is a characteristic number of the integral equation. 

On combining this result with the result given at the end of Section 3 
we see that 

The zeros of D(X) are all characteristic numbers of the integral 
equation and there are no others; in other words the characteristic 
numbers of the integral equation are precisely the zeros of D(X). 
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Since Ui(x) = — 



(why?) the same argu- 


ment as that given for Mi(a:) shows that usix) is a solution of the homo- 
geneous integral equation. Similarly ut(x), • ' • , Uf,(x) are also 
solutions of the homogeneous integral equation. Hence any linpar 
combination 


U = CiUi -F • • • -f- C«Ua 

of the fimction-vectors Ui, • • • , u* is a solution of the equation 
u = XoEu. The 2 function-vectors Ui, • • • , are linearly independ- 
ent. In fact if Citti + * • • + CgU, is the zero vector it follows on 
setting X — that ci = 0 (since the functions ^2(3:), • • • , Ut(x) are 
all zero at a; = (see Exercise 14, p. 266)). Similarly cs = 0, • • • , 

Cg = 0. 

We now proceed to prove, conversely, that any function-vector 
which satisfies the homogeneous integral equation u = XoEu is a 
combination of the function-vectors Ui, • • • , Ug. Let, th en , v be 
any function-vector which satisfies the equation u = X0E11, and con- 
sider the function-vector 


W = V - = «(y; p = 1, 

Since v satisfies the equation u = XoKu we have 




and so 


w = V - Xo 


— ^0 


Erom the definition of the functions u^(x) the sum 

is, by of second generalized Fredholm relation, the quotient 


by 
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Since v is, by hypothesis, a solution of the homogeneous integral equsr 
tion the first and third of the terms on the right cancel each other. 

Since Xo J* j v(x) dr = v(a) the second and fourth terms on the ri^t 

also cancel (why?) and so is the zero constant function, or, equiv- 
alently, V is a linear combination of the function-vectors Ui, • ■ • , u*. 
We have, then, the following fundamental result: 

If X = Xo is a zero of multiplicity p of D(X) there exists a positive 
integer q ^ p, which we term the index of the characteristic number 
Xo, such that every solution of the homogeneous integral equation 
(i.e., every characteristic vector) which is associated with the char- 
acteristic number Xo is a linear combination of q such characteristic 
vectors. 

5. Necessary and sufficient conditions for the solution of the 
non-homogeneous integral equation when X is a character- 
istic number 

We have already seen (Exercise 1, p. 260) that a necessary condition 
for a solution of the non-homogeneous equation y = XKy -|- f when 
2)(X) = 0, i.e., when X is a characteristic number, is Df = 0. This 
condition is vacuous when D is the zero linear integral operator i.e., 
when X = Xo is a characteristic number of index > 1. Let X = Xo 
be a characteristic number of index g, and let (fi, n), • • • ({*, t*) be 
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such that D 


y = XoKy + f by U 
to X we obtain. 


Xo) 7>^ 0. On multiplying the relation 

,Ti • • • T, / 

( ^1 • • • • \ 

Xo ) and integrating with respect 

X T2 • • • Tq / 


X T2 • • • T« 


Xo ]y(x) dx 


+ ■■■■*• x.Vwib. 

J \x 72 ••• / 


By virtue of the second generalized Fredholm relation 


A\^] 

j \x 72 * Tq / [r_ 


dx = D 


\7 72 ••• 7a 


(remember that q is the index of Xo) and so the first term on the right 
cancels the term on the left. Thus a necessary condition for the 
existence of a solution of the non-homogeneous equation is 

\\ix)dx=0 
•J \X n ' • • Tq / 

On denoting the quotient of Z)(^^ Xo)byi)( Xu) 

\X Tt ■ ■ • Tq / \ti • ■ - Tq j 

by ciCa:} this necessary condition may be written as follows: 

(vxlf) = 0. 

In words: 

TAe funcUcTi^ector f must he perpendicular to the function^vector Vi. 

Ste d(^ ■ ■ A . S. A 

the same argument as that for the function vx{z) shows that f must be 
perpendicular to the function-vector 


V 2 : W 2 (x), where V 2 (x) = 


X.) 

_ xri X Tq ■■■ Tq / 

X)C-' -*'x.) 

Vl • • • T* / 
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Proceeding ia this way we see that, in order that the non-homogeneous 
integral equation 

y = XoKy + f 

may possess a solution when Xo is a characteristic number of index g, 
it is necessary that the function-vector f be perpendicular to each of 
the function-vectors vi, • • - , Vg, where %{x) is the quotient of 

/ 

Z)f Xo 

\ri • Tp-iajTp+l • Tg , 



EXERCISE 

1. Show that the function-vectors Vi, * • - , are linearly independent. 
Hint. When x = n, Vi(a;) =a 1, Vi{x) = 0, • • • , Vq{x) « 0. 

It is easy to see that when the function-vector f is perpendicular 
to each of the q function- vectors Vi, • * • , Vg the non-homogeneous 
integral equation y = XKy + f possesses a solution. Let us denote 



and let P be the linear integral operator 



The first generalized Fredholm relation tells us that 



Since f is perpendicular to each of the function-vectors Vi, • • ■ , Vg 
it follows that 

Pf = Kf -h XKPf = Kz, 

where z = f -|- XPf . Hence z = XKz + f so that z is a solution of the 
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noa-homogeneous Imear integral equation y = XKy + f . If y is any 
other solution of this equation y — z is a solution of the homogeneous 
equation u = XKu (why?). Hence y — z is a linear combination of 
the function-vectors Ui, • • • , Ug. Thus the general solution of the 
non-homogeneous linear integral equation is 

y = Z + ClUl + • • • + CgUg, 

where the ci, • • • , Cg are arbitrary constants. 

We have now finished the theory of the homogeneous integral equa- 
tion u = XKu and of the non-homogeneous integral equation y = XKy 
+ f. The net result is as follows: 

If i)(X) 5*^ 0 the integral equation, homogeneous or non-homogene- 
ous, possesses the unambiguously determinate solution y = rf + f, 

(x ' 

where r ; r I X 

\t j i){\) 

The imambiguously determinate solution of the homogeneous 
integral eqxiation is, accordingly, the zero vector. If we reject this 
solution of the homogeneous integral equation as trivial we have the 
following contrast between the non-homogeneous integral equation 
and the homogeneous mtegral equation: 

When D(X) 5 *^ 0 the non-homogeneous integral equation possesses 
an unambiguously determinate solution while the homogeneous 
equation does not possess a (non-trivial) solution. 

On the other hand the situation is reversed when 2)(X) = 0. X has 
an index q which is not greater than its multiplicity (as a zero of D(X)), 
and the general solution of the homogeneous equation is a linear 
combination of q linearly independent vectors Ui, • • • , Ug. The 
non-homogeneous integral equation does not now, in general, possess a 
solution. If, however, f is orthogonal to q linearly independent 
vectors Vi, • • • , Vg the non-homogeneous equation does possess the 
solution z = f -j- XPf , and the general solution of the non-homogeneous 
equation is obtained by adding to z an arbitrary linear combination 
of the vectors Ui, • • • , Ug. 

6. Adjoint integral equations; Hermitian mtegral equations 

/A. 

I ) is the adjoint linear integral operator to K (see 
Exercise 4, p. 84), we say that the integral equation y = XK*y + f is 
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the adjoint of (or is adjoint to) the integral equation. 7 = XKy + f. It 
follows that the relationship between two adjoint integral equations 
is a partnership: Either of the two equations is the adjoint of the other. 
If we indicate the various quantities that refer to the adjoint integral 
equation by attaching a star to the symbol for the corresponding 


quantity for its partner, it is at once clear that 


conjugate complex of 


‘ ‘ " tq 


Xi • • ’ Xf, * 

is the 

tl • • • tq 


(why?). Hence Aq* is the con- 


jugate complex of Aj (why?) and so D*(X) is the power series whose 
coefficients are the conjugate complexes of the coefficients of D(X). 
Denoting the conjugate complex of X by X* (rather than by the usual 
it follows that D*{\*) is the conjugate complex of D(X). In par- 
ticular D*(X*) = 0 when JD(X) = 0 and D(X) = 0 when = 0. 

Hence 

The chaiactetistiic numbers of the adjoint integral equation are the 
conjugate complexes of the characteristic numbers of its psutner. 

The same argument that showed that Ap* is the conjugate complex 


is the corgugate complex of 


/ Xx • • • iC-jX 

of Ap proves that Bp*i J is the conjugate complex 

\tl ‘ ' tq/ 

fh ' ' ' tq\ fxi • • ' Xq \ 

.( ,)• It follows (why?) that D*( X*) 

\®i • • • xj \ti ■ ■ ' tq J 

' • - tq \ 

3 conjugate complex of D( X )• Hence the index of t 

\Xl • • ■ Xq / 


the conjugate complex of D| 


Hence the index , of the 


characteristic number X* of the adjoint integral equation is the aatnA 
as the index of the characteristic number X of its partner. The 
frmctions 


ni*{x) 


rx • • • Tq-xX 


VSi • • • I, / 


Uq*(x) = 
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are such that Ui*{x) 



In other words 


ui*{x) = vi(x), • • • Thusthenecessaryandsuflicient 

condition that the non-homogeneous equation y = XoKy + f should 
possess a solution when Xo is a characteristic number of index Q may be 


phrased as follows: 

f must be orthogonal to every characteristic vector of the adjoint 
homogeneous equation u = XK*u which is associated with the char- 
acteristic number Xo* of this equation. 

Let, now, Xm and \n be two distinct characteristic numbers of the 
equation u = XCu. We have the following remarkable theorem: 

Every characteristic vector u of the equation u = XKu which is 
associated with the characteristic number Xm is orthogonal to every 
characteristic vector u* of the adjoint equation u = XK*u which is 
associated with the characteristic number 

To prove this theorem we observe that the relation u = XmKu 
implies that (u*|u) = Xm(u*|Ku) and that the relation u* = Xn*K*u* 
implies that (u*lu) = Xn(K’hi*[u). Since (K*u*|u) = (u*|Ku) (why?) 
it follows that 


(X« - Xn)(u*lKu) = 0. 


Since Xm — Xn 5*^ 0 it follows that (u*1Ku) = 0. Hence (u*|u) = 0 
which proves the theorem. 

When the integral equation y ~ XKy + f is Hermitian (i.e., self- 
adjoint) aU its characteristic numbers are real. In fact the relation 
u = XKu implies that (u|u) = XCujKu) and both (u|u) and (u|Ku) are 

real (why?). Since (u|u) 5^ 0 (why?) (u|Ku) 9 ^ 0 and so X = 

is real. We shall denote a self-adjomt (or Hermitian) linear integral 
operator by the symbol H, and, on applying to a Hermitian integral 
equation the result just derived for two adjoint integral equations, we 
have the following fundamental theorem: 

Let Xm and X« be two distinct characteristic numbers (necessarily 
real) of the Hermitian integral equation u = XHu. Then any char- 
acteristic vector associated with Xm is orthogonal to any characteristic 
vector associated with Xn. 

If Xm has an index q > 1 the characteristic vectors Ui, • • • , Uq 
associated with Xm are not necessarily mutually orthogonal, but, on 
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applying to them Schmidt’s orthogonalization process (see Chapter 3, 
Section 2) we obtain a set of q mutually orthogonal unit characteristic 
vectors which are associated with the characteristic number Xm. 
Dealing in this way with each of the characteristic numbers we obtain 
an orthonormal sequence. (Remember that since the zeros of an 
analytic function are isolated they can be counted, there being only a 
finite number of them whose modulus is less than any given positive 
number.) In counting the members of the orthonormal sequence we 
attach to each the characteristic number with which it is associated 
(so that each characteristic number is repeated if its index is greater 
than 1, the number of times it appears being equal to its index). 

The important results of the preceding paragraph would be vacuous 
if our Hermitian integral equation did not possess any characteristic 
numbers. We shall prove, however, in the next section the remarkable 
theorem that every Hermitian integral equation possesses at least one 
characteristic number. Anticipating this result we summarize the 
important results of the preceding paragraphs as follows: 

Associated with every Hermitian integral equation is an orthonormal 
sequence of function-vectors each of which is a characteristic vector of 
the integral equation; every characteristic number of the integral equa- 
tion is real, and every characteristic vector of the integral equation 
is a linear combination of members of the orthonormal sequence. 


7. The existence of a characteristic number for a Hermitian 
integral equation 

In order to show that a given integral equation possesses a character- 
istic mimber it sujffices to prove that its Fredholm determinant jD(X) 
possesses a zero (why?). If D(X) did not possess a zero the resolving 
kernel 




■U 

D(\) 


would be an integral analytic function of X (i.e., it would be analytic at 

every finite point X in the complex X-plane), for both D C') and 

D(X) are integral functions of X. Hence if the integral equation 
u = XKu does not possess a characteristic number the development 

power series in X is convergent for every value of X. 


/x \ 

of r 1 X I as a 
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We propose to show that this camiot be the case if K = H is a Her- 
mitian linear integral operator. 


The development of r 


/x \ 

1 X ) as a 

\i ) 


power series in X is readily found, 


whether K is Hemutian or not, provided that |x| is sufficiently small. 
When X = 0, y = f, and on setting y = f in the right-hand side of the 
integral equation y = XKy + f we obtain y = f + XKf , Since y = f + 


Xrf the power series for V 


(» 


must start out with the term K 


©■ 


On substituting the expression f 4- XKf for y in the right-hand side 
of the integral equation we obtain y = f + XZf + X^K^f . Proceeding 
in this way we obtain the successive approximai^ions 


yo = f; yi = f + XKf; 


yn = f + XBjf + 


+ X«K"f 


to the sought-for solution of the integral equation. The question 
immediately arises: Do these approximations converge, and, if they 
do, is their hnut a solution of the integral equation? The answer to 
both parts of this question is ^^yes’^ provided that [x] is sufficiently 
small, and we proceed to show this. 

In the first place we observe that the various powers K” of the linear 
integral operator K obey the exponent law: K’^” = (why?). 

In particular 

K’* = KK^i 


so 


(h- On regarding ^ ^ 
as function-vectors over the interval a ^ r ^ & it follows 

that K* is the scalar product of the second of these function- 
vectors by the first. Hence, by Schwarz's inequality, 

Let us denote by the integral of j K" 

over the square a ^ x ^ b;a ^ t ^ b. Then it follows, on integrating 
the inequality just written over this square, that 
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n = 2, 3, • • • . 

Thus W ^ Oi*, < OW ^ Gi“, and, generally, 
C?«* ^ n = 1, 2, • • • . 


On ■writing K" in the forna KK’ 


appears as 


On regarding X"-® ^ ^ and X ^ ^ X ^ as function-vectors, (two 


dimensional) over the square a ^ ^ h, a ^ t 2 ^ b 


scalar product of the first of these two function-vectors by the second. 
Hence (why?) 




where C* stands for the non-negative number /OO'O 


X 


t;) 


dn dr 2 . Thus 


i) 


^ and so 


/•■(:) 


/(«) dt 


4 CGi^N{b — a), where !/(*)! ^ N over a ^ x ^ b. It follows 
that the series f + XKf + • • • + X“K”f -!-••• converges at every 

point X of [fl, b] if 1x1 < the convergence being uniform with 

Gi 


respect to x over [a, 6]. On denoting the sum of the series by z we 
have Kz = Kf -H +••*•+■ X"K’^^f -f- • • • (term-by-term inte- 
gration being permitted by the uniformity of the convergence of the 
series f + XKf -f- • • • -|- X»K»f -!-••■)• Thus XKz = XKf + X*E*f 
-I- ... - 1 - x«+iK"+‘f -f- • • • = z — f so that z = f -f- XKf + • • ■ 
-|- X"K"f -1- • • • is a solution of the equation y = f -f XKy. We 
have, then, the folio-wing result: 
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If |x| < X is not a characteristic number, and the unambiguously 

determinate solution of the integral equation y = >Ky + f is given by 
the formula 


where 


y = xrf + f, 
r = K + XZ» + 


• + X"“^K” + 


We have already seen that if D{\) 0 the unambiguously determi- 

nate solution of the integral equation is 


and so 


On setting /(i) = P 
every x. Hence 






C A— xj we obtain (f[f) — 0, 


+ - • • 


If D(X) has no zeros the power series expansion of 

D 




which is 


completely determiiied by the values of 


ii 

D{\) 


D(X) 

over any neighbor- 


hood of X = 0 must converge for every (finite) value of X. In other 

words the series X ^ ^ -1- XK® ^ ^ + ■ • • + X""'-^" 0- 

must converge for every (fimte) value of X. In order to prove, then, 
that every Hermitian integral equation y = XHy + f has a character- 
istic constant it is sufficient to show that the series ' ' 
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+ 


H- 


■•(:) 


+ 


has a finite radiiis of convergence. 

Note. The solution of any integral equation y = XKy + f, namely, 


y = f + XKf + 


+ + 


which is valid if jxl is sufficiently small (in particular if [x] < ^ is 

known as the Neumann solution (after C. Neumann [1832-1925], a 
German mathematician). It suffers from the serious fault that it is 
valid only when jxj is sufficiently small. By way of contrast compare 
the Fredholm solution 


y = 


D(X) 


Df + f 


which is valid for every X which is not a zero of I)(X). 

It is clear from the definition of a Heimitian linear integral operator 
that if H is Hennitian so also arc H*, H*, • • * H*. In fact (ulHV) 
= (HulHv) = (H^ujv) so that H* is Hermitian (why?). Similarly H» 


is Heimitian, and so on 

I dr it follows that //*’* 








is real and non-negative. 


Furthermore j iJ 2 n (jdx>0 since if J* f j dx 

Kl) 


were zero 


jff»( I woxild be identically zero (why?), and no power of H is the 


zero operator. In fact 


were identically zero II^ would be 


identically zero (why?), and if were identically zero H*"+* 

= H®”+*H would be identically zero, and this would force to be 
identically zero. Thus the lowest power of H which is identically 
zero is neither even nor odd; in other words no power of H is identically 
zero (it being understood that H is not identically zero). Let us 


denote by ps. the positive number pa. 


- J "’“0 


dx (so that Pin 
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is the squared magnitude of the two-dimensional function- vector 

ft\ 

w„ : R* I I ; it follows from the relation 

n = 2, 3, • ■ • , 

that Pin is the scalar product of the (two-dimensional) function- 
vector Wn+i : (two-dimensional) function-vector w„-i : 

( ) Hence, by Schwarz’s inequality, 

P2n^ ^ P2n-2P2»M-2; 71 = 2, 3, ' ’ * . 

In other words the sequence of positive numbers ^ 2 , 

I P2n f 

• • • , is monotone-increasing. Hence the ratio of the (n + l)st term 
of the series 

P2 + PPa+ • • • + -!-•••; p> 0 

*p. 

to the uth term > ^ — The series is, accordingly, divergent if 
Pi 

u > — It follows that the series 
P* 

Q + mR* Q + • • • + 




P2 ./? . 

does not converge (uniformly with respect to a;) if ^ > — , for if it 

P4 

did the series 

P 2 + MP4 + * * • + ^’‘“"^Pan 

obtained by term-by-term integration would be convergent. Hence 


the integral equation whose kernel is 
number, for if it did not the series 


(:) 


possesses a characteristic 






+ 


- 1 - 


■(:) 


+ 
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would converge, uniformly over tbe square a ^ x ^ b, a ^ t ^ b, for 
every (finite) value of n. 

Since (ulHhi) = (HulHu) all characteristic numbers of H® are posi- 
tive (why?). Denote, then, the characteristic number of H®, whose 
existence we have just proved, by m > 0- Let u be a characteristic 
vector of H® which is associated with ju, and constmct the two vectors 

Vi = u V 2 = u — p^Hu. 

Since Vi -h Vs = 2u not both the vectors Vi and vs can be the zero vector 
(why?). Furthermore 

Hvi = Hu 4- Hv 2 = Hu - 

so that, since u = juHhi, 

lyt^Hvi = u -f = vi; -m^^Hvj = u - = v*. 

Hence either jti^ or — (posably both) is a characteristic number of 
H. This completes the proof of our principal theorem: 

Every Hennitian integral equation possesses at least one character- 
istic number. 

Incidentally we have proved that every characteristic vector of H 
is a linear combination of characteristic vectors of H (since 2u = vi 
-h Vs and each of the vectors Vi, v* is either the zero vector or else is a 
characteristic vector of H). It is clear that if \ is a characteristic 
number of H then X® is a characteristic number of H®, any clmacter- 
istic vector of H which is associated with X being a characteristic vector 
of H® which is associated with X*. In fact the relation u == X(Hu) 
implies u = XH(X(Hu)) = X®H®u. Thus the characteristic numbers 
of H® are precisely the squares of the characteristic numbers of H. 

EXERCISES 

1. Show that if X is a oharacteiistio number of H of index q then X* is a charac- 
teristic number of H* of index ^ q- _ j . t. 

2. Show that if X is a characteristic number of H of index q+ and —X a charac- 
teristic number of H of index 3 _ (it being understood that 9- “ 0 ^ * 

characteristic number of H) then X* is a characteristic number of H* of index 

Show that if {u«} is an orthonormal sequence determined by H then (u*} is 

an orthonormal sequence determined by H*. j , • 

4. Show that the modulus of the oharaoteristic number of H whose modulus is 

least < ^ • Him. There is at least one singular point of an analytic function 

on the cireumferonce of its circle of convergence. 
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5. Show that if X is a characteristic number of the integral equation y - 
-1- f then one of the nth roots of X is a characteristic number of K and that every 
characteristic vector of is a linear combination of characteristic vectors of K. 
EM. Let u be a characteristic vector of which is associated with X, and let 

n — 1 

1 ipB 


3 = 1, 
and 


, n be the n nth roots of X. Set v,- = u ^ €/pKpu, 

p-i 

, n. Then the function-vector v,- satisfies the equation vy » «/Kvy, 


vy = nu. 


s 

6. Show that the characteristic number X of the integral equation y » XHy 4- f 

whose modulus is least is such that ^ 1^1 ^ “ I » where (ri* is the squared 

\Pi/ 

magnitude of the (two-dimensional) function-vector H : h 

7. Show that when Eixtj [a, 6] = [—1, 1] then D(X) * 1 — I* X. Show that 

so that « *1 H and H. Show, further, that ■= ’o*, 2>4 “ 'ST » 


and verify that the inequality |x| ^ reduces to an equality in this case. 

8. Show that, for the Hermitian linear integral operator of Exercise 7, the 
inequality ^ ^ |xl reduces to an equality. 

Gi 

9. Show that when E:x + tj [a, &] = [~1, 1] then /^(X) — I — -g-X*, H*: 2xt 

+ i H^:| *4 + 1. Ps “ I > P4 = =■ I. Verify that the inequality of 

Exercise 6 is i (|)W ^ ^ (3)5^ < i (3)5^. 


8. Separable linear integral operators 


When K 


0 "“' 


the form pi(x)qi(t) + 


+ P«(®)§n(<) the linear 


integral operator K : 


H') 


is said to be separable. There is no laok of 


generality in assuming that the n function-vectors pi» • • • , P. are 
linearly independent (why?), and we shall make this hypothesis. On 
denoting (qy|y) by c^, j = 1, • • • , n, the integral equation y == XKy 
-|- f is equivalent to the equation 

y(x) = X{c‘pi(a:) -!-•••+ c”p«(a:)} +/(*) 
and so = (q/|y) is given by the formula 
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d = X{(qilpi)c^ + • • - + (qylp«)c"} + (q/jf)- 

On denoting by A the n X n matrix of which the element in the jth row 
and mth column is (qjlpm) we have 


C =; Xilc + df 


where c is the » X 1 matrix of which the element in the jth row is 
and d is the « X 1 matrix of which the element in the jth row is (qj-jf ) • 
In order that the homogeneous integral equation may have a (non- 
trivial) solution it is necessary that the matrix - \A be singulaj. 
Conversely if E* - XA is singular there exists a non-zero n. X 1 matrix 
c such that c = XAc. On setting 

n 

U(x) = ^ ^ C“p«(a:) 

a=“l 

it follows that 

Ku:Xy?)a(a:)V(53lp«)c« = ^YCAcyp^Cx) = 2,^Pe(x) 

fim.1 


SO that XKu = u. Since the function-vectors pi, • * * ? Pn are, by 
hypothesis, linearly independent, u is not the zero vector. Hence X 

is a characteristic number of the separable kernel K I )• Thus 


The characteristic ntimbers of a separable kernel are finite in num- 
ber; they are the zeros of the determinant of the n X n matrix ^ XA 
where AJ = (q,lpm)- 


EXERCISES 


1. Show that K:p(xMi) docB not have a characteristic mimbor if (<i|p) « 0 
and that if (qlp) 0 it has as its only characteristic number the reciprocal of (q|p)- 

2. Determine the one and only cliaractoristic number of the Hermitian linear 
integral operator H: xt, [a, h] - [-1, U- Check your answer with the result of 


Exercise 7, p. 276. , j r r i n 

3. Determine the two characteristic numbers ot B.: x -jr h [a, ^ {-if ij. 

Check your answer with tho result of Exercise 8, p. 276. / z/x j_ 

4. Show that tho necessary and sufficient conditions that KzpiWqx^) + 
P 2 (x)d 2 (f)j where the function-vectors pi and pa arc linearly indepcnd<mt, shoiUd 

I (qiiPi) (<iilPs)\ 

have no characteristic numbers are (qi|pi) + (qalPa) “ 0, dot I (dalpa)/ 


- 0 . 
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9. The bilinear formrda 


Let "H.: Hi J be aay Hermitian liaeax integral operator, and let {u„} 

\t/ 

be the ortbonormal sequence (finite or infinite) -wMch it detenmnea. 
If we hold t fitxed H h may be regarded as a one-dimensioiial func- 


tion-vector whose jth Fourier coefficient with respect to the ortho- 
normal sequence {u«} is 


This is the conjugate 


J^t) 


]ui(x) dx = 


Uj(t) 


Thus (since the 


/x\ 

characteristic numbers of H are real) the Fourier coefficients of H I 1, 
regarded as a one-dimensional function-vector by the device of holding 


t fixed, are 


Mt) 


Hence the Fourier series 




t fixed, is 


Ul(t)ui{x) , , Un{t)Un{x) , 

+ • * • i : r 


Xi ■ ‘ Xn 

This Fourier series may, or may not, converge, and, if it converges, its 

/A 

sum may, or may not, be H ( v We proceed to prove the following 
fundamental theorem: 

If the Fourier series oiH^^ converges over the square a ^ re ^ 6, 
a ^ t and if its convergence is uniform with respect to x for every 
fixed t, a ^ t ^ bf its sum is H 

As a first step in the proof of this theorem we shall prove that if the 

/A . 

Fourier series oi H { J converges uniformly (regarded as a function 
of the two variables x and t) over the square a ^ x ^ b,a ^ t ^ b then 
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(:) 


its sum is JT f )* To do this we denote by H' the linear integral 
operator 

H': H' 


Y Un(t)Un(x) 


over the 


"0 -•(:)- 1 

The assumed uniform contmmty of the senes ? ^ 

square a^t^b, coupled with the continuity ^ Q 

over this SQ[uare, assures us that H' (:) is continuous over this square. 




is not identically zero, it 


H' is Hermitian (why?) so that, 

possesses a characteristic number ft, say, and an associated character- 
istic vector V, say. Since the infinite series which appears in the 

converges uniformly in t for every fixed x, H'u^ 


ition of H' ^ 


definition 

may be obtained by term-by-term integration. By virtue of the 
orthonormal character of the sequence {u„} we find that 


H'u/ = Huf - ^ = 0 (why?); i = 1, 2, - • • . 

Since v = juH'v it foUows that v is orthogonal to e^h and ev^ 
member of the orthonormal sequence {u.}. In. fact (tifjv) = |t(u#lH'v) 
= m(H'u,-1v) (why?) = 0. Hence, on evaluating H'v by term-by-term 
integration, H'v = Hv so that v is a characteristic vector of H. But 
this is absurd since v is orthogonal to every characteristic vector of H 

(why?). Hence H' 0 must be identically zero or, equivalently, 

M _ V u„(t)unix) 

W T ^ 

This fundamental result is known hs the bilinear formula. Our pre- 
liminary result may, then, be stated as follows. 
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00 

The bilinear formula is valid when the series ^ 
uniformly over the square a^x^b,a^t^h. 


Un{t)Un{x) 

x« 


converges 


When the series 




Un(Orfn(iB) 

X„ 


is a finite one, i.e., when H has only a 


finite number of characteristic numbers, the question of convergence 
does not arise. Thus 

Every Hermitian kernel which possesses only a finite number of charac- 
teristic numbers may be wriUen in the form 


H 


0- 


Ul(t)Ui(x) 

Xi 


+ 




Un{t)Un(x) 


In particular every such Hermitian kernel is separable. 

Note. This result assures us that the Hennitian linear operator 




{s(a;)s(i)}^, which occurs when we look at a regular self- 


adjoint boundary-value problem from the integral equation point of 
view, always possesses an infinite number of characteristic numbers. 
In fact, since the functions ui{x)^ • * * > ‘ * * differentiable 

over [a, b] (why?), ^ would be differentiable over [a, b] if it 

possessed only a finite number of characteristic numbers (why?). 

But is not differentiable over [a, b] (why?). Hence it must 


possess an infinite number of characteristic numbers. 


The Foiirier series 


eo 

X 


Un(.t)u„(x) 


(see Exercise 2, p. 275). This series is uniformly convergent over the 
square a^x^h, a^t^b, and the bilinear formula 




(:)-?»= 


(t)un(.x) 
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is valid. In order to prove this we first consider the Fourier series 


eo 


.(t)Un(x) 

X„* 


of (why is this the Fourier series of B* 

oirnmiTift the convergence of this series we consider the absolute value 

jv+p y+p. I 

of the sum > ~H~i> greater than 

JV+P, , 

\Un(t)Un{x)\ 

since ^ Xw+ 2 ^ ^ ^ Xi^r+p^- Now the sum y 

may be regarded as the scalar product of the two real 25-dimensional 
vectors 

^ hW^Y J Wb+i{x)\ ^ _ ^ 

^ \ X2/+1 Xjv^+p / ^ \ Xjy+i Xj\r+p / 


Hence, by Schwarz’s inequality, ^ K(<K(ar) _ jg greater than the 


product of the magnitudes of these two jj-dimensional vectors. Now 


since the 


Fourier coefiicients of H ^ follows from 


Bessel’s inequality that 
V^p(0«i>(0 




Since H®r.) is a continuous function of the square variable a ^ a; ^ i>. 


a^t^b 


'•^ 0 ‘ 


is bounded over [a, 6]. Thus there exists a number 


M, say, such that ^ m over [a, h], M being independent 


of t Hence the squared magnitude of each of the vectors 
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. JWa;) |N ^ „ 

' ^w+i ^ff+j) / \ Xw+i ^if+p ) 


and so 


Thus 


iV+p 

z 

w+1 


g»(0Mn(iC) 


JV+P 

y g»(0Mn(ie) 

Jf+1 


^ M\ 


. Af* 

^w’ 


and since \n+i^ may be made arbitrarily large by making N sufficiently 
large the uniform convergence over the square a^x^b, a^t^b 
of the series 


00 




has been demoDstrated; this guarantees the validity of the bilinear 
formula for H* 

j \ * 

,(<)«n(®) 


H* 




It is not so easy to prove the uniform convergence of the Fourier series 

of over the square a^x^bja^t^bj but it is easy to show 

that this Fourier series converges uniformly in x for every fixed t 
(and uniformly in t for every fixed x). This together with the validity 

of the bilinear formula for 0 enables us to prove the validity of 
the bilinear formula for 0 } and after (not before) this validity 


of the bilinear formula for 0 is known we can prove that the 
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Fourier series of if® C) actually does converge uniformly over the 


square To see that the Fourier series of if® 


C) 


converges uniformly in either of the two variables {x, t) when the other 
is fixed we consider the sum 


N±p 


i 


U„(t)ti»(x) 


This may be regarded as the scalar product of the p-dimension^^vector 

. . . , by the p-dimensional vector v ^ 

\ Xjyf+1 f 

/ 


Hence, by Schwarz’s inequality, the absolute value 


N^P 


of the sum is not greater than the product of the magni- 


X„® 


iv+i 

tudes of these two vectors. In order to prove the uniform convergence 

with respect to a:, t being fixed, of the series 2^ we observe 

/ MjV+l(x) 1 < 

that the squared magnitude of the vector > • • • » y v. 

X ‘<i,iix)u,i(x) ^ (where M is independent of x). Also, in 

X„® 

view of the convergence of the series magnitude of 

the vector f • • • > may be made arbitrarily small by 

\ Xat+I y^lT+P f X ^ 

rv^oWng N sufficiently largo (the choice of N depending on t but no« 

\ 2 
An 


on x). Thus the absolute value of the sum T"; may oe 


JT+l 


made arbitrarily small by merely making N sufficiently large, the 
choice of N depending on t but not on x. In other words the senes 
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«e 


U„(t)Un(x) . 




is convergent over the square a^x^b, a^t^b, the 


convergence being uniform with respect to x for every fixed t. Sim- 

ee 

ilarly (or by observing that jg Hermitian) (what does 

1 

this mean?) the convergence is uniform with respect to t, x being fixed. 
In order to prove the validity of the bilinear formula for H* we set 


'iip(t)Up(x) 


Hp{t)Up{x) 


so that 


where 


•■■O-C)-? 
-■O-'-O-'-O 


; 71 = 1, 2, 


Thus R\ ^ at 71 = 00 uniformly with respect to x for any 
fixed t. Since C) is a continuous function of x, for any fixed 
and since R\ (:) is null at 71 = oo, uniformly with respect to x, it 


follows that H*. 




bounded function of x, the boundedness 


being uniform with respect to n; in other words there exists a constant 
C such that 




^ (7; t fixed, x and n arbitrary 


(C may well depend on but it is independent of x and n). Let us 
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calculate the squared magnitude of H\ 0 regarded as a function of x, 
t being fixed. On taking account of the relations 


J jff* ^ ^ Up{x) dx 


(Up|up) = 1; (uju,) =0; p q 




we obtain 


magnitude of 


ir fonni 

<} 


Since the bilinear formula is valid for it follows that the squared 


Since 


t fixed, is null at n = «> . 

We next appraise the squared magnitude of Si 

= HK - R\ 0 this squared magnitude = ^■0 

'■ 0 * - / ®‘- 0®’” 0 ^ ■ J'"”- 0®’" 0 


0 ®’- 0 ‘^- 


Since 2?*. 

respect to x, and since 1 H* 


■0 ' 

■01' 


is null at n. = <» , uniformly with 
is bounded, xmiformly with respect 


to ® and w, it follows that the squared magnitude of t fixed, 

is null at n = « . (Prove this.) Being independent of n it must be 


zero (why?) and so IPm 


0 - 


for every x and every t. In other 


words 

The bilinear formula is valid for H®. 

A repetition of this argument (applied to H rather than H®) proves our 

main theorem. We set 
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n 

-I 


■aj,(t)up(x) 


; n = 1,2,3, ■ 


<y<yt 


•Cipit)up(x) 




\^Up(t)Up(x) 

Note. We cannot prove the convergence of the senes ^ 

(the convergence being uniform with respect to x for every fixed t) 

00 

IJ j!-_ J.1. V^p(0wp(®) rm-: j. 1 J 


as we could for ttie series 


This must now be granted, 


but from this point on the argument is precisely the same (except 
for the fact that we lean upon the validity of the bilinear formula for 
H® rather than, as before, on the validity of the bilinear formula for 
H*). We have, then, proved the following fundamental result: 


If the Fourier series 


ies at 


converges uniformly in x for every 


fixed t the bilinear formula is valid : 


H 


(^\ _ V«n(i)UnW 

\t) 4 Xn 


The bilinear formula is valid for H® no matter what is the (Hermitian) 
linear integral operator H : 







As a first application of this result we prove the following remarkable 
theorem: Every function-vector h of the form Hh, where h is any 
continuous function-vector, possesses a uniformly convergent Fourier 
series, with respect to the orthonormal sequence {u»} determined by H, 
and the sum of this Fourier series is h{x). 

Since (u/|k) = (u,|Hh) = (Huf|k) = ^ (u;[h) the Fourier coefficients 

if of i. are given, in terms of the Fourier coefl&cients h^' of h, by means 
of the formula 
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j = 1, 2, 


Thus the Fourier series of fc(a:) is 



Since the series 


«0 

W converges (why?) and since ) ^ 




V 


less a fixed number M (by fixed we mean independent of x) it 
follows, by the same argument which proved the uniform convergence 
in X (for every fixed t) of the bilinear formula for H®, that the Fourier 
series for ft(®) converges uniformly in x. It remains only to prove that 


its sum is Hx). To do this we set v = k - the uniform 

ee 

convergence of the series permits term-by-term integration 

(after multiplication by Ui{x)) it follows (by virtue orthonormal 

quality of the sequence {u»}) that (u/jv) = (uf|k) - — = 0. Hence v 

is orthogonal to each member of the orthonormal sequence {u„}. In. 
view of the uniform convergence in i, for every fixed x, of the bilinear 
formula for H® it foUows that H®v = 0. (Prove this.) Hence 
(H®v|v) = 0 and so, since (H*v|v) = (Hv Hv), Hv - 0. Since 
fc = Hh it foUows that (kjv) = (Hhlv) = (h(Hv) = 0. Hence (on 
again using term-by-term integration) (vjv) = 0 so that »(») s 0. In 
other words the sum of the Fourier series of h(jc) is k(x). 

Let, now, y be a solution of the integral equation y = XHy + f • 

gijice is of the form Hy it possesses a uniformly convergent 

X 


Fourier series 



X 



C'Up. 


On multiplying this equation scalarly by \ip we find 
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IF —P 

= c*>; p = 1, 2, 


Since o** is the pth Fourier coefiSicient of Hy we have c® = — and so 


IF 


\X \J X 


Hence, if X X,,, 



so that p — / + %>(*). This form of the solution of a 

Hermitian integral equation is known as the HilberlhSchmidt solution 
(after the German mathematicians D. Hilbert 11862-1943] and E. 
Schmidt). It shows clearly the effect of tesonanoc as X approaches 
one of the characteristic numbers Xp of the integral equation. When 
X = Xp we must have /’’ = Oj in other words it is necessary, for the 
existence of a solution of the non-homogeneous equation, that / be 
orthogonal to every characteristic vector associated with Xp. When 
these necessary conditions are satisfied, the p*- (and hence the &•) 
which are associated with X, are arbitrary, but the which are associ- 
ated with the other characteristic numbers are determined by the 

formula c® = — - — . 

X, - X 


10. The completeness of the orthonormal sequence {u„} defined 
by a regular boundary-value problem 

We know that, if H is any Hermitian linear integral operator, its 
“square” H* is furnished by the bilinear formula 





where the series converges uniformly in x for every fixed t (and uni- 
for^y in < for every fixed x). Since term-by-term integration (after 
multiplication by any continuous function v{t)) is legitimate (why?) 
^d smce the sequence {u„} is orthonormal it follows that if the 
function-vector v is orthogonal to every vector of the orthonormal 
sequence then H®v = 0. (Prove this.) Hence (HVjv) = (Hv|Hv) 
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= 0 so that Hv = 0 (why?). If the linear integral operator H is such 
that Hv = 0 only when v is the zero vector it follows that the ortho- 
normaJ sequence {u„} is complete (what does this mean?). We have, 
then, the following theorem: 

If the function-vector v is orthogonal to every vector of the ortho- 
normal sequence {un} determined by the Hermitian linear integral 
operator H then Hv = 0; if H is such that Hv = 0 only when v is the 
zero vector then the orthonormal sequence {un} is complete. 

We know that a regular self-adjoint boundary-value problem 

Lu -|- \su = 0; Bi(u) = 0, Bi(u) = 0 

for which s(x) is non-negative is equivalent to the integral equation 
problem 

V = XHv, 

where v(x) — {s(a:)}*^« andH:<? ^ ^ {s(a:)s(t)}^. Since LG = — lit 

is clear that Hu is zero only when u is the zero vector. In fact Hu = 
{s(a:)}^Gv so that Gv = {s(a:)}~^u. If, then, Hu = 0 we have 
Gv = 0 and so LGv, i.e., — v, is the zero vector. Hence u = { $(x) }“^v 
is the zero vector. Noie. We take it as granted that if s(x) is ever 
zero the points at which it is zero are either finite in number or else 
they may be covered by a sequence of intervals the sum of whose 
lengths is arbitrarily small. The fact that Gv may fail to be defined 
at these points is, therefore, of no consequence (why?). We have, then, 
the important result that 

The orthonormal sequence {u«} determined by any regular self- 
adjoint boundary-value problem is complete. 

11. Non-negative and positive linear integral operators 

A Hermitian linear integral operator H is said to be non-negative if 
the real number (v|Hv) is non-negative for every vector v; if this num- 
ber is positive when v is not the zero vector H is said to be positive. It 
is clear that the characteristic numbers of a non-negative linear 
integral operator are positive; in fact if Xp is any characteristic number 
of H and Up a characteristic vector of H associated with Xp we have 
Up = XpHup so that (up|up) = Xp(up|Hup). Hence (UpjHup) > 0 
(why?) and X, > 0. The converse of this theorem is true: 

If all the characteristic numbers of a Hermitian linear integral oper- 
ator H are positive, H is non-negative; if the orthononnal sequence 
(Un) is complete, H is positive. 
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In fact if T is any vector Hv possesses a uniformly convergent Fourier 

00 JO 

series and so (v|Hv) = / ^ orthononnal 

sequence {Un} is complete not all the Fourier coefficients of v are 
zero if V is not the zero vector; hence (v|Hv) > 0 if v is not the zero 
vector so that H is positive. 


'■ *0 “ 

■O', 

&. To see this set H ^ = E ^ ^ ^ where 

' CHO 

and if V is any real vector (v|Hv) = (v|Rv) (why?). If R 0 were 

ia<: x4:b,B^^ 


The ^'diajgonal values” H [ ) of any Hermitian kernel are real 
(why?); if H is non-negative Jff | | is non-negative over the closed 
interval a ^ x ^b. 

both R and S are real linear integral operators. Then H | 


negative at an interior point J of the interval , 


would, 


\b / 

by virtue of its continuity, be negative over a two-dimensional interval 

{+5 centered at (f, f). Choosing 
v{x) = 0 outside the open interval (J — 5, ^ -|- 3) and positive over 
this interval, (v|Rv) < 0 (why?) which is absurd since H is, by 
hypothesis, non-negative and (vIRv) = (v|Hv) since v is a real vector. 


Hence H is non-negative over the open interval (a, b ) ; by virtue of 

the continuity of H (;) it follows (why?) that H C) is non-negative 

over the closed interval [a, b]. This result enables us to prove the 
following important theorem: 


Every non-negative kernel H 


jj ^ ^ gn(0M.(a;) ^ 


furnished by the bilinear 


formula 
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where the infinite series (if it is infinite) converges unifonnly over the 
square a^x^b, a^t^b. 

To prove this theorem, we set 





‘an(t)Un(x) 

X, 


It is clear that Hp is Hermitian. (why?) and that HpUn = 0, n = 1, 
• • ■ p. (Prove this.) Let n be any characteristic number of 
and let V be a characteristic vector of Hp which is associated with /t. 
Since v = /xHpV it follows that (u^jv) = 0, » = 1, * • • p. (Prove 
this. Use the fact that HpU„ = 0.) Hence H,v = Hv (prove this) 
so that V is a characteristic vector, and ju a characteristic number, of H. 


Note that /t is one of the characteristic numbers Xp+.i, Xp+a, • • • 
since v is orthogonal to each of the vectors ui, • • • , Up. Since all 
the characteristic numbers of H, are positive, Hp is a non-negative 


linear integral operator. 


Hence J/p 



1 , 2 , 


• • • so that 


V 


fl«(®)«n(a!) 


X„ 


< H 




say, where M is independent of x. 


X Wn(2/)‘Un(3?) 

■ 

Xn 


Hence the series y ^ converges to a sum ^ M. On regard- 


N+p 


ing the sum V — as the scalar product of the jHl^eusionsl 


L( Xn 


vector V 1 , * * ' » l^y jMiimensional vector 

\(Xi^+x)’' (Xat+p) / 

^ ^ 7 ^^^) it follows, on applying Schwarz’s inequal- 

\ (Xw-+i) (Xiv+p) / 

00 

ity, that the bilinear formula converges uniformly in x 

1 


for every fixed t. Hence its sum is 


H 


0 _ V u„(<)l{| 
"V Xn 


{t)Un{x) 
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jj ^ yn(a:)«»(a:) 

« 

X iji (cci)u 

^ is uniform with respect 
1 " 

to z for the following two reasons: (1) Each term of the series is posi- 
tive; and (2) the sum of the series is continuous. In fact let us 
denote by Rn(z) the remainder after n terms: 




iii{x)Vi{x) 

X/ 


Then E»(a:) is non-negative and continuous over la, h ] ; denote by Xn a 
point of [o, b] at which R„(x) attains its absolute maximum over [a, 6], 
and let { be an accumulation point (what does this mean?) of the 


sequence {as*}. Since 




converges we can determine N 


such that 0 ^ En(£) ^ «, where e is any given positive number, if 
n'^ N. Hence 0 ^ Rnixm) ^ 2«, if n ^ N, for arbitrarily large values 
of m. Hence there exists an integer m for which Rmixm) ^ 2«. Hence 
Rmix) ^ 2* over lo, 6] (why?). Hence Efl(a:) ^ 2eif g ^ rra(why?). In 


other words the series 


xes 2^- 


(.x)Un(.x) 


converges uniformly over [a, &]. 


Since the modulus of 


»(i)xtn(a:) . 


is not greater than the product 


iv-hi 

of the magnitudes of the two p-dimensional vectors v ( - — • • • , 

Uir+,{X)\ fUir+i(t) Mjr4!)(t)\ 

ee 

\}Un(t)Un{x) 

senes converges uniformly over the square a ^ x ^ b, 

Note car^vMy that this is a stronger statement that this 
series converges uniformly in x for every fixed t. 



NON-NEGATIVE AND POSITIVE OPERATORS 293 


The imiffirm convergence of the series 


eo 

S iln(x)U„ 
X„ 


(*) 


iwnnits term- 


by-term integration of the relation 


K3 = 


(x)Un(x) 


and so 




+ 




In words: 

The series formed by the reciprocals of the characteristic numbers 
of a non-negative linear integral operator converges to the value 




Since the characteristic numbers Xi, X 2 , • • • are all positive it 
follows that ^ ^ Jh An equivalent statement is the 

following: 

The smallest characteristic number of a non-negative linear integral 


operator is not less than the reciprocal 




If H is any Hermitian linear integral operator the squares of its 
characteristic numbers are the characteristic numbers of H®. Hence 
H® is non-negative (why?), and 






Thus 

The modulus of any characteristic number of any Hermitian kernel 
is not less than the positive square root of the reciprocal of 




Example 

The boundary-value problem of the vibrating string is equivalent to 
the Hermitian integral equation whose kernel is the Green's function 
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The characteristio numbers of the boundary-value problem (or 
equivalently of the integral equation) are all positive : 

’““T' 

aUy Xi = ~ 


12. Rayleigh’s principle 

Let Tjs consider the boimdary-value problem which is involved in the 
discussion of the transverse vibrations of a string, not necessarily 
uniformly dense, which is tightly stretched between two fixed points. 

If 0 ), P2: (»2, 0 ) are any two 

points of the string when it is in its 
equilibrium position we denote by 
Pi: (xif 2/1), P2': {x2, 2/2) the positions, 
at any time t during the vibration, of 
these two points of the string. If p 
is the (linear) density of the string when in its equilibrium position the 
principle of conservation of mass yields p' ds = p dx, where p' is the 
linear density and a the arc length, at the time t The transverse 
component of the force acting at the time t on the portion of the string 
between Pi' and P2' is 

rzt 

p'ytt ds = I p 2 /« dx. 

J91 Jxi 

This force is exerted by the tensions of the remaining portions of the 
string at the points Pi' and P2'. We suppose the tension P when the 
string is in its equihbrium position so great that the additional tension 
due to its sEght extension when vibrating may be neglected (this is 
what we imply when we refer to the string as tightly stretched ) . Then 
the transverse component of the force due to the tension at P2' is 



2 

Fig. 40 . 
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dti 

P — (PsO> aiid we suppose the string so slightly bent away from its 
as 

dy 

equilibrium position (along the a^-axis) that may be replaced by y*: 

as 

this amounts to replacmg «*=(! + by 1. The transverse 
component of the force acting on the portion Pi Pi' of the string is, 
accordingly, P{yx(pSi) — = PVxxiX) Ax where a:i < ^ < X 2 and 

Ax = Xi — Xi. Hence 


PyxxiO Ax 
where Xi < {' < xi. Thus 




pytt dx = p({')y«(f') Ax, 


Pyxxii) = 

and on setting xi = x and letting Ax — ♦ 0 we obtain, by virtue of the 
assumed continuity of p and of the second derivatives yxx, Vu, the 
equation 

^ ^ yit; c® = -• 


This is the equation we have discussed in detail in the particular case 
where p is a constant function of x (so that the string is uniformly 
dense). In the more general situation of a non-viniform string we 
find, on setting y = that 


Uxx + PP*M = 0. 

Taking the string to be of length I and the origin to be at its mid-point 
(when it is in its equilibrium position) the boundary conditions are 

0 = 0, = 0- OJi setting p® = X we have the self- 

adjoint equation 

Lw -f \su = 0, 

where L s D®, s = p > 0. 

The MneHc energy of the vibrating string is 

i 

T = iJ*'jpyt* dx. 

"2 

Hence the time rate of change of T is 
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I i 

Tt = PjjOj/eJ/Mda: = P J* ^ytya>dx. 

“2 “2 

On integrating by parts and using the fact that yt = 0 both ends of 
the string we obtain 

I 

r* = -P I yxVxtdx 
*^-2 


If, then, we set 


”2 


we have 7* + T* = 0 so that 7 + T is constant. By virtue of the 
principle of conservation of energy we term 7 the potential energy 
of the vibrating string. On integrating by parts and using the fact 
that y = 0 at both ends of the string we obtain 

L L 

r ^ Va^ dx = ^ ^ Wxz dXm 

“2 “2 

Thus the additive constant in the potential energy has been fixed so 
that the potential energy is zero when the string is in its equilibrium 
position. We have, then, the following resTilt: 

i 

r2 

The kinetic energy oj the vibrating string is T = ^ I ^pyt^ dXj and the 

■"2 

i 

p n 

potential energy of Ike vibrating string is 7 = — I y^^ dx == 

2J_i_ 

I 


p n 

■ 2JJ 


yyxx dx. 

When the string is executing a normal vibration 

y = ; p ^ 0 

we have yt = so that 

yt^ = - 2a5 + 

Hence the average value of T with respect to t over a cycle is 
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docp^P 


/: 


pti* dx 


1/2 


(the time average of and of over a cycle being zero since 

p 5 ^ 0). A similar calculation shows that the time average of V 
f!/2 rm 

— a'-P I y* over a cycle of a normal vibration is otaP i u.^ dx. 

J-l/i J-l/2 

An integration by parts yields, since m = 0 at each end of the vibrating 

J i/2 ri/2 mil 

uj dx — — \ uuxx dx = I p«* dx since m** + p^pu 
-1/2 J-l/2 J~l/Z XX i y ^ 

= 0. Thus 

The time average, over a cycle, of the kinetic energy in a normal 
vibration is the same as the time average, over a cycle, of the poten- 
tial energy. 

This result merely expresses in terms of the physical concepts of 
kinetic and potential energy the fact that if u is a characteristic vector of 
the boundary-value problem which is associated with the characteristic 

. f«/2 m/2 

number X the ratio of — (u|Lu) = — I dx to ptt* dx is X. 

J -1/2 J -1/2 

Since s = p the vector v = pHu satisfies the Hermitian integral 


equation v = XHv, where H: 
expression for H that 

and so 


■•(:) 


p^(x)p^(}). It is clear from the 


Hv = piiG(pu) 

(v|Hv) = (pWu|pMG(pu)) = (pu|G(pu)) = (h|Gh), 


where h = pu = If v is any continuous vector the vector Hv 

= pJ^Gh possesses a uniformly convergent Fourier series 



with respect to the orthonormal sociucnu^e {vn} determined by H. 
Hence 

(hlGh) = (v|Hv) = 

On setting k = Gh = p-^Hv, so that k satisfies the boundary condi- 
tions, we have Lk = -h, since LG = -1. Hence (hi Gh) = -(Lklk) 
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J l/2 

dx (smce Lk : Titx and fc = 0 at both ends of the 

00 

string). On the other hand (pGh|Gh) = (Hv|Hv) = 
the orthononnal sequence {v»} is complete. Hence 

(^l« = • 

On combining the two relations 




BO as to eliminate we obtain 

2 

J l/2 

fc,* dx the kernel H is non-negative 

- 1/2 

so that the characteristic numbers Xi, • • • , X», • • • are all positive. 
Xi being the smallest of these it follows that 

(hlGh) - Xi(pklk) ^ 0 

or, equivalently, 

^ (b|Gh) ^ -(Lk|k) 

'' (pklk) 0>k|k) ’ 

In this formula lies the content of Rayleigh’s principle (after J. W. 
Strutt, Lord Rayleigh [1842-1919], an English applied mathematician), 
which may be phrased as follows: 

Let Lu -1- Xpw = 0, Ri(u) = 0, Bj(tt) = 0 be a regular self-adjoint 
boundary-^ue problem whose associated linear integral operator 

H:G ^ ^p^(a:)p^(t) is non-negative. Then the least characteristic 

number Xi of H is not greater than the quotient of — (Lk|k) by (pk|k), 
where k is any vector which is such that Lk is continuous and which 
satisfies the boundary conditions. 
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Note, Rayleigh phrased his principle in terms of the physical con- 
cepts of kinetic and potential energy. The numerator of our fraction, 
namely, — (Lk[k) was termed by him a multiple of the average 'potential 
energy, and the denomiaator was termed the same multiple of the 
average kinetic energy of the mechanical system whose vibrations are 
governed by the boundary-value problem. In actual computation 
it is simpler to start with the explicit formula 

Xi ^ 

In order to determine a function k(x) which satisfies the boundary 
conditions you may set k = Gh, where h is any continuous vector; 
then Lk = — h, and kix) may be determined by integrating this 
equation and determining the constants of integration so that k 
satisfies the boimdary conditions. 

Rayleigh's principle furnishes a method of approximating the least 
characteristic number of the non-negative linear integral operator H. 
On setting 

' (pkik) 

we obtain an approximation to Xi which is too large by the amount 
1 — — J -fr (pk|k). Here the numbers are the Fourier 

Xp/ 

coefficients of h, where k = Gh. We can use pk as a new h and 
thus obtain a new approximation which is better than the original one. 
To see this set ki = Ghi = G(pu) = p“^Hv; k2 = Gh2 = G(pkO = 
p-^Cp^^i) = p”*^*v. Then H*v has the uniformly convergent 
Fourier series 



so that 

00 

(Hv|H*v) = = (h2|Gh2) = -(Lk2|k2); 

(HV|HV) = ^ ^ = (pkjjkj). 



■(IJg|k) 

(pkjk) 
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The error in the approximation to Xi obtained by applying Rayleigh’s 
principle using the function-vector is 


« CO 

lZ/x,»V “ xji ^ 4^ 


The error when we used ki was 


00 CO 

^ ^ ^^yPyr 

\ -W \ ^p) j ^ 


and on subtracting the former of these expressions from the latter we 
obtain a positive result. (Show this.) 

Example 1* The uniform vibrating string 

The differential equation governing the transverse vibrations of a 
tightly stretched uniform vibrating string is 


VsBa — 

/p\^. 

where c = \^J is a constant. In our first discussion of this problem 

we separated the variables x and t by making the substitution y = 
and we found that the characteristic numbers were Xn = Pn® 

nV 

= n = 1, 2, • • • , Z being the length of the string. In order to 

be able to compare the solution of the problem of the uniform vibrating 
string with that of a non-uniform vibrating string we now separate the 
variables x and t by making the substitution y = (so that 

^ = p/p^), and we write our differential equation in the form 'Wa* 
4" Xpw = 0, X = k^j mstead of Uxx + Xw = 0 as in the first discussion. 
The new characteristic numbers are, then, the quotients of the original 
characteristic numbers by p: 

nV 

X.- — ; 


The smallest characteristic number is —j and we wish to see how good 

pr ® 

an approximation to this number Rayleigh's principle furnishes. 
Startmg with u{x) — 1, h{x) = p, k is determined by means of the 
equation Lk = -p. Since Rayleigh's principle furnishes the desired 
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approximation to Xi as the quotient of two homogeneous quadratic 
forms in k we may mixltiply k by any convenient (constant) factor. 
Setting, then, h(x) = 1 rather than h(x) = p vre have = — 1, 

k{x) = — + cix + cj. Since k(x) = 0 when » = — ^ and when 
» - 1 we obtato 


= —X so 
1/2 


= ^ — a:*y (Verify this.) Hence Dk(x) 

J l/2 M 

(DA)* d® = Also 

~l/2 JlJj 


l 




epproximaKon to X. 


® 10 

= — furnished by Rayleigh’s principle (using A = 1) is — • 

pi* pi* 


Since 


IT* = 9.8696 the approximation is extraordinarily good (the error being 
less than 1^%). 

To obtain a better approximation we set ha : Z* — 4®* so that D %2 4®* 

3^ Z*®* Z 

— Z*; fci(®) = — — + Cl® + cs. Since fc 2 (®) =0 at x = ± -> 

o 2 2 

^4 12^2 5^4 4 

Cl = 0, and we obtain A 2 (®) = — — + — • Hence Dkj : -®* — Z*®, 

O 2 4:0 o 


i: 


1/2 

(DAs)* cZ* = ; 


(Check this.) 




1.2.7 31pZ» 

pAa* 0® = 
lA 70(9*) 

>2 


(Check 


-1/2' ' 315 

this.) Hence the approximation to Xi = -^ fumished by Rayleigh’s 

306 9.871 


principle, using h : Z* — 4®*, is ; 


31pZ* pi* 

true value by less than one fiftieth of one per cent 


This is in e-xcess of the 


Example 2. The vibrating beam 

The differential equation governing the transverse vibrations of a 
beam is 

T.. , 1 r. o 

+ —yti = 0; c* = — j 
c- p 

where D denotes differentiation with rospoct to ®, E is Young’s 
modulus, I is the moment of inertia of a cross section of the beam about 
its central axis, and p is the volume density. On setting y = 

(on the assumption that El is a constant) we obtain the equation 

Jm + Xpti =0; X = p*; L = — D^. 
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The kinetic energy of the vibrating beam is 


T = ^ J* pi/t* dx, 

where A is the cross-sectional area (supposed constant) of the beam. 
Thus r* = A J' pytVtt dx = - dx. On integrating by parts 

and assuming that either yt or D®2/ is zero at each end of the beam we 
obtain T* = J VtxD^y dx. Again integrating by parts and assum- 

ing that either ytx or is zero at each end of the beam we obtain 


If, then, we set 


so that 


r, = -AEij 

V = iAEJ J ( 


V dx. 


(DV)* dx 


7, = AEJJ (D^)y^dx 

we see that T + V = constant so that we term V the potential energy 
of the beam (the additive constant being fixed by the fact that V is 
zero when the beam is in its equilibrium position, in which DV ^ 0). 
An integration by parts, coupled with the assumption that either Dy 
or D* 2 / is zero at each end of the beam, shows that 


= -iAElJ 


Dj/D*y dx. 


A second integration by parts, coupled with the assumption that either 
y or D*y is zero at each end of the beam, yields 


= ^AElj 


dx. 


Thus we have the following result: 

The Mneiic energy of the vibrabing beam is T = 


the 'potential energy of {he vibraMng beam is 


(D* 2 /)» dx = 


y'D*y dx. 
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The same argument as that for the vibrating string (repeat this 
argument) shows that when the beam is executing a normal vibratim 
y = the average value of the 

kinetic energy over a cycle is aaAEIp^ [* pu* dx and that the average 


value of the potential energy over a cycle is aoAEI 



® da:. A 


repeated integration by parts (coupled with the assumptions already 
made concerning the values of u, Du, D*m, and D*u at the ends of the 
beam) shows that the average value of the potential energy of the beam 

over a cycle (of a normal vibration) is aaAEI (* uD*u dx. In view 


of the fact that D% = Xpu = p*pu it follows that Rayleigh’s principle 
is valid for the vibrating beam: 

In a normal vibration the time averages {over a cycle) of the kinetic 
and potential energies of the vibrating beam are equal. 

An equivalent form of statement of this result is as follows: 

In any normal vibration of the beam, associated with a character- 
istic number X, we have 


(uIpu) 


Since — (u|Lu) = (u|D%) = (D®u|DHi) the characteristic numbers of 
the boundary-value problem of the vibrating beam are all positive. 
Hence the linear integral operator H of the associated integral equation 
is non-negative and so the method of approximation to the least 
characteristic number which has been explained in detail for the 
vibrating string is applicable without any change to the vibrating 
beam. 

We treat by this method the case of a uniform beam which is 
“built-in” at one end and free at the other. Placing our origin at the 
built-in end the boundary conditions are u(0) = 0, Du(0) = 0, 
D*u(Z) = 0, D*u(l) = 0. The equation which determines the char- 
acteristic numbers is easily determined. On setting Xp = n* we have 
to solve the equation D% = n*u and adjust the solution to the 
boundary conditions. The general solution of the differential equa- 
tion is u = Cl cosh nx ca sinh nx + ct cos nx Ci sin nx, and the 
boundary conditions at a: = 0 yield ci -t- Cs = 0, ca -f c* = 0 (since 
n 9 ^ 0). (Verify that X = 0 is not a characteristic number.) Hence 
u = ci(cosh nx — cos nx) + C 2 (sinh nx — sin nx). The boundary con- 
ditions &tx = I yield the two equations 
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(cosh, nl + cos nt)ci + (sinh nl + sin nl)ci = 0; 

(sinh nl — sin nZ)ci + (cosh nl + cos nl)fCi = 0. 

The determinant of these two equations must be zero (why?) and so 
n must be a zero of cosh nl cos nl + 1. The first four positive zeros 
of the function cosh a cos « + 1 arc cei = 1.8751, «* = 4.(5941, 
as = 7.8548, on = 10.9955 (the remaining zeros being furnished to u 

TT 

high degree of accuracy by the formula a» = (2n — 1) g)’ Hence 
the smallest characteristic number of our boundary-value problem is 


ni* ^ ai< 12.302 

P ~ pl*~ pl^ 


We obtain the first approximation to this, by means of Rayleigh’s 
principle, by setting k = Gh, where h{x) == 1. 'rhen I)'‘A’(x) = I, 

/p4 

k(jt) = — 4- Cl -H ca® + CfX^ -f 04 ®*. The boundary eouditions a( 
as = 0 yield ci = 0, C 2 = 0. The boundary condilions at x = f yield 

P I l-x^ fx* X'* 

cs = —j C 4 = — - (check this) so that k(x) = —r' — + rr* llen<*«*, 
4 6 4 () 24 

-(kjLk) = (klD%) = (pk|k) = pJ^A:* dx = pP. lienee the 


approximation furnished by Rayleigh’s principle to Xi 


12.3(53 


is 


162 

13pi« 


12.462 

pi* 


which is in excess by less than 1 %. 
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1. The variation of a line integral 

If 2/ = 2/(a:) is a differentiable function of a single independent variable 
z, any value of x at which dy = y* da: is zero is termed a stationary 
point oi y = yix). Here the stationary point (i.e., the value of the 
independent variable x at which the dependent variable y is stationary) 
is a number. In the calculus of variations we seek for stationary 
points of a dependent variable or function, but the independent vari- 
able is no longer a collection of numbers; it is, rather, a collection of 
geometrical entities, e.g., a collection of curves. Attached to each 
“value” of the independent variable (for example, to each curve of 
the collection) is a number. Thus the dependent variable is still, as it 
was in elementary differential calculus, a collection of numbers. We 
shall confine our attention at first to the case whore the independent 
variable is a collection of curves and where the dependent variable is 
obtained by integrating along the curve a given function of posiMon 
and of direction (the direction at any point of the curve along which 
the given function is being integrated being furnished by the tangent 
vector to the curve) ; we suppose, then, that each cuiwe of the family 
of curves which constitutes the independent variable is smooth, i.e., 
that each of the coordinates of any point P of the curve possesses a 
continuous derivative with respect to the independent variable, or 
parameter, which names, or identifies, each point of the curve. 

We denote the coordinates of P by (a:*, **,••*, a:”) so that our 
curves, each of which is a “value” of the independent variable, lie 
in a space of n dimensions. We denote the independent variable 
along any curve of our family by t, and wo suppose that the various 
members of our family of curves are identified by the values of an 
accessory variable a. In other words the equations of the curve 
Ca of our family are of the form 
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= ic»(T, a); i = 1, • • ‘ 


As T varies, a remaining fixed, the point * ■ * , traces out 

the curve Caj when a is changed we obtain a new member of the family 
of curves. We denote the initial point of C® by P o and the final point 
byPiSothatPo:(xoS • • • , rco") andPi:(a;iS - • • , where 


Xt} = a;^(ro, a); a); i = 1, • • * n. 


The variables r and a are taken to be independent (since r must be 
capable of varying when a is held constant) , but this does not prevent 

the possibility that to and ti (the initial 
and finfll values of the parameter t ) may 
vary with a. We assume that the func- 
tions x} = x^ijy a), j = 1, • • • , w., not 
only possess continuous first derivatives 
with respect to t and a but that the sec- 
ond mixed derivatives axra, Xar exist and 
are equal (continuity of these deriva- 
tives is suflBLcient to ensure this). Each 
of the functions a:'’(r, a) possesses two 
partial differentials: 

1. = {Tfjrdr] the vector ds = v{dx^f * * * , is the vector 

element of arc of the curve C« obtained by holding a fixed in the equa- 



Fig. 41. 


tions a). 

2. to' = (»0a da; the vector ds = t;(5a;^, • • ’ , dx^) is the vector 
element of arc of the curve obtained by holding r fixed (and regarding 
a as variable) in the equations = x^ir, a), J = 1, • • • , n. 

Note. In the formulas furnishing dx^ and to', dr and da are arbitrary 
numbers (since they are differentials of independent variables). 

The coordinates to, y = 1, • • • , n, of 5s are known as the vanaiions 
of the coordinates y = 1, • • • , n, of P. In general if /(r, a) is any 
function of r and a we denote by df the partial differential of / with 
respect to r: 

df = frdT 


and by 5/ the partial differential of /with respect to a, i.e., the variation 
of/: 

5/ = /« da. 

Since the coordinates of the end-points Po and Pi of C« may involve a, 
not only explicitly but also implicitly through the initial and final 
values To and ti of the parameter r, we have 
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8(x/) = a!'V(To, a)8To + x>'o(to, a) da 

8(x/) = a)dTi + x^oCti, a) da 

Since (dx^r-n = a^oCro, a) da it follows that 5(a:o0 is not, in general, 
the same as (SiOr-ro and, similarly, that 5(a:i0 is not, in general, the 
same as (SxOr-i-x- other words 

The order of siibstitution of to or ti for r and of variation (i.e., of 
differentiaiion with respect to a) cannot he interchanged. 

Note. The equations X(f — x#(to, a), j = 1, • • • , n, are those of 
the curve traced out by the end-points Po of the curves C« of the 
family of curves which constitutes our independent variable. The 
vector Sso = v{S(xo^), * * • , ^(xo”)) is the vector element of arc of this 
curve. Similarly the vector Ssi = i)(6(xi0, ‘ ' * , 3(a:i“)) is the vector 
element of arc of the curve traced out by the end-points Pi of the 
various curves Ca- If Po is a fixed point Sso is the zero vector, and if Pi 
is a fixed point 6si is the zero vector. 

The dependent variable which we wish to consider is of the form 

1(a) = I P(x, Xr) dr, 

n/ro 

where we denote by F(x, Xr ) a given function of the n coordinates 
(xS • • • , X") of P and of the n derivatives (xV, • • • , x\) of these n 
coordinates with respect to r; we take it as granted that F(x, Xr) 
possesses continuous derivatives with respect to each of the 2n vari- 
ables X and Xr. We require that /(a) be independent of the particular 
parameter t chosen to represent the points P : (x^, • ■ • , x") of the 
cfurve Ca along which F(x, x,) is being integrated. The only changes 
of parameter which we permit are those of the form 

T = t(u), 



where t« is continuous and non-negative over [«o, wj where to == r(u^, 
Ti = t(wi). When such a change of parameter is made our integral 
1(a) takes the form 


(«) = [ 
Jm 


F(x, Xt)t„ du, 


and our requirement that 1(a) be the same when the parameter u is 
used as when the parameter r is used implies that 




Xt)tu du. 
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This equality must hold for all intervals ltto> Wi] and so, since each of 
the two integrands is continuous, 

F{Xj Xu) = F(x, Xr)ru 

or, equivalently, 

F{x, kXr) = lcF{Xy Xr)] fc = r„ > 0. 

In other words 

When each of the n derivatives Xr is multiplied by one and the same 
positive number h the function F is multiplied by fc. 

We express this requirement which must be satisfied by F (a:, x^ by 
saying that F{x^ Xr) must be positively homogeneous in the n variables 

x\j • • • , x\. 

Note. If we are given an integral of the form 



where L is not positively homogeneous of degree one in the n variables 
x\ • * • , we may bring it under the scope of our discussion by 
regarding t, not as a mere naming parameter of points on the curve 
Ca, but as one of the coordinates of the point P. Thus the curve Ca is 
now regarded as a curve in a space of n + 1, rather than n, dimensions. 
On writing, as before, t = <(t), where ir > 0, I {a) takes the form 

f F{x, Xr) dr, 

Ju 

where, now, x stands for the + 1 coordinates (a;^ • • • , x", 0 and 

F(x, Xr) = L{x, Xt)tr = L (^, t,. Sincc L (x, ^ is homogeneous 

of degree zero (why?) in the n + 1 variables {x\, • ' * , U) it is 
clear that F is homogeneous (and, hence, positively homogeneous) of 
degree one in these n + 1 variables. We shall suppose', from now on, 
that this change of integrand from L(x, Xt) to P(x, Xr) = L(Xj Xt)fc is 
made (at the expense of increasing by one the dimension of the space 
in which our curves Ca, which constitute our independent variable, lie) 
so that our integrand P(x, Xr) is always positively homogeneous of 
degree one in the variables Xr- 

Our problem is the determination of the curve Ca which is such that 
the integral 1(a) is stationary. In other words dl must be zero for 
arbitrary values of 5x^, i = 1, • • • , w, along the curve Be sure 
that you understand precisely what is meant by this and that you 
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appreciate how strict a requirement it is upon the curve Ca. Once the 
family of curves Cai 


Ca'.^ = a:^(T, a); j = 1, • • ■ , « 


has been chosen da is determined along C„. We require that 

no matter what is the family of curves into which the particular curve 
we are trying to track down is “imbedded” the variation SJ of J(o) 
will be zero. In order to find what conditions are imposed upon the 
curve we are seeking by this requirement we must first calculate BI 
for any curve of any family which contains the curve. Since a enters 
J(a) in three ways: 

1. through the upper limit n = Ti(a) of the integral which defines 

/(«); 

2. through the lower limit to — To(a) of this integral; and 

3. through the integrand F (a:, Xr) of this integral, 

BI will be the sum of three parts: 

1. FiSri, where Fi denotes the value of the integrand F{x, Xr) when 

T = n; 

2. — FoSto, where Fo denotes the value of this integrand when 
T = To; and 

3. j BF dr. Here SF must be obtained by the Rule of Composite 

Jto 

Differentiation since F(x, Xr) involves a through the n variables 
a) and the n derivatives x^r(j, a), j = 1, • • • , n, of these vari- 
ables. In applying this Rule of Composite Differentiation we regard 
the 2n variables i = 1, • * • , «•, as independent variables. 

Warning. Do not have a confused feeling that since both a) 
and (idr{r, a), j = 1, • • • », are functions of only two independent 
variables they must be, in some way, dependent. The Rule of Com- 
posite Differentiation brutally ignores this; it says: Proceed as if the 
2 ji variables id and adr are independent, and you will get the correct 
result. 

It is convenient to condense our notation, and this can be done 
without sacrifice of clarity. According to the Rule of Composite 
Differentiation we have 


BF 


n n 


We shall omit the summation signs and the label j attached to x and 
x,; thus we write simply 



Thus F, 
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BF " ” 1 “ F 

Since the symbol x must cany a label before it can be evaluated (for 
you must know which coordinate, of the point P , you are talking about) 
the omission of the label is a clear warning. This omission is equiv- 
alent to the instruction: 

lTiB6Tt every label froTH 1 to and odd the results obtained. 

Note, This instruction applies to terms such as Fx^x and Fxr^Xr 

where the label is omitted in each of two factors occurring in the teim. 
» « 

is and F^r^Xr is Whenever a symbol 

i— 1 i"*! 

such as in which the omitted label is only omitted once, appears 
we understand that this implies the whole set of n numbers (finri 
• • • , F:^). Thus we shall very shortly have to consider the vector 

f:F„. 

We understand by this equation of definition that the n numbers Fxir, 
j = 1, are the coordinates of a vector t>(pi, • • ’ , Pn), where 

Vi = F^ir] i = 1, • • • , n. 

The general principle for translating our stenographic notation may be 
stated briefly as follows: If an omitted label occurs twice in a term 
insert the label and sum over all values of the label from 1 to w; if an 
omitted label occurs once in a term insert the label and evaluate, but 
do not add. 

In evaluating the three contributions to dl we start with 3 : 


f"sFdr= r 

Jro Jtq 


(F* 5a: + 5av) dr. 


Since Sxr - Xra dot = x„ da (why?) = (5a:)T (since da is independent of 
t) the term f (Fe^Sav) dr may be integrated by parts. On introduc- 


ing the notation 


we obtain I (p5av) dr = | 

Jto Jra 

the contribution 3 to 67 is 


P ^F^ 

1 

p(dx)r dr = pSx 


I prSx dr. 
Jro 


Hence 


X 


pbx +1 (P» — Pt) dr. 
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On adding to this the contributions 1 and 2 to SI we obtain 

SI — {FiSri + (pSx)r^^] — {FoSto + (p5a;)T-r,} + j (Fa — J)r)SxdT. 

nJTo 

Since F is homogeneous of degree one in the n variables av we have 


and since 
we have 


^ = pOCr, 

~ (^t)i5T1 “f* C^a7)Tnir 


jPi5ri + (p5a:)T-ri = Pi{(iCr)i5ri + 

and, similarly, 

i^o^o + (p5a;)r-ro “ po^Cxo). 


Hence 


hi = pid(xi) — Poh(Xo) + 


rcF. “ 

•/ro 


PT)hx dr. 


EXERCISES 

1. ShoT? that F(x, av) “ {(«r)* 4* O/r)^ + (av)*}^ is positively homogeneous of 
degree one in Xr ^ (xr, Vn «r). Show, further, that it is not homogeneous of 
degree one in the variables (av, j/r, Sr). Calculate tho vector p — py, p,) 
« w(F«r) Fyrj Ffr), and verify that F « pav “ VmXr 4* VvVr + 

2. Show that the coordinates of the vector p of Exercise 1 are subject to the 
relation a p*® + py* + Pi® — 1 ”0. 

3. Denoting the (three) dependent variables (o;^, a?*, a;®) by (r, 0, <l>) repeat Exer- 
cise 1 for the function 

F - {(rr)® + rHdr)^ -h r® sin® 6 

. Tt r®(?r r® sin® $ ^ 

Amwer. pr " P(? - -y ; 

4. Show that the coordinates of tho vector p of Iflxercisc 3 are subject to the 

relation p) w pr* 4 — pe® 4- ^ p#»® — 1 « 0. 

5- Show that each coordinate Far of tho vector p is positively homogeneous 
of degree zero in tho n variables x. Hint. Differentiate with respect to Xr the 
relation 

Fix, kxr) “ kFix, Xr)» 

6. Deduce from tho result of Exorcise 5 that each coordinate of p : Far is a 
function of the n — 1 ratios a;V : • * ' • (it being understood that not all the n 
derivatives Xr are zero). Hint. If x^r 0 set A **■ l/|a;^rl in the relation p(a;, kxr) 

« p(x, Xr). 
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2. The Euler-Lagrange eqpiations 

Let C be a curve which, is such that SI = 0, no matter what family of 
curves C« containing C is used to define SI, provided only that the end 
points Po and Pi are fixed, i.e., the same for every curve of the family 
of curves Ca. We term C an extremal of the calculus of variations 
problem. Since S(a:o) = 0, 5(a:i) = 0 


SI = 


{(P« - Vr) to} dr. 


In order to determine the extremals C we impose conditions on the 
integrand function F(x, Xr) which ai-e strong enough to ensure that 
Fx p, are continuous along C. Since pr = Para^r + Fxtd^Xtt we 
suppose that F possesses continuous second derivatives with respect 
to the 2n variables x, av and that, along C, the functions x = a:(T, a) 
possess continuous second derivatives with respect to r. The fact 
that Fa — Pt is continuous along C makes it certain that if a single 
one of the n expressions Fxi — (Pf)T, i = 1, • ' • , n, is different from 
zero at a mngiA point t = S, say, of C then C is not an extremal. In. 
fact Fat — (py)r, being contmuous, has the same sign over an interval 
[$ — i + 5] centered at and we may set Sa^ = 0, k 9^ j, Sx^ = 0 at 
any point t not covered by (I “ 5, I + 8) while Sx,- >• 0 over the open 
interval (€ — 5, S + 5). For any family (?« for which the coordinates 
of 5s = »(5a:^, • • ’ , 5a:*) have these values along C 


SI = 



(.PiWSx^ dr 9^ 0 (why?) 


so that C is not an extremal. Thus the following n equations 

Fa - Pt == 0 

must be satisfied aloi^ C if C is to be an extremal. It is clear that if 
these equations are satisfied C is an extremal since the equations (3n in 
all) 

5(a:o) = 0; 5(a:i) =0; Fa — Pr = 0 


ensure that SI = 0. Thus we have the following fundamental result: 
The curve C is an extremal if, and only if, along C 


Fa-Pr = 0 . 

Note. In these equations x may be regarded as a function of the 
single variable t rather than as a function of the two independent 
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variables t and a, for the particular value of a which picks out C may 
be substituted for a before, rather than after, the differentiations 
with respect to x and t (remember that the variables t and a are 
independent). 

The n equations 

i?", - Pr = 0 

are known as the Eukr-Lagrange equations (after L. Euler [1707-1783], 
a Swiss mathematician, and J. L. Lagrange [1736-1813], a French 
mathematician). Since p = F*,, (p#)t = + FmT^nXrr so that the 

Euler-Lagrange equations are, in general, differential equations of the 
second order for the unknown functions x of the single independent 
variable t. However, when F is a linear function of the variables Xr 
so that is the zero n X n matrix, the Euler-Lagrange equations 
reduce to first-order differential equations (unless F is independent 
of the variables x, in which case every curve is an extremal, the Euler- 
Lagrange equations being then trivial since F* is the zero n X 1 
matrix and F*,* is the zero n X n matrix). 

EXERCISES 

1. Show that if y is a constant function of x* then p; is constant along an 
extremal. 

2. Show that (F* — Pr)«T “> 0, and deduce that tho n I'hilor-Lagrango equations 
are not independent. Hint. Fr = F^Xr + y»r?rr, and, since F = pav, FV = jvb, 
+ pxrr. Since F^’^pVfO have F,*r - VrXr. 

3. Show that if F = { (»,)• + W + (*r)*}^ then ^ are constant along 

an extremal. Deduce that dx:dy:ds are constant along an extremal so that the 

extremals are straight lines. N<Ae. Since ( F rfr is tho arc-length integral this 

Jro 

exercise shows that curves of stationary length are straight lines. 

When the variables x are not independent but are connected by one 
or more relations of the form <t>ix) = 0, <t> being a differentiable function 
of the n variables x, the Euler-Lagrange equations take a slightly 
different form. We must now have 

(F, - Pr)Sx = 0, 

where the vector 5s = p(5a:‘, • • • , SaF) is any vector tangent to the 
spread ^(x) = 0; in other words (F, - pr)Sx = 0 for all vectors 5s 
which satisfy the relation ^,Sx = 0. If, then, X is an undetermined 
multiplier we must have, for all such vectors 6s, 
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(Fa — Pr + X<^a) 8x “ 0. 

Choosing X so that the coeflBicient of one of the coordinates of 5s is 
zero the coefficients of the remaining coordinates must also be zero 
since these coordinates may be arbitrarily chosen. If there is more 
than one relation </> = 0 we choose the corresponding X’s so that the 
coefficients of those coordinates of 5s which cannot be assigned arbi- 
trary values are aU zero. It follows that the coefficients of all the 
coordinates of 5s are zero; hence, when there is only one relation ^ = 0, 

Pt = F» + X0x. 

If the coordinates x are subject to two constraints = 0, ^ = 0 we 
have 

7>t = Fx + + ixypx, 

and so on. These equations are known as the Euler-Lagrange equa- 
tions for constrained extremalsj and the unknown multipliers X, /z, • • • 
are known as Lagrange^ s undetermined multipliers. 

Example. Determine the extremal curves for the arc-length 
integral on the sphere = 0 

Here F — {(xr)^ + (vt)^ + Choosing as our parameter t 

the arc length s along the extremal we have F = 1 along the extremal 
and 

Px = X,; py = y,) p, = z,. 

Since F is independent of r, y, and z the Euler-Lagrange equations are 

p» = 
i.e., 

Xat = 2Xx; px* = 2Xp; = 2Xz. 

On eliminating the undetermined multiplier X we obtain 

“ zpw = 0; zxm — xzsi — 0; ajp,* — px„ = 0 

so that 

pz, — zp, = Cl] zxs — xza = Ci] xp, — yx, = Ca, 

where ci, ca, and Cz are constants of integration. Hence Cix + cap 
+ czz - 0 so that the extremal is part of the intersection of the plane 
cix + C 2 P -h csz = 0 with the sphere x^ + + z^ — ^ 0; in other 

words it is part of an arc of a great circle of the sphere. 

3. The Hamiltonian canonical equations 

The coordinates of the vector ptFxr homogeneous functions of 
degree zero of the n variables Xr. Hence (see Exercise 6, p. 311) the 
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n functions py, j = 1, • • • , n, are functions of the n — 1 ratios 
' • • \x\. There is, then, a relation 

^(a:, p) = 0 

connecting the coordinates of the vector p. This relation is an identity- 
in the 2ra variables z, Xr, and, on differentiating it with respect to these 
variables, we obtain the 2n equations 


+ 4>pPx = 0; = 0. 

Since the coordinates of p are homogeneous functions of degree zero 
of the n variables av we have the n equations 


or, equivalently. 

Hence the n Xn matrix 


(.PdxrXr = 0 

P xtrXi^T “ 0 . 


M = 


is singular. We assume that it is of rank n. — 1, i.e., that at least one 
of the elements of its cofactor matrix is different from zero. If, t.he n , 

V = • • • , is any vector which is such that Mv = 0 (so that 

V is a characteristic vector of M which is associated -with the character- 
istic number zero) v is determined as far as direction is concerned, for 
the coordinates of v are proportional to the cofactors of any column 
of M. It follows, therefore, from the two (vector) equations 

P srirxr^T ~ 0 J ^pPxr ~ 0 

(since (pf)„ = and since M is symmetric, that the two vectors av 
and <l>p have the same direction: 

Xr = \4>p 

(X being an undetermined multiplier about which the only thing we 
know is that it is a homogeneous function of degree one of the n vari- 
ables Xr, for <pp is a homogeneous function of degree zero of these 
variables; X will, in general, involve the variables x). 

On using the relation Xr = \<l>p in the relation <#>» •+■ <t>ppp = 0 we 
obtain X^, + = 0. Since pav = F, p*®, = F, and so F» = — X^«. 

We have, then, the following relations which are identities in the 2» 
independent variables x and Xr" 


Xr — '^4>p] F» =* 

Since p, = F, along an extremal it follows that 
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Along an extremal 
or, equivalently, 


SCr — ^<j>p', Pt — 

_x*. 

<I>P 


These are the famous canonical equations of Hamilton (after W. R. 
Hamilton [1806-1865], an Irish mathematician). They express the 
remarkable fact that if the extremal curves x == x(t) are represented 
in the 2n-dimensional (x, p) space by means of equations 

X = x(t); p == p(r) 

the curves so obtained are extremal curves of the integral 

dr - J* (pxr + Opr) dr 

subject to the constraint <l>(xj p) = 0. In fact if we denote by F* the 
linear homogeneous function pXr of the 2n variables (xt, Pr) we have 

= F%^xr) F*^^p; ^ 0 

so that the equations of the constrained extremals are 


Pt = 0 + 0 = rr + 

and, on replacing X* by —X, we recover the Hamilton canonical equa- 
tions. This result is remarkable since the space in Avhich the extremal 
is represented is 2n-dimensional (rather than ?^-(limcnsional as in the 
case of the Euler-Lagrange equations); thus the class of ^'comparison 
curves” 

X = r(r, a); p == p(r, a) 

in the 2n-dimensional space is much more extensive than the class of 
comparison curves 

X = r(T, a) 

in the n-dimensional space. Nevertheless the conditions which must 
be satisfied by the extremals in the n-dimensional space (namely, the 
Euler-Lagrange equations) are strong enough to ensure that 5 J = 0 
for the curves in the 2n-dimensional space (the end-points being fixed). 

From the mathematical point of view the essential simplification 
introduced by the use of the Hamilton canonical equations, as opposed 
to the Euler-Lagrange equations, is that the (sanonical equations 
consist of 2n differential equations of the first order while the Euler- 
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Lagrange equations consist, in general, of n differential equations of the 
second order. 

4. The equations of mechanics; ignorable coordinates 

Let T and V denote, respectively, the kinetic and potential energies 
of a mechanical system. If the mechanical system has n degrees of 
freedom the rectangular Cartesian coordinates of any particle of 
the system are functions of n generalized coordinates • • • , a;”) 
and, possibly, of the time. Thus if f denotes one of these Cartesian 
coordinates 

5 t). 

When the constraints that define the mechanical system prefixed { will 
not involve t explicitly so that 

f = ^(x). 

{ will, of course, vary, in general, with t through the fact that the 
generalized coordinates x vary, in general, with t] in other words ? 
depends implicitly on t even when it does not depend explicMy on t. 
It follows from the formula 


that the squared velocity of the particle whose rectangular Cartesian 
coordinates are (|, % f) is a quadratic function of the coordinate 
velocities Hence the kinetic energy 2’ is a quadratic function of 
these coordinate velocities: 

T = T2 + Tx + To. 

Here Tj is a homogeneous quadratic function of the coordinate veloci- 
ties Xt, Ti is a homogeneous linear function of the coordinate velocities, 
and To is a constant function of these coordinate velocities. When the 
constraints which define the mechanical system are fixed the linear 
and constant functions Ti and To are not present, and T = To is & 
homogeneous quadratic function of the coordinate velocities Xt. 
Using Greek labels to indicate summation from 1 to n wo write 

2’s = igc^“ix^t; Ti - <7,9 = 

For example, for a system with two degrees of freedom, 

S’s = i'{!7u(a;h)® + ^gnx^ix’^t + ; 

T\ — h\X^t "h 
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The coefficients gpt h are, in the general case, functions of the 
generalized coordffiates x and of t. When the constraints are fixed 
the coefficients do not involve t explicitly; in this case 

T = Ti= 

where the are functions of the generalized coordinates x, and g„ 
= fl'j.*, p, g = 1, 2, • • • n. 


EXERCISES 

1. Show that for a particle of mass m whose generalized coordinates are plane 

m 

polar coordinates (r, B), T ^ Ti ^ {(r<)* + r*(0t)*}. 

2 

2. Show that for a particle of mass m whose generalized coordinates are space 
polar coordinates (r, B, <t>) 

r - r, = ^ { (n)« + r»(9,)» + r« sm‘9(*0*} • 

The potential energy 7 of a mechanical system is a function of the 
generalized coordinates z of the system, and it may, possibly, also 
involve the time variable explicitly: 

V « V(x, t). 

In a virtual displacement of the mechanical system the virinial work of 
the forces acting on the system is given by the expression 


-57 == -V^bx. 


We say that a mechanical system is a natural one when the following 
conditions are met: 

1. The constraints which serve to define the mechanical system do 
not involve t explicitly so that 

r = 2^2 = gpq independent of t 

2. The potential energy V does not involve t explicitly: 

V = V(z). 

The function!/ — T — Vis known as the Lagrangian function of the 
mechanical system. It is a function of the generalized coordinates z, 
the generalized coordinate velocities zt and, if the mechanical system 
is not a natural one, of the time t: 


L = L(x, tj xt). 
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On the other hand if the mechanical system is a natural oneL does not 
involve t explicitly: 

L = jL(a:, a:*). 

The laws governing the motion of our mechanical system may now be 
stated as follows: 

The motion of the mechanical system is such that the curve in the 
n-dunensional generalized-coordinate space : z = z{t) is an extremal 

of the integral / = \ Ldi. 

Jit 

In order to bring this integral under the scope of our previous discussion 
we regard t as one of the coordinates of the mechanical system; setting 
t = where > 0, we have 

\Fdr‘, F=Ltr. 

The (« -I- l)-dimensional vector 

is known as the momentum vector. The first n coordinates of p are 
furnished by the formula 

Pf — Fijy — Lxjrtr ~ J ” 1) 2, ■ ‘ > 71, 

while the time coordinate of the momentum vector is given by the 
formula 

Pn+l ^ Ftr — Lijr + L 

(Xt)tr = - 


—Lgflt +L[ for 





Since L = T — V,La = Tx, and since T = T* -f Ti + To we have 


Txflt = 2Ti + Ti 

and so 

- -(Ts - To) - V. 


For a natural mechanical system, then, 

Pm- 1 = -Ta - 7 = -r - 7. 

The functional relation 4>ix, p) = 0 which connects the (n -f- 1) 
coordinates (z, t) and the (ti + 1) coordinates (pi, Pn+i) of 

the momentum vector p is readily found as follows. Since L*, = T*, 
we have 

Pi = Sicff^t + hi', i = 1, ’ • • , 71. 
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We take it as granted that the matrix gr,, (i.e;, the matrix of the 
coefficients of the homogeneous quadratic form Tt) is non-singular. 
For a natural mechanical system Ti — T jb the kinetic energy of the 
system, and the non-singularity of the matrix gp^ is assured by the 
fact that r is a positive quadratic form in the coordinate velocities 
Xt (in other words T is never negative and is zero only when aU the 
coordinate velocities are zero). Let, then, be the matrix which 
is the reciprocal of the matrix p,*; since the matrix is symmetric 
so also is the matrix The relations 

Qic^c^t = Pi -hi 
are, accordingly, equivalent to the relations 

— hfi); k = 1, - • • , n. 

On substitution of these expressions in the relation 

Pn+l — L Lxflt — To — T 2 — V — To — — V 

we obtain 

P«+l + - ha)(ps - hff) + V — To = 0. 

Thus the functional relation that connects the 2n + 2 quantities a:^, 
Vit P»i+i> ^ ~ 1) " ’ ‘ is 

^(z, p) s -I- - ha)(l>S - hp) + V - To = 0. 

The Hamilton canonical equations are, accordingly, since = 1, 
dx_^_ dp _ dpn+i 

We shall confine our attention from now on to naturcd Tnftfibnnin^^l 
systems (which are characterized by the fact that the function <j>{x, p) 
does not involve t explicitly). The time component Pn+i of the momen- 
tum vector is constant along an extremal (why?) atiH since Pn+i -|- T 
-b y = 0 it follows that T + V is constant along an extremal. We 
denote the constant value of T -|- T by E, and we term E the energy 
of the mechanical system. E may vary from extremal to extremal 
but along any extremal (i.e., for any particular motion of the mechan- 
ical system) it is constant. Warning. Be very sure that you under- 
stand that the concept of energy is only properly applicable to naturcd 
mechanical systems. For a non-natural mechanical system you may 
term T the kmetic energy, and V the potential energy, of the system, 
but r -b y will not, in general, be constant for any given motion of the 
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system so that there is no particular point in giving names to the 
symbols T and V. 

For a natural mechanical system the function 4> is of the form 
p„+i + H{x, p) = 0, 

where H = ^“^PaPf + V{x). From now on we understand by the 
symbol x the n numbers (a:^, • • • , a^) and not the (n + 1) numbers 
(a:*, • • • , a:", <); similarly we understand by the symbol p the n 
numbers (pi, • • • , Pn) and not the (n + 1) numbers (pi, ■ • • , p«, 
p*+i). H is obtained by expressing T + V as & function of the 2n 
variables (a:, p), rather than as a function of the 271 variables (a:, Xt), 
and we term H{x, p) the Hamiltonian furustion (or, simply, the Hamr 
iUonian) of the (natural) mechanical system. The function L {= T 
— F) of the 271 variables (x, Xt) is known as the Lagrangian function 
(or, simply, as the Lagrangian) of the (natural) mechanical system. 
Along an extremal H{x, p) has the constant value E and p„+i = —E. 
The Hamiltonian equations may be written in the form 

= dt; dpH-i = 0. 

12 p Jtlx 

d/D 

Since < does not appear in any of the 2n equal ratios — > — ==- we may 

Jtl p JnL X 

confine our attention (at the beginning) to the 27i — 1 equations 

dx dp 

“ -hJ 

If we are successful in integrating these, i.e., in obtaining x and p as 
functions of a parameter r (and initial values of x and p), then t may be 
obtained by a quadrature (what does this mean?) from the relation 

Pb +1 does not have to be found since pn+i = —E = — H(xo, po). 
When we proceed in this way we say that we have ignored (at the 
beginning of our solution) the time coordinate t, and we refer to f as an 
ignorttl)le coordinate. It is clear that the same procedure is applicable 
to any coordinate x which does not occur explicitly in the function <!>. 
Wo term any such coordinate of the mechanical system an ignordble 
coordinate: 

Definition. An ignordble coordinate of a mechanical system is one 
that does not appear explicitly in the function <t>{x, t, p, p«+i)- 
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Associated with each ignorable coordinate a; is a rnomentum integral; 
by this we mean simply that the corresponding coordinate of the 
momentum vector p is constant along an extremal. (Prove this ) 
Thus 

A natural mechanical system is one for which t is an ignorable 
coordinate ; the associated momentum integral is the energy integral 
(the time component of the (n + 1) -dimensional momentum vector 
being the negative of the energy of the system). 

EXERCISES 

3. Show that for a particle of mass wi, whose generalized coordinates are plane 

polar coordinates (r, 6) and for which V = 7(r, e), H ^ — | (pr)* + — (p«)4 

2w 2 I r* I 

+ y (r, e). 

4. Show that if, in Exercise 3, F * V(r) does not involve 6 explicitly then 0 is 
an ignorable coordiate and pe ^ is constant along an extremal. 

5. On denoting by h the constant value of pe in Exercise 4 show that the path of 
the particle may be obtained by first solving the equation 

dr dpr 

1 

where ^ ^ Vt^ + + V (r), for p, as a function of r and then integrating 

, . dr dB 

the equation result of this exercise shows that the 

procedure of ignoring e is equivalent to the addition of to the potential energy, 

i.e., to the addition of a radial force of amount ™ mrB^ to the force acting on 

mr* 

the particle. This is the explanation of the phenomenon of centrifuged force. 

6. Show that for a particle of mass wi, whose generalized coordinates are space 
polar coordinates, the angular coordinate 4> is ignorable if F * F(r, 0) is inde- 
pendent of 0. What is the corresponding momentum integral? 

7- Show that the motion of the mass particle of Exercise 6 takes place in a plane 
through the origin. Hint. Choose the polar axis so that it lies in the plane con- 
taining the initial direction of motion (so that the initial value of 4>t is zero), and 
deduce from the al^gvlar^merUu7nm.tegr8l p^ = constant that 4> is constant along 
any extremal. 

5. The determiiLatioxi of the Lagrangian from the Hamilton- 
ian; the principle of Maupertnis 

When we are given a problem in the calculus of variations with an 
inte^and function F {x, av) which is positively homogeneous of degree 
one in the variables Xr we know how to find the function <l>(x, p) which 
appears in the Hamilton canonical equations 
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—<t>» 

of the extremals. If the n X n matrix F*,,, is of rank » — 1 there is 
only one (independent) relation <t>(x, p) = 0 connecting the 2n vari- 
ables X and p, and this is obtained by eliminating the n — 1 ratios 
x\: • • * :a:"T from the n functions p of these ratios. The force of 
the parenthetical word independent is simply this: Any function of 4> 
which is zero when 4> is zero (e.g., will do just as well as How- 
ever, this merely amotmts to a change of the undetermined multiplier 
X; if is replaced by /(<#>), X is replaced by /^X. (Prove this.) For a 
mechanical system where F = L(^x, x^U the relation ^(®, p) = 0 could 
be “solved for Pn+i” ; in other words we could write 4>{,x, p) = 0 in the 
form 

p„+i + H{x, pi, • • • , p«) = 0, 

and then the function H (the Hamiltonian of the mechanical system, 
natural or not) was tmambiguously determinate. The problem we 
wish to solve now is the following: 

Qwm Uie HamUtmian function H determine the Lagrangian function L 
to which it corresponds. 

For the general problem of the calculus of variations this problem 
may be stated as follows: 

Owen tJie function <l>(,x, p) determine the function F(x, Xr) to which 
<j>(x, p) corresponds (it being understood that the same function F will 
correspond to any differentiMe function of <#>). 

In order to solve this problem we make the following hypothesis: 

We assume that the (n -H 1) X (« + 1) matrix 

( 4>pp ^j,\ 

<t>p 0/ 

is not singular for every point (x, p) on the 2n — 1 dimensional spread 
^(x, p) = 0 in the 2n-dimensional coordinate-momentum space (in 
which the coordinates of any point are the 2n numbers x and p). 

To see the force of this hypothesis consider a mechanical system 
(natural or not). Here = P«+i + H(x, t, p) and our coordinate 
space is n -h 1 dimensional; hence our matrix is the (n -j- 2) X (n + 2) 
matrix 


Hpp 

0 

Hp' 

0 

0 

1 

Hp 

1 

0 
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whose determinant is — det (H,,,). Hence our hypothesis amounts 
to the assumption that the nXn matrix Hpp is non-singular or, 
equivalently, that the matrix of the coeflBcients of the homogeneous 
quadratic form Ti in the n variables Xt is non-singular. (Prove this.) 
For a natural mechanical system our hypothesis amounts (since 
Ti = T) to the assumption that the matrix of the coefl&cients of the 
kinetic energy (expressed either as a function of the n coordinate 
velocities or as a function of the n momenta p) is non-singular. 

In the neighborhood, then, of any point (a:, p) of the spread ^(a;, p) 
= 0 at which the (fl- + 1) X (fi + 1) matrix 

( <I>PP <l>v\ 

<!>„ o) 

is non-singular the n -H 1 equations 

Mp - Xri 4>(x, p) = 0 

may be solved, in an unambiguous manner, for p and X as functions of 
Xt provided that X 0. In fact the Jacobian matrix of the n -1- 1 
functions (X<^j„ <l>) with respect to the n -j- 1 variables p, X is 



and the determinant of this matrix is readily found (on dividing the 
first n rows by X and then multiplying the last column by X) to be the 
product of the determinant of the matrix 



by X” Since X is a continuous function of the n variables Xt (the 

• ( 1 • 

I - I assumed to be a continuous function of the n 
\<f>p 0 ) 

variables p) and since X cannot be zero, it cannot change signj we 
agree, merely for the sake of convenience, that X > 0. If the av are 
multiplied by a common factor fc (> 0), p and h\ will be a solution 
of the new equations (why?). In view of the unambiguously determi- 
nate nature of the solution of the equations for p and X it follows that 
The n functions p of Xr are positively homogeneous of degree zero 
and X is positively homogeneous of degree one in the n variables Xt. 
We propose to show that the Hamiltoh canonical equations 
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dx 

<Pv 


dp 






are the equations (in the 2n-dimensional (aj, p)-space) of the extremals 
of the integral 

J = f F{Xy Xr) dr, 

where F — x^p. To do this we first observe that since the functions p 
are positively homogeneous of degree zero the function F = x,p is 
positively homogeneous of degree one. Furthermore 


Fxt = P + XtPxt = V- 


In fact the relation p) = 0 is an identity in the n variables 
Xt, and on differentiating this relation with respect to Xr we obtain 

n n 



= 0; since av = it follows that avp»r = 



= 0. It remains only to show that p, = F» or, equivalently, since 
Pr = — that Fx = — From the definition of F it follows 


that 


F* — XtPx} 


and on differentiating the relation ^(a;, p) = 0 with respect to x we 
obtain 

4>x + = 0. 

On multiplying this equation by X and replacing \4>p by Xr wo obtain 


\<j>x “1“ aJrPje — 0. 


Hence F* = This completes the proof of our theorem. The 

procedure to bo followed in order to determine F when 4> is given may 
be formulated as follows: 

Solve for p and X the equations X^p = Xr, 0(*, p) = 0. Then 
F = XrP. 


Example 1. The general mechanical system 

Here (^► = p„+i + JJ(a:, t, p), where H is a quadratic function of 
Pu • ■ • , Pv.- 

H = J/s + Hi + ifo + F = ^g-^PaPfi + + Ho + F, say. 

Hence 


x’r - x//„, = x(j/^“p« 4 - fcO; = X 
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so that and 

= 3^t — k^; j = 1, , n. 


- , . . . I ^PP 

Our assumption concerning the non-dngularity of the matrix ( j 

\4>p 0 / 

tells us that the matrix is non-singular. Denoting its reciprocal 

n 

by gpt we have Pi = gja(x“t — &“). The function F = px, = ^^pjx^r 

n 

+ Pn+it = + p»+i|, and since p«+i = ~H = —Hi — Hi 

i-1 

n n 

— Ifo — F and y = 2jPi^vi = 2 ^ 2 .+ Hi we have 

F = (Ha - Ho - T0«r 
so that the Lagrangian function is 
L=F 

For a natural mechanical system H = Ha + F so that L = Hi -- V 
= H - 2F. 


Example 2. The Lagrangian function for a natural mechanical 
system in which the time is ignored 

The canonical equations are 

dx _ dp 

where H = + F(a:) and 4> = H — E, E — H(xo, Po) being 

the energy of the motion. The matrix whose non-singularity must 
be assured is 

ppp Hp\ 

\Hp 0 / 

On subtracting from the last colunm of this matrix the sum of the 
products of the first column by pi, the second by pa, • * • , and the 
nth by pti it is clear that its determinant is the product of the deter- 
minant of the matrix by —g^^PaPp, Assuming, then, that g^^PaPfi 
^ 0 (which will certainly be true if p is not the zero vector since 
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the kinetic energy of the system) we may proceed to deter- 
mine F. Our equations are 

V“p« = Xri 3 = 1, ••• n; 

+ V = E. 

From the first n of these equations we obtain 

Pi = ^ Sic^r] j = 1, • • • , », 

and on substituting these expressions m our remaining equation we 
find 


g,^‘‘rXfir = 2X*(E - F). 

The desired function F is given by the formula 

F = pxr^ 

and since 

\ B= f 9o^“r^T 

l2(E - V)] 

we obtain 

F = {2(E - V)gc^rafir\^. 

This is the mathematical expression of the principle of Maupertuis 
(after P. Maupertuis 1169&-1759], a French applied mathematician). 
This principle says that a natural mechanical system moving with 
energy E moves in such a way that the curves x = »(t) are extremals 
of the integral 

{2(E - V)]^{g^%xK\\ 

If we regard the coefficients p,* of the quadratic form which furnishes 
the kinetic energy of the system as furnishing a method for measuring 
arc lengths in the n-dimensional coordinate (i.e., x-) space we may set 

ga0X“rXfr - (Sr)®, 

where s denotes arc length in the coordinate space; when this is done 
the integral whose extremals describe the motion of the mechanical 
system appears in the form 

r‘{2(E - V)]^ds. 

a/ao 



328 


THE CALCULUS OP VARIATIONS 


If the mechanical system is moving freely, i.e., without being subjected 
to any force field, V is constant, and the integral whose extremals 
fumida the motion of the mechanical system is the arc-length integral 

J ds (the constant factor {2{E — F) being without significance). 

So 


When a force field is present we may introduce the parameter r defined 
by the formula 

s, = {2(E - V)}-« 


and then the integral whose extremals furnish the motion of the 
mechanical system is 



The analogy with Fermat^ s principle of least time in optics (after 
P. de Fermat [1601-1665], a French mathematician) is evident; the 
expression {2(E — reciprocal of Sr, plays the role of the 

index of refraction in optics. This analogy between the dynamics of a 
natural mechanical system and optics has found its culmination in the 
modem theoiy of wave mechanics. 


6. The action integral; the principle of least action 

Once the extremals of a problem in the calculus of variations have been 
found the integral of F{x, Xr) along an extremal is an unambiguously 
determined function of the end-points Po and P of the extremal (it 
being understood that P is sufldciently near to Po so that the existence 
and uniqueness theorems of ordinary differential equations may be 
appealed to to assure us that there is one, and only one, extremal 
through the two points Po and P). We shall denote the value of the 
integral of F{x^ xf) along the unique extremal C connecting the points 
Po:(a;oS * • * , aJo**) andP:(rcS • • • , a;”) by the symbol S{x, xq): 

S{x, Xq) = I F{xj Xr) dr. 

JtoC 

We have already seen that the variation of I (a) reduces, when the 
curve along which F is being integrated is an extremal, to 

51 = Pid(xi) - Pq8{xq) 

and so 

~ Pj ” ~"Po« 

Since ^(a;, p) = 0 it follows that the function S must satisfy the two 
partial differential equations of the first order 
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<l>(x, Sa) — Oj (pipOo, *Saj) — 0. 

For a mechamcal system the first of these equations takes the form 
Si + H(x, t, Sa) = 0. 

This is known as the Hamilton- Jacobi equation of the mechanical 
system. When the system is a natural one the Hamilton-Jacobi 
equation simplifies to 

St + H(x, 5.) = 0, 

where H{x, Sa) has the constant value E along an extremal. We may 
proceed one step towards obtaining a solution of the Hamilton-Jacobi 
equation by writing 

S = —E(t — to) + A(x, zo), 

where the action function A(x) satisfies the partial differential equation 

Hiz, A,) = E. 

Since F — pxr and since, for a natural mechanical system, pn+i has the 
constant value —E along an extremal, it is clear that 


and so 


S(x, xo) 



- E(t - to) 


A{x, xo) 




Since the variation of 1(a) is zero when the curve of integration is 
an extremal and the end-points are fixed we have the following funda- 
mental result for natural mechanical systems: 

The motion of a natural mechanical system is furnished by the 
extremals of the action integral 

A(x, Xo) = 2 f T dt 

Jet 

provided that all comparison curves are traversed with the same energy 
E and that the time of passage ti — U is the same for all. 

This is known as the principle of least action. 
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7. LiouviUe’s theorem 

Hamilton’s canonical equations are a special system of ordinary differ- 
ential equations of the first order. The general system of ordinary 
differential equations of the first order may be written in the form 


dx*- 




d®" 




= dr, 


where each of the symbols j = 1, • * * , n, denotes a function 
(which we assume to be differentiable, with contmuous derivatives) 
of the n variables (®S • • ■ , ®"). If the initial point Po of a solution 
curve or path of the differential equations has the coordinates (®oS 
• • ' ) ®o”), the coordinates («^, * • ■ , ®") of any point P of the path 
are given by equations of the form 

X = ®(t, ®o), 

where ®(t, xo) reduces to ®o when r = to. Let Vo be any ?i-dimensional 
region of initial points ®o, and let us consider the following question: 
Does there exist a point-function p = p(®) which is such that the 

integral J* p d(®) is independent of t (no matter what is the n-dimen- 

sional re^on Vo): 

I p d(x) = I Po d(®o) ? 

Jv Jt» 

Here V is the collection of points x obtained by assigning to t a given 
value (the same for all initial points Po : (®o) of Vo) . If such a function 

p = p(x) exists we say that the integral J^p d(®) is an invariant 

dx 

integral (TMlimendoiial) of the system of differential equations — = dr, 

and we say that the point-function p = p{x) is a density function, or 
mvUvplier, of this system of differential equations. 

Note, We have tacitly supposed that when Fo is an n-dimensional 


region so also is F. 
non-singular, 
when T = To. 


(x) 

This will be true if the Jacobian matrix — r is 

(«o) 

This Jacobian matrix reduces to the n Xn unit matrix 

Hence is non-singular (its deternoonant being, in 
(Xo) 


fact, positive) if r — to is sufficiently small, 
this is the case. 


We shall suppose that 
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la order to detenoiae the conditions that must be imposed on the 

integrand p = p(x) of the integral I = X p d(x) in order that I may be 

an invariant integral we must calculate Ir and set it equal to zero. In 
order to facilitate the differentiation we change the variables of inte- 
gration from z to Xo so that the region of integration is transformed 
from V to VqI 




d(a:o), 


where 

(x) 


(x) 


(x)o 


is the determinant of the Jacobian matrix t^j so that 

(Xo) 


is positive. Hence It is the integral over Fo of the derivative 

(®) 


(*o) 

with respect to t of p ■— • Since the determinant of any matrix 

is the alternating product of the row vectors of the matrix the deriva- 
tive of an «-rowed determinant with respect to any variable is the 
sum of n determinants each of which is obtained by replacing one row 
of the matrix, whose determinant we wish to differentiate, by its 
derivative and then taking the determinant of the resulting matrix. 
Thus, if n. = 3, and 

^ _dy _ dz 
u V w 

we have 


= dr, 


(x, y, z) 


(m, y , «) 

+ 

(.X, V, z) 

1 

{x, y, w) 

(* 0 , yo, Zo) 

r 

(^o> 2/oj 

(* 0 , Vo, Zo) 


(»o, yo, Zo) 


Since y> «) 

(xo, Vo, «o) (®, y, z) (xo, yo, zo) 


(u, y, z) 


{x, y, z) 

{xo, yo, Zo) 

— Ux 

{xo, yo, Zo) 


(x, V, z) 


{x, y, z) 

(®o, yo, Zo) 

— Vy 

(* 0 , yo, Zo) 


and 


{x, y, w) 


(x, y, z) 

(^0, 2/0, 2!()) 

5= Wk 

{xo, yo, Zo) 


Similarly 
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so that 


jx, y, z) 
(a:o, I/O) 2o) 


= (m* + o» + io«) 


(g, y, g) 

(go, ?/o, »o) 


• Similarly, if 


dx*- dg* 


_ ^ 


Hence 


= {(ul).X+ • • ‘ + Wo^n} 

(^oj r 


= f [Pr + + * • * + (W")**}] 

jFo 


d(xo). 


Thus the necessary and sufficient condition that I be an invariant 
(n-dimensional) integral is 

Pr + P{(ii%+ • ‘ • +(w“)-} “0. 

Since p, = P»gr = P»« this condition may be put in the more compact 
form 

(pu)* = 0. 

Tl 

(Here we understand, of course, by the symbol (pu)» the sum ^ (pm')*'-) 

We have, then, the following important result: 

In order that p = p(g) be a density function, or multipUer, of the 

dec 

system of differential equations — = dr it is necessary, and suffi- 


cient, that (pw), = 0. . 

It follows at once that any constant function is a density function, or 
multiplier, of the Hamilton canonical equations. In fact the sum 
(pu)* splits, for the canonical equations, into the two sums (p<Pp)» and 
i—p4>x)p, and these cancel each other if p is a constant function of the 
2n + 2 variables x, t, p, p»+i. Thus 

The points in the (2w + 2)-dimen8ional (r, t, p, which 

represent any mechanical system move in such a way that the integral 

jdx • - • dtdpi ‘ ' dp« dp*n is invariant. 

For natural mechanical systems we obtain in the same way the 
following theorem, known as Liouviile’s theorem (after J. Liouville 
[1809-1882], a French mathematician): 

The points in the 2n-dimen8ional (*, -space which represent any 
natural mechanical system move in such a way that the integral 
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dx^dpx 


dpn is iuTariant; in other words the points 


move like the particles of an incompressible fluid, the volume of any 
portion of the fluid remaining unchanged durmg the motion. 

Any point-function /(*) which remains invariant along a solution 

dx 

curve X = £c(r, xo) of the system of differential equations — == dr 

u 

is termed an invariant function or first integral of this system of differ- 
ential equations. Since fi = fxU we have the following result: 

The necessary and sufl&cient condition that / = f{x) should be an 

dx 

invariant function of the system of differential equations — = dr is 

u 

that / should satisfy the first-order partial differential equation 

n 

Vjfa = / ~ 

For the Hamilton canomcal equations the equation = 0 takes 
the form 

n 

^ ft ^ifpn+l “ 0* 


If / is a function of (x, t, pi, 


, p«), so that/p^+i = 0, this reduces to 


n 

4“ = 0. 


For a natural mechanical system the equation ufx = 0 takes the form 


n 

= 0. 


EXERCISES 

1. Show that the quotient of any two density functions is an invariant function. 


Hint. The equations (pi)t + pi ^ Wxf " 0, (j)%)t + pa ^ 


(w0*i “ 0 yield 


P 2 (pi)r — pi(p 2 )t - 0 or, equivalently, 


0, PI 0. 
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2. Show that any density function for the Hamilton canonical equations is an 
invariant function for these equations. 

3. Verify that p) is an invariant function for the canonical equations 

<l>p 


4. Verify that H(x, p) is an invariant function for the canonical equations (of a 


natural mechanical system) 


dx 

% 
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1. The Laplace transformation 

Let f(jt) = flit) + ifiit) be any piecewise-continuous complex-valued 
function of the non-negative real variable t ^ 0. The assumption of 
piecewise continuity assures us that the limits 

fit -f 0) = lim/(< -h 5); « > 0; f ^ 0 
t-o 

/(i — 0) = lim/(< — 8); 8 > 0; f>0 

1.0 


exist. We shall denote /(O + 0) simply by /(O); in other words 
We understand by the symbol /(O) the limit of fit) as t tends to zero 
Gvrough 'positive values. 

When convenient we extend the definition of fit) so that it becomes 
a function of the unrestricted real variable by the convention that 
/(O = 0 if « < 0. 

Let 2o = «o + iya be a value of the complex variable z = z + iy 

er-»*/(<) dt exists. Then the follow- 


j; 


which is such that the integral 
ing fundamental theorem is true: 

The integral f er'fit) dt exists for every z for which x > Xo, and 


this integral is an analytic function of the complex variable z over the 
half-plane x > Xo. 

If we set Po : (* 0 , yo) , P : (», y) we may phrase this theorem as follows : 


The mere existence of the integral 




‘/(i) dl cd any point Po is 


suSicient to ensure the existence and analytidty of this integral at any 
point P which lies to the right of Po. 

In order to prove this theorem consider the function 

335 
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gis) 


■X 


er’'*f{t) dt; s ^ 0; 


g(s) is a continuous function of the non-negative variable s, and, being 
de^ed at s = w, it is bounded (why?). Hence the integral 


X 


di; x> Xo 


is absolutely convergent; in fact if M is an upper bound of 1 j;(s)| we 
have 


X 


dt ^ M j dt (why?) 

M 


X Xq 


»o)a g— 


M 


and this is arbitrarily small if o (and hence 6 > o) is sufficiently large. 
(Note that H x — Xo ^ S, 

convergence of the integral 


< ^ er^ so that the 

a 


I 

I dt is uniform, with respect 

Jo 

to z, over any point set for which x — Xo'^ 5.) It follows that the 
integral 


X 


e^**f{t) dt; X > Xo 


is absolutely convergent; in fact on writing e”^/(0 dt in the form 
dt and integrating by parts we obtain, since dt 

= dg, 

dt = (z — 20 ) dt. 

That the function of z defined by the absolutely convergent integral 
Jo analytic at any point P to the right of Pq follows from 

the fact that the convergence of the integral I dt is uniform 

with respect to z over any collection of points P for which x ^ Xo ^ 5, 
5 being an arbitrary, fixed positive number. In fact each member of 
the sequence of functions 

<3'n(2) = e-''-^»>‘ff(i) dt] n = 1, 2, • • ■ 
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is eversrwhere analyiic (why?), and this sequence of analytic functions 
converges, uniformly with respect to z over the half-plane x — xo ^ 8, 

eo 

to dt. Hence, by one of the fundamental theorems of 


p 00 

analytic-function theory, the imiform limit I dt of the 

sequence of analytic functions (?„(*) is itself analytic over the half- 
plane X — xo'^ 5 or, equivalently, since 8 is arbitrary, over the half- 
plane X > Xo. 

^ 00 

We term the function • e~"/(<) di the Laplace transform of the 


function /(<), and we denote it by Lf. Thus the Laplace iransformaiion 
transforms complex-valued functions (which we take to be piecewise- 
continuous) of the real non-negative variable t into functions of a 
complex variable z which are analytic over a half-plane x > Xo. It is 
clear that the Laplace operator L is a linear operator; in other words 


L(c/) = cL/; c any complex constant; 
L(fi + ft) — Lfi -b lift. 


(Prove this.) In stating the second relation it is understood that both 
L/i and L/a are defined at a common point zo = a:o -b iyo] then the 
relation is valid over the half-plane x > xo. 

The Laplace transform of /(<) is a special case of what is known as the 
Fourier transform of a complex-valued function of the imrcstricted real 
variable t. If 4>{t) is such a function (which we take to be piecewise- 
continuous) which is absolutely integrable over (— «, «) the integral 



dt 


exists for every y, and the function of y which it defines is termed the 
Fourier transform of It follows that if </>(«) is the complex- 

valued pieccwise-continuous function of the unrestricted real variable t 
which is defined as follows: 


^(0 = ( 27 r ) V *‘/(«); t '^0 

<t>{t) = 0; f < 0 

then L/ is the Fourier transform of <l>{t) (L/ being regarded as a function 
of the unrestricted real variable y by the device of holding x fixed). 
(Prove this.) There is a fundamental theorem on Fourier transforms 
which runs as follows: Let ^(<) be piecewise-continuous and absolutely 
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integrable over (— », »), and let ^(y) be the Fourier transform of 
<l>(f ) ; then 


/: 


J (“) giy® _ 1 

-(oo) 


J (-) _ - 

denotes the limit at a =« of I ; in other 
-(«) J-a 

J (C0) 

is the Cauchy, or principal, value of the, not necessarily 

-(CO) 

^ to 

convergent, improper integral I (what does this mean?)). 

Note. The Fourier integral theorem states that at every point where 
the Fourier series of 4>(S) converges to the sum 4>{t) the relation 


4>{t) 


J (co) 

-(CO) 


i/{y)e^^ dy 


is valid. The theorem we have just stated says that despite the fact 
that the relation which expresses the Fourier integral theorem is not 
necessarily valid even at the points of continuity of the relation 
obtained by integrating, over the interval [0, x], the Fourier integral 
theorem relation (the integration being done on the right under the 

I sign) is valid for every value of x. 


f-(oo) 

It follows from this theorem that 




<i>(0 dt is unambiguously deter- 
mined by the Foiirier transform ^(y) of <#>(0* Since, at any point of 
continuity of (i>{x), ^{x) is the derivative with respect to a; of J* 


dt 


we see that 

<l>{t) is unambiguously determined at any point where it is continuous 
by its Fourier irarisform yl/(y). 

Since the Laplace transform L/ may be regarded as the Fourier 
transform of where 

4>it) = t ^ 0 


<t>it) =0; t<0, 

it follows that 

Any piecewise-contiuuous function /(f) which possesses a Laplace 
tran^onu L/ is unambiguously determined, at its points of continui^, 
by this LapUce transform. 

We symbolize this fu n da m ental uniqueness theorem as follows: 
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In the work which follows it is necessary not only to “cross” from /to 
Jjf, i.e.j to determine the Laplace transform of a given function f(t) 
but also to “cross” from Lf to /, i.e., given a function L/ of z to find 
the function / of which it is the Laplace transform. Our uniqueness 
theorem assures us that the sought for function f(t) is unambiguously 
determinate at any value of t at which it is continuous. 

EXERCISES 

1. Show that the Laplace transform of the unit funetum, i.e., the function 
1 

f(f) - 1, « > 0, is -I * > 0: 

z 

L(l) =■ -j X > 0, 
z 


2. Show that if L/ - x > rco, then L(ef*f) « 4 >(z - c) where R(z - c) 
(i.e., the reed part of 2 — c) > ajo. Note. This important result may be phrased 
as follows: 

Multiplication by an exponential function of t is reflected in the complex plane 
by a translation of the origin. 

3. Show that L(e®*) * — - — » 11 ( 2 ! — c) > 0. 


4. Show that L (cos erf) 


2 ® -}- 

part of the complex number a). HirU. 
5. Show that L(sin <d) ^ 


2 ® + a® 

6. Determine L(cosh erf) and L<sinh at) 


X > |lma| (where Ima denotes the imaginary 
cos at « + £r*<«). 

X > Ilma|. 


Answer, 


7. Show that if Rm > 0, L(i»^0 


2® -f- a® 

r(m) 


X > |Ra|; 


2 * - «a 


9 X > Ra . 




7 rr > 0, where r(m) 


Hint. If 2 « « > 0, L(<*»*^i) 


r(7n) 

x^ 


/: 




(Use the substitution xt r.) The 


unambiguously determinate function of 2 which is analytic over the half-plane 
a; > 0 and which takes the values when 2 « 2 > 0 is 

2 ”* gjm 


8. Show that /(«) 


1 

2r 


(L/) dy where the integration is along any lino 


X constant in the half-plane over which L/ is analytic and the relation is valid 
at all points t whore the Fourier siirics of /(i), for an interval [a, 6] which covers t, 
converges to f(t). Hint. This is merely a restatement of the Fourier integral 
theorem. Note. The result of this exorcise furnishes a useful method of “crossing 
back” from L/ to /, i.e,, of determining / when its Fourier transform is given. The 
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integral whicli furnishes /(O is known as the Bromwich integral (after T. J. Brom- 
wich [1876-1929], an English mathematician). In evaluating the Bromwich 
integral the path of integration may be deformed (by virtue of Cauchy’s theorem) 
provided no singular points of L/ appear on the path during the deformation. 

9. Show that multiplication by i is reflected in the complex 2 -plane by differ- 
entiation with respect to z followed by a change in sign: 


LW = —Cb/)*; X > xo. 


Solviim. Setting g{ji) 


r 


dt we have L/ == (z 


— >X 


g{t) dt, 


X > xt. An easy ealevilation yields 
0 

(ft + (* 


f 

As Jo 




C*-*0)t dt 


Lz 


and so 


^ 00 


dt — {z — So) 




^•^*tg{t) dt 


(why?). Upon integrating the second integral on the right by parts we obtain 

^00 p to 

(Ih/). = dt = e-nm dt 

which proves the result of the exercise. 

10. XJsetheresult of Exercise 9 to veirify that L(0 « a; > 0. 

11. Show that if p is any positive integer = ( — 1 )p5p(L/), x > Xo, where 5 
denotes differentiation with respect to z. 

12. Use the result of Exercise 11 to verify that if p is any positive integer L(<p) 
pi 


,1 a; > 0. 

a;p+l 

13. Show that L(te®*) 


V X > R(a). 


(z - ay 

14. Show that L(i cos at) = ^ ^ x > llmal and that L(i sin erf) = . 

(2* -ha*)* ' ‘ (2*-ha®)® 

X > llma|. 

a; > 0. Hint. Use the 


15. Show that L(«M) = ^> * > 0; L(rW) - , 

irW, r(#) = 




result of Exercise 7 and the facts that r(^) 

16. Show that L/ is null at a; = oo . 

Solution. Since the integral which deflnes L/ converges absolutely if a; > a5o wo 


can determine a number T such that the absolute value 


”'X' 


e’"*y(0 di is arbi- 


trarily small, the choice of T being independent of z provided that a; ^ rco -h 6, 


rT ^8' pT 

where 8 is any positive number. On writing I in the form I -h I i 

Jo Jo Ja' 


it becomes 
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clear that the absolute value of J e'~^f(t) dt can be made arbitrarily small by mak- 
ing X sufficiently large. (Prove this. Hini. le"^! = 6"** ^ 1 so that, if a; > 0, 

I 

I ^ ^ MS', -where M is the maximum of \f(f)\ over [0, T], Over [5', T\, 

^ r*T 

|e-»e| ^ so that J ^ e“^/(0 dt < MTe^^ which is null at a: « oo.) Hence 


{/>/;) 


dt is null at as =* oo . Note, The result of this exercise 


has the following important implication: 

Any analytic function of z which is not null at x « oo fahs to be the Laplace 
transform of any function of U 

ffln o(t 

17. Determine the Laplace transform of — - — Bird, Since multiplication 

t 

by t is reflected by differentiation with respect to z, followed by a change in sign, 
and since all Laplace transforms are null at a; = «>, division by i is reflected (pro- 
vided the resulting function has a Laplace transform at all) by integration from 

^ ^ /sin f®""* dz X , z , a 

z to ic = 00 . Thus L I — • — I — a I -r~; — : “ Arc tan - » Arc tan — 

\ t / Jz z® a® 2 ot z 

18. Determine L(cos* oj t). Hint, Set cos* « t « •J'(l -f cos 2<o t), 

z* -1- 2w* , , 

Answer, — v -- ; -- ; r> a; > Im2w . 
z(z* 4- 4w*) ' ' 

2. Determination of the function whose Laplace transform is 
a given proper rational fraction 

It follows at once from the result of Exorcise 16 of the preceding section 
that no improper rational fraction can bo the Laplace transform of 
any function of for an improper rational fraction is not null at « = oo , 
and, consequently, it is not null at a? = oo (why?). On the other hand 
every proper rational fraction is the Laplace transform of a function 
of t; this function is a linear combination of exponential functions of t 
each multiplied by a polynomial function of t. To sec this we have 
merely to note that every proper rational fraction may bo analyzed 

A 

into simple fractions each of the type and A, c“‘ has 

(z — ay ' (p — 1)1 

— — as its Laplace transform. In actually determining the func- 
tion of t which has a given proper rational fraction as its Laplace 
transform it is frequently convenient not to try to analyze the fraction 
completely but to use such known results as that which says that the 

Laplace transform of - sin at is —-7 — z > lima!. The following 
a z* -t- a* 

examples will illustrate the method. 
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:» X > Ima 


Example 1. 

Denotiiig differentiation with respect to z by S we have 

2a* I 2a* 1 


+ a*/ 


{z^ + z^ + a® 


1 t 

Hence f{t) = — sin at — — cos at, 
2ar 


Example 2. L/ = 
1 

2(2 + a) 


z(x + a) 

A . B 


i X > 0^ X > — Ra 


z + a 


On imiltipl 3 ring by z and setting j? = 0 


we find A = on multiplying by s + a and setting z = —a we find 
a 

B = _ i. Hence (why?) f{t) = - (1 - e-“*). 
a a 


Example 3. L/ 


z(z^ + a^) 
1 z 


X > llma| 


Hence /(O = — (1 — cos at). 


z{z^ + a*) a^z a^{z^ + a^) 

EXERCISES 

1. Detenmne the function of which — ;> where R(z — j8) > |lma| and 

z 


■ (z - H- «» 

a 5 ^ 0, is the Laplace transform. EM. Write 


(z - /5)* + «» 


in the form 


2 - 15 




Answer, cos a/ + — sin at [ • 

« I 


+ (2 - 0y + a* 

2. What is the function whose Laplace transform is r — - — — ; Il(s — iS) >0. 

[z — py 

Answer. e^*(l -}- /Si). 
-» where a 0 and Il(« — ^) 


(2 - /5)» + a* 


3. Determine the function of which 

> lima], is the Laplace transform. Answer. — sin at. 

a 

4. Show that if L/ is a proper rational fraction this proper rational fraction has 
near a = «o the power series development 


LfJM+mi. 

z z* 


. D»-i/(0) , 
T "Z r 


2 " 
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where D denotes differentiation with respect to t. 

Solvtim. The result is evidently true if L/ = — — for then/ » and — — 

z — CL z — a 

has, near s » the power series development — -f -f- . . . + 4- . . . , 

It is also true if L/ » — > where p is any positive integer. In fact f(t) is then 

^25 — OtjP 


(P-1)! 


e®* so that D*/ = 


(p-l)I 


(D + Q£)*z*»“i. Hence D*/(0) «= 0 if 


Aj < p - 1 while DJ^y(O) = 1, Di»/(0) = pa, DJ‘+y(0) ~ (p + i)pai, and so on. 


Since 


(z - a)p 


has near s « <» the power series development 

i 1 ^ t (y + l)pa* 4, . . . 


this shows that the statement of the exercise is true when L/ * 


Since 


(z - a)p 

any proper rational fraction may be analyzed into a sum of fractions each of the 
A 

form r — where jI, is constant, the statement of the exercise is true for aav 
(* — a)” 

proper rational fraction (why?). 


3. The convolution process 

Let /(O and git) be any two pieeewise-continuous functions of the 
non-negative variable t ^ 0. Consider the interval [0, tl, and form 
the product of the value of /(O at any point r of this interval by the 
value of git) at the “complementary” point t — t. The integral of 
this product from 0 to < is a function of t which we term the convolvMm 
of / and g and which we denote by the symbol f *g: 

/ •? = - t) dr. 

On replacing the variable of integration t by v = < — t we find that 
f *9 = jjil' - <r)gi<r)i-d<T) - J^gi<r)fit - a) cUr - g *f. 

Thus 

The process of convolution is commutative : 


f*g== 9*f. 

It is easy to see that the convolution process is a smoothing one in 
the following sense; / * (/ is a continuous function of t despite the fact 
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that neither / nor gf is necessarily continuous (they are aroumed to be 
only piecewise-continuous). To prove this we observe that 

J ^ /(t)?(< + A< - t) dr + - t) 

The first of these two integrals is null at A« = 0 (why?). To ^ tlmt 
the second integral is also nuU at Af = 0 we cover the interval [0, t\ by 
a net which is such that the points at which g(.t - r), as a 

function of t, is discontinuous are interior points of cells of toe net. 
Over each of the remaining cells of the net A(j?(t — r) is 
Bmall (uniformly with respect to r), and since the ram of the lengths 
of the cells over which g(.t - t) is not continuous is arbitrarily smaU 

it foUows that JV(t) A,g(t - r) dr is mill at M = 0. This proves that 

f*gia a continuous function of the nortr^ative vaiidbU t ^ 0 . 

Let now / and g be such that If and Lg eidst at a given point So — xq 
+ iyo of the complex plane. Then the foUowing important theorem 


IS tms * 

L(/ * g) exists at any point P : (x, y) whidi lies to the right of Po : (xo 


yo)i and 


!/(/ *g) = (I'/)(Ly)* 


In other words , ,a. y „ 

Convolution is reflected in the complex z^lane by ordinary mvltipUcOr 


The proof of the existence of L(/ • p) at P is simple in view of the 
absolute convergence of the integrals which define If and Lg at P. 
In fact the absolute convergence at P of the integral 


J* ^ ~ 

is assured if toe integral e"** dt Jj/(’-)y(* - ■’•)1 dr is a bounded 

function of T (why?). In view of the piecewise-continuous nature 
of the functions / and g toe order of mtegration may be reversed in the 
integral last written, and when this is done it appears in the form 

l/(r)l dr j e-*‘lp(i - t)1 dt. 

On TnaVing the substitution t = r -b <r this may be written as follows: 
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and this is not greater than j; C"”l/(’‘)l dr e-^g(jr)\ dv (why?). 

Thus the integral which defines L(/ * g) converges absolutely at P. 
In order to show that L(/ * g) = (L/)(Lff) observe that, in view of 
the absolute convergence of the integral 



t) dr, 


it is legitimate to interchange the order of integration. Indeed if we 
extend the definition of g(t) by setting ^(0 = 0 if f < 0 we may write 
the integral last written in the form 




f(y)g{t — r) dr 




(why?), and it then appears as the sum of the double series 2^ 2^0mn, 


0 0 


where 


Oimn 



r) dr. 


This series is absolutely convergent (since the mtegral is absolutely 
convergent) and so we may sum first with respect to m and then with 
respect to n (instead of first with respect to n and then with respect 
to m). This is equivalent to interchanging the order of the integrar 
tions with respect to t and r. Thus 


Hf*g) 



r) dr. 


On the Substitution f = t + o- and observing that g(,a) 

<r < 0 we obtain 

L(/ • g) = e-"fir) dr e-"jf(<r) d<r 


Oif 


= (L/)(Lfir). 

Convolution with the unit function is equivalent to integration over 
the interval [0, t]: 

/ ■» 1 = 

Since L(l) = “ 



346 


THE OPEEATIONAL CALCULUS 

In words: 

Integration with respect to t over the interval [0, <] is reflected in 
the complex i-plane by multipUcation by the reciprocal function - 

is differentiable with a pieoewise-continuous derivative D/(t), 

we have 

m = m + j: D/(r) dr. 

If, then, D/ possesses at zo = + Wo ^ Laplace transform we have 

Wl = L{/(t) - mi = - V’ ^ 

z ^ 

or, equivalently, 

L(D/) = d^/.-/(0); a:>a:o. 

In words: 

Difierentiation with respect to < is reflected in the complex z-pl^e 
by multiplication by i followed by the adjustment -/(O) . In partcu- 
lar, for those differentiable functions for which/(0) = 0, differen^tion 
with respect to t is reflected in the complex z-plane by multiplication 

by 2* 

If /(t) possesses a second derivative which has at Po". (»o, f/o) # 
Laplace transform then 

L(D^ = zL(D/) - D/(0) 

= z*L/ - zf(0) - D/(0) ; a: > So, 

and so on. In general if /(i) possesses a pth order derivative (j> = 1 > 
2, • • • ) which has at Po: (zo, Vo) a Laplace transform then 

- z>>-‘/(0) - z>^*D/(0) - • • • - D®-i/(0); a: > a-*. 

EXERCISES 

1. Deduce that LCsin <£) » — 7—7 x > lima], from the fact that L(cos «( 

2* “h or 

•B — ^ — I X > llmal. Hint, sin = a(cos cd * 1). 

-1- a* ‘ 

2. Obtain the function whose Laplace transform is -f- evaluatiiiis 


-- (sin at * sin at), 
or 
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S. Show that / • » is linear (what does this mean?) in each of the functions 

^*4fshow that convolution is an associative process, i.e., that (f *ff) •A “ 
f * (a* h) Hint. Use the fact that a function is unambiguously detemined at 

of Cf*ff)*Aand/*(fir*A)simplyby/*ff*A. 

S. If D/ eidsts and is piecewise-continuous show that, at any value of i at wh c 
a is continuous, . v 

D(f *g) ^ + W * s)- 

Hint Kt) ■= /(O) + CPf * !)• Hence/ *g =“ Cf(0) •p)+D/*l*?“ f(P)(s *1) 

4- • 0 * 1 D/ • flf is everywhere conlanuoua and since convolution wim 

ie imit function is equivalent to integration over “terval [0, «]. it follows (m 
view of the assumed continuity of g) that D(/ • ff) "■ /(0)ff "t" ( f ^g)- 

4. The operational solution of an nth order linear differential 
e({uation with constant coefficients 
Denoting differentiation with respect to the independent variable t by 
D, the equation we wish to solve is p(p)y — f, where 

p(D) = coD" + CiD*-' + * • • + c« 

is a polynomial differential operator with constant coefficients, ^e 
function / * /(O is a given piecewise-continuous function which 
possesses (we assume) at some point zo = a:o + Wo of the complex 
z-plane a Laplace transform. We are only interested m the values of 
f and y for non-negative values of i and so we agree that “ ^ both 

nt) and y(t) are zero. We take as granted the existence and ^que- 
ness theorem of linear differential equations which assures us that 
there is an unambiguously determinate solution winch has assigned 
ntitid valnes y(0), • • • , D-^l/CO) for itself and its denyatives up to 
the (n - l)st order, inclusive. In order to determine this solution we 
asmme that its nth derivative possesses at some pomt Zo - »o + ^yo 
of the complex z-plane a Laplace transform, and this pomt zo may be 
taken, without loss of generality, to be the same as the pomt at winch/ 
has been granted to possess a Laplace transform (why?). If, then, 
z is any point of the complex i^-plane for which x > xq, the following 

relations are valid 

L(Dj/) = zLy - ?/(0); 

L(D*y) = z*Ly - zy(0) — Dy(0); 


L(D»y) = z^Ly - z»-^y(0) * ' ; - U"“h/(0)- 
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On substituting these expressions in the relation L{p(D)2/} = I/, 'we 
obtain 

pizyLy = p«-i(2)2/(0) + Pfl-s(2)Dy(0) + • • * + pol>““^2/(0) + Wi 

where the polynomial functions of a, (p»-i(a), * • • » Po), are furnished 
by the following formulas: 

p«_i(a) = CoZ““^ + cia«-* + • • • + c^-ii 

p»-tiz) = Co2““® + Cia^* + • ■ • + Cn-il 


Pi(z) = caz Ci‘, 

Pq = Co* 

Note. The following observation makes it easy to remember these 
formulas: 

i = Ij 2, • - • ,n, is the polynomial part of the quotient of p{z) 
by where p{z) = + • • • + Cn. 

It is clear from the relation 

pizJLy = Pn^i{z)y(0) + • • * + 

that the simplest initial conditions (from the point of view of determin- 
ing, by the method we are following, the unambiguously determinate 
solution) are 

2/(0) = 0, D2/(0) = 0, • • • , D-V(0) = 0. 

These initial conditions are those for which y(f) simulates as closely as 
possible, near f = 0, the zero constant function. We term the solution 
furnished by these initial conditions the rest solution of the differential 
equation, and we denote this solution by r(^). Thus 
The rest solution r = rif) of the differential equation p(D)3/ = f 
is that solution for which r(0), Dr(0), * * ■ , D^"'^r(0) are all zero. 

It follows (why?) that 

p(«)Lr == L/ 

or, equivalently, that 

In order to maJke sure that the condition p(z) 5^ 0 is fulfilled we agree 
that the point z = x iy oi the complex z-plane lies to the right of 
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each zero of the nth degree polynomial p(«). Then — is a proper 

rational fraction so that there exists a function q = qit) which has 
as its Laplace transform. Hence 


so that 

or, equivalently, 


Lr = (Lq)(Lf) 
r==q*f 


In other words 

The detenrdncMon of the rest solution r = r(f) feos been made to rest 
on ihe determination of the function q = q(f) whose Laplace transform 


. 1 
** p(z)' 

Once the rest solution r = r(0 has been determined the solution 
y = yif) for which the initial values of j/, Dy, • • • , D'-'y are not 
all zero may be found as follows. We have 


SO that 


p(z)Lj/ = p«-i(2)y(0) + • • • + PoD»-V(0) + L/ 


Lp = 


P«-i(g) 

p(z) 


p(0) + • • • + 


Po 

p(z) 


D*-‘p(0) + 


p(z) 


Each of the expressions • * • , ^ is a proper rational fraction 

and so there exist functions , so(0 which arc such that 


L$,v-i ~ 


Pn— 1(2) 

p(z) ' ■ 



These functions are readily expressible in terns of the function 
q = qif). To see this we first observe that q{f) is zero, together with 
its derivatives up to the (w — 2)nd, inclusive, at f = 0. In fact the 


development of near z = 


00 is 


J_ = _L _ _£L_4- . . • . 

p(z) CoZ" Co^Z"’*'’- 


Hence (why?) 
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q(0) = 0, Dg(0) = 0, • • • , D»-*g(0) = 0; 

D»-ig(0) = D«2(0) = . 

Co Co 

Since Lso = we have So(0 = cogo(0> and since Lsi = — 

PW PW : 

we have 

Si(t) = coDffCO + Ciqit) (why?) 

= (coH + ci)q{t). 

CoQ'iin.mng in this way we see that 

Siit) = coD^g(t) + • • • + Ciqit); j = 0, 1, • • * , n — 1, 

= (coD^ + ciiy-i + • • • + Cj)qit). 

The desired (general) solution of the differential equation 

p(X>)y = f 
is 

y - a»-iy(0) + • • • + 8 oD““V( 0) + »■ 
or, equivalently, 

y{t) = s„_i(«)j/(0) + • • • + 8o(i)I5“"V(0) + ? *f> 

where 

8„_i(t) = coD”-ig(0 + • • • + c^iq{t) 

= (coD”-i + ciD"-* + • • • + c„_i)2(0; 

So_*(t) = coD’^*3(i) + • • • + Cfv-iq(f) 

= (coD"^* + ciD*-» + • • • + c»_2)g(0; 


8 o(t) — Co^(t)> 

It is easy to see that the function q = q(f) is a solution of the associated 
homogeneous equation 

p(D)« = 0. 

Infact, since 2 ( 0 ) = 0, Dg(0) = 0, • • • , D”^*2(0) = 0, D*~^2(0) = — » 

Co 

we have 
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, LCD"-!?) = 


gnr-l^ 

p(2)’ 

8“ 1 

L(D"g) = -T-T 

^ j)(a) Co 


Hence 


L{p(D)g} = coL(D*g) + • • • 4- cJiC?) 


p(g) 

p(2) 


-1 = 0 , 


and, since a continuous function is unambiguously determined by its 
Laplace transform, it follows that p(D)? = 0. Thus 

a = g(«) is that solution of the homogeneous equation pCp)u = 0 
which is zero together with its derivatives up to the (n — 2)nd inclusive 

at t = 0 while its (n — l)st derivative has the value — at t = 0. 

Note. The only rest solution of the homogeneous equation, i.e., the 
only solution of the homogeneous equation which vanishes toother 
with all its derivatives, up to the (n — l)st, inclusive, at t = 0, is the 
zero constant function (why?). Thus g = g(0 may be regarded as 
the solution of the homogeneous equation which is as nearly as posable, 
near t = 0, the rest solution (i.e., the dead solution) without being dead 
and which is normalized by the requirement that CoD“-!g(0) = 1. 


Example 1. (D» + n*)y = / 

Here p(2) = z* + «* so that g(t) = ^ sin ni if n 0; if » = 0, 
^ -Vgiien » 0 we have so(<) = ^ sin n«; «i(0 = cos nt 

fflnce Co = l, ci = 0. Hence y (0 = cos 2 /( 0 ) + ^ sin «tDy(0) + 


- (an n< */). lin = 0, So(«) = t, 8i(«) = 1 and y(t) = 2/(0) + «D2/(0) 
n 

Example 2. (D® + n*)y = cos <at 

Here p(z) = z® + n® so that, if n 0, g(0 = - sin nt while, if 

« = 0, g(«) = t. We shall treat separately the two cases u 0 and 
w = 0. 
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Case 1. n 5^ 0. 


Since co = 1, Ci = 0, Ca = we have 

Si = coDg + Cl = cos nt; So = Cog ,= ^ sin nt. 

Furthennore r = cos wi * - sin ni. r is best obtained from the rela- 

n 


tion Lr = 


(8* + n*)(8* + «*) 

into— i-l— i-- ’ 

»» - u* + «* 


; if w® 7^ n* we obtain, on analyzing Lr 
^ (cos at — cos nt). If 


r = 


8® + n® j ’ «® — «® 

<0® = ft®, r = sin ftf. Thus we have the two following subcases: 
2n 


Case la. «* 5^ ft®. 
1 


y = 


ft® - w» 
Case 16. «® = ft®. 


(cos ut — cos nt) + (cos nt)y(0) + 


sin ftt^ 


Dy(0). 


y = — sin ftf + (cos nt)y{0) + 

2ft 


sin ftf^ 


D2/(0). 


Case 2. ft = 0. 


Here Lr = 


8®(8® + «®) 8(8® + M») 


If 


Cl) 


0 we have Lr = 


'k ~ C0®(8® + CO®) i ~ = i **• 

Since q{t) = t, we have Si(i) = 1, So(t) = t. We have the two following 
subcases: 


Case 2a. 0. 


y =\(l — COB at) + 2/(0) + fD2/(0). 


Case 26. <0 = 0. 

y = it^ + 2/(0) + ®y(0). 

Note. This example covers the theory of the forced oscillations 
(including resonance effects) of a simple undamped harmonic oscillator. 
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EXERCISES 

1. Show that each of the functions so(t)> • ■ • > s«-i(0 is a solution of the homo- 

genous equation p(D)u = 0. Hint. Since q(f) is a solution of the homogeneous 
equation so also is D^g(0i J “ 2, • • • . 

2. Show that Sb-i( 0) =1, D«ii_i(0) = 0, • • • ,D“"*Sn_i(0) =0. Hint. Sn_i(0) 

= coD"-‘g(0) = 1; = CoD»g(0) + ci]>-ig(0) = 0, since p(D)q = 0; 

D*s,_i(0) = CoD'+^gCO) + ciD“g(0) + csl>-»g(0) = 0, sinoe D{p(D)g{ - 0, and 
SO on. 

3. Show that Sn_2(0) 0, Dsn-2(0) = 1, D®Sn_2(0) *= 0, • • • , D” ^Sn-2(0) =» 0. 

4* DetennicL© th© initial values of Sn— /(Oj Dsn— j(i)» * * * » J ™ 3, 4, 

• • • n. 

5. Verify that the initial values of r, Dr, • • • , D^^'V are all zero. ^ Hint. Since 

J. =: q*f, r(0) « 0 (any convolution being zero at « =» 0 (why?)). Since gf(0) * 0, 
Dr = Dq *f (sec Exercise 5, p. 347). Hence Dr(0) *= 0 (why?). Similarly 
D2r(0) « 0, • • , D»‘-V(0) = 0. Question. Is this verification necessary? 

* Answer. Yes. 

6. Verify that p(D)r =/. Hint, r */; Dr » Dg , D^-^r « 

I>-ig * /; D»r = D^-igW 4- (D»g *f) = jJ + Hence p(D)r =‘f + 

(?>(D)g *f) =f (why?). Qiiestion. Is this verification necessary? 

7. Verify that y - s«_,j/(0) 4- • • • + soD^-^yCO) + r is the rmambiguously 
determinate solution of p(J>)y = / for which y, "Dy, • • • , have the assigned 
initial values y(0), Dy(0), • • • , D““'jf(0). 

5. The principle of superposition 

The principle of superposition furnishes a method for determining the 
rest solvHon of the differential eejuation p(D)2/ = / from the rest 
solution of the differential equation p{D)y = 1. In other words 
The principle of superposition enables us to determine the rest 
sol u ti o n of the differential equation p(D)y = /» where f = f(.t) is an 
arbitrary piecewise-continuous “applied impulse” (which possesses 
at some point Zo =: + m o* complex z-plane a Laplace trans- 

form), once we have solved the problem of determining the rest 
sohitio" of the simpler differential equation p(D)y == !> where 1 
denotes the unit-applied impulse defined by 1(<) = 1, f ^ 0, 1(f) 

= 0. < < 0- . • , f 

Warning. Be veiy clear from the begiiming that the principle of 
superposition applies only to rest solutions. N ever attempt to apply 
it to solutions which are not rest solutions. 

We shall denote the rest solution corresponding to the applied unit 
impulse by ri(f) (the subscript 1 may help to focus your attention 
on the fact that it is not the general rest solution but the particular 

rest solution obtained when /(f) = 1, f ^ 0). Since L(l) — -> we have 
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Hence 

Thus (why?) 
i.e., 


Lri = 


zp{z) 


= (Lm +/CO)!(LrO. 

r =/(0)ri + D/*ri; 


£ 


r(t) = f{0)ri(t) + I D/(T)ri(< - t) dr. 


This is the principle of superposition which has been variously attrib- 
uted to Maxwell, Boltzmann, and others. (J. C. Maxwell [1831-1879] 
was an English applied mathematician; L. Boltzmann [1844-1906] was 
an Austrism applied mathematician). We formulate the principle of 
superposition as follows: 

The rest solution r = r(t) of the equation p(P)y = f may be obtained 
from the rest solution ri = ri(f) of the equation p(J>)y = 1 by the 
formula 


r(t) = 


/(O)ri(t) -f JjD/(r)ri(< - r) dr. 


EXERCISES 


1. Sho'w tliat ri(0 



g(T) dr. 


Hint. JjTi 



-L(l*g) 


1 

sp(z) 

2. Show that r — D(/ ♦ ri). Hint. Show that r and DC/ * ri) have the same 
Laplace transform. Note. The various different formulas 


r = r-/(0)ri + p/*ri); r«D(/*ri) 

are merely different versions of the principle of superposition. 


6. The Heaviside expansion formula 

The determination of the function q = q{t) on which, the solution of the 
non-homogeneous equation p(D)2/ = / has been made to rest involves 

only the analysis of into simple fractions. Similarly the determi- 
nation of the rest solution ri = Ti{t) of the non-homogeneous equation 
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p(jy)y *= 1 involves only the analysis of into simple fractions. 

In the case where p(s) has n simple zeros it is easy to derive a simple 
explicit formula for qit); similarly in the case where ?)(«) has n simple 
zeros, none of which is zero, it is easy to give a simple explicit formula 
for ri(<). In fact, if we denote the n simple zeros of p(ji) by ai, • • • , 
a«, we have 


p(z) Z — ai Z — On 

p(af) = 0, the development of p(2) near z — oj starts out with 
the term («#)}(a - «#), ’where S indicates differentiation with 
respect to z\ the fact that of# is a simple zero of p{z) assures us that 
jp (a#) 0. Hence the negative-power part of the Laurent devdop- 

ment of ^ near its isolated singularity 2 = of# is {jp 

Since each of the fractions h ^ 3, is analytic at z = a# it follows 

that Ai = = 1, • • • , «. Thus 

dp (a,*) 

n 

_L.y, —k 

p(z) (af)K* - «*) 

and so 

n 

X gotf* 

Sp {oii) 

i-1 

Similarly, provided that none of the zeros ai, • • • , «», of p( 2 ) is zero, 


zp( 2 ) p(0)z ^{oySp (af)}(2 — «#) 

and so 

1 

” P(0) ■waySp (<*»■) 

This result is known as the Heaviside exparmon /om^lZo (after 0. 
Heaviside 11850-1925], an English electrical engineer). It is possible 
to derive similar (but more compUcated) formulas for g(i) m the c^ 
where p(z) has repeated zeros and for ri{t) in the case where p(z) has 
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repeated zeros or where one or more of the zeros of p(z) are zero; but 
this is not worth while. To determine q(t) or ri{t) in any given problem 
we adopt the following simple rule of procedure: 

To determine q(t) analyze —77 into simple fractions, and read off 

p(z) 

from these the function of t which has —77 as its Laplace transform : 

pip) 

To determine ri(i) either integrate q{t) from 0 to < or analyze 

into simple fractions, and read off from these the function of t which 

has ■■ ■ as its Laplace transform. 

zpiz) 

EXERCISES 

1. Determine the general solution of (D* + 8D + 2)« 0. Hivt. q{t) 

- 8i(<) =00 + 3)?= 26-* - tf-*, 8o(0 = 3(«). 

Answer. u(f) = (28-* - e-“)ii(0) + (e”* - e-“)Du(0). 

2. Find the general solution of D(D + 1 )*m = 0. 

Ansioer. «(() = tt(0) + (2 — 2e"* — fc“*)Du(0) + (1 — 

2 

3. Find the rest solution of D(D — l)y -> <*. Hint. L(r) = 

Answer. r(p) = 2e* — -J-t’ — <* — 24 — 2. 

4. Find the rest solution of (D’ + l)v “ 4 cos 24. Hint. The Laplace trans- 
form of 4 cos 24 - -8 

Ansmer. r{f) = —4 sin i + 4 sin 2^ — cos 2t. 
5- Piad the rest solution of (D* -h l)*y = sin 

Answer. r(t) =» •|■(3 — i*) sin i — -g-i cos t. 
6. Find the rest solution of (D* + 1)V = * 

Answer. r(t) = — i®) sin t — 3^® cos t]. 


7. The operational solution of a system of linear differential 
eqfuations with constant coefficients 

The system of linear differential equations may be written in the form 

P(D)y = f, 

where y = v(3/\ • • • , ^/^) is a vector dependent variable, f = t;(/S 
• • • , f^) is a given vector function of the one independent variable 
and P(D) is an m X matrix whose elements Pr*(D) are given poly- 
nomial functions of the differential operator D (which indicates 
differentiation with respect to the independent variable t). If the 
highest-order derivative (i.e., the highest power of D) that appears 
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amongst the various elements Pr*(D) of P(D) is the nth we may write 
P(D) in the form 

P(D) = CoD« + CiD*-! + • • • + C„ 

where Co, Ci, • • • , C» are tn X w matrices of which the first, Uo, is 
not the zero matrix. At this point an essential diSerence between the 
theory of the operational solution of a system of m differential equa- 
tions for m mxknowns (m > 1) and the theory of the operational 
solution of a single differential equation appears. For a single differ- 
ential equation Co = co is a 1 X 1 matrix, i.e., an ordinary number. 
Since Co 0 it possesses a reciprocal; in other words every 1 X 1 
matrix, other than the zero 1 Xl matrix, is non-singular. Matters 
are very different when m > 1, i.e., when we are considering a system 
of differential equations. Co is still, by hypothesis, not the zero matrix, 
but it may well be singular; in other words its determinant may be zero. 
The particular case that occurs when det Co 5^ 0 may be treated in a 
manner that is almost a verbal repetition of the treatment already 
given for the case of a single differential equation. When det Co 0 
we say that the system of differential equations is normal and when 
det Co = 0 we say that the system is abnormal. Thus eve^ system 
for which m = 1, i.e., every system consisting of a single differential 
equation, is normal. 

The Laplace-transform operation may be applied to matrices of 
any number of rows and columns as well as to ordinary complex-valu^ 
functions (which may be regarded as 1 X 1 matrices). To obtain 
the Laplace transform of a matrix we simply form the Laplace tra^ 
form of each element of the matrix. In the same way the convolution 
process may bo applied to matrices. If, for example, P(t) is an 
m X m matrix and /(<) an m X 1 noatrix (where each element of ^e 
matrices P({) and f{t) is a piecewise-continuous function of t which 
assumes the value zero when < < 0) we form R*f as follows: We first 
form the matrix product R(f - r)/(r), and then we integrate this 
product with respect to r from 0 to 

P */ = J^P(« - T)/(r) dr. 

On replacing the variable r of integration by < - <r it is clear that an 
e<iuivalcnt definition of 2i * / is 

P */ = P(<r)/(« - <r) da. 
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Either of the products B(Jt - r)fir), R{a)Kt - o-) is an m X 1 matrix, 
and we understand by the integral of either of these matrices the matrix 
obtained by integrating each of its elements. Warning. Do not be 
slipdiod concerning the order in which matrix products are formed and 
write f*R instead of J2 */. Since / is an m X 1 matrix and R an 
mXm matrix the product /(r)22(f — t) cannot be formed; even if it 
could, matrix multiplication is not, in general, commutative and so 
convolution of matrices is not, in general, commutative. 

We now proceed to determine the solution of the system of m 
ordinary differential equations 

P(D)y = f 

which satisfies appropriately formulated initial conditions. We 
assume that the vector f and the wth derivative of the vector y possess, 
at a common point So = *o + iyo oi the complex ^-plane, Laplace 
transforms, and we subject the equation P(D)y = f to the Laplace 
transformation. It follows from the defimtion of the Laplace trans- 
form of a vector that 

L(Dy) = zLj - y(0); 

L(D*y) = **Ly - 2y(0) - Dy(0); 


L(D"y) = a"Ly — a""‘y(0) • • • — D"^'y(0), 

and so 

L{P(D)y} =L{CoD»y+ • • • + 

= P(2)Ly - P^x(2)y(0) - • • • - PoD«-‘y(0), 

where the mXm matrices P,_i(2), • • • , PoC*) are polynomial func- 
tions of 2 (each of the degree indicated by its subscript) which are 
furnished by the formulas 

Pfi-lC*) = Co2"~^ + • • • + Cn-l‘, 

Pn_a(s) = Co2^* + • • * + Cn-i’y 


Poiz) = Co. 



SOLUTION OF A SYSTEM OF EQUATIONS 359 

These formulas are easily remembered if you note that Pi(js) is the 
polynomial part of the quotient of P(z) by iS^,j = 0, 1, • • • , n — 1. 
We have, then, the relation 

P( 2 )Ly = P»-i(a)y(0) + • • • + PoD’^^y(0) + Lf. The expression 
P»-i(*)y(0) + ' • • + PoD*“*y(0) is an m X 1 matrix which is a 
polynomial function of z of degree ^ n — 1. The coefficient of 
in this polynomial function is CoF( 0); the coefficient of is Cjy(0) 
+ CoDy(0), and so on. Hence this polynomial fimction of z will 
vanish identically if, and only if, the initial values of y and its deriva- 
tives up to the (» — l)st inclusive are adjusted to the equations 

Coy(0) = 0; 

CijiO) + CoDy(0) = 0; 


Cn_iy(0) + C„^sDy(0) -b • • • + CoD’-iy(0) = 0. 

We term any solution of our system of differential equations for 
which the initial values of the solution and of its derivatives are 
adjusted to these equations a rest solutim, and we shall denote such a 
rest solution by r ® r(<). It follows that 

P( 2 )Lr = Lf. 

There is no lack of generality in assuming that the matrix P{z) 
is not singular for every value of z. In fact if we denote by adj P the 
adjoint matrix of P(2), i.e., the matrix obtained by interchanging the 
rows and columns of the cof actor matrix of P(2), we see, on applying 
to the given differential equation, P(D)y = f, the matrix differential 
operator adj P(D), that 

detP(D)y = (adjP(D))f. 

If, then, det P{z) is independent of z each coordinate of y is furnished 
by a linear algebraic equation so that we have left the province of 
differential equation theory. It may well be that one of the linear 
algebraic equations which furnish the coordinates of y is inconsistent; 
in this case the original system of differential equations is inconsistent. 
On the other hand it may happen that all the equations furnishing the 
coordinates of y are indeterminate; in this case the original system is 
indeterminate (one or more of the differential equations being a linear 
combination of the rest). In any event we take it as granted that 
det P{z) is a polsnaomial function of 2 of degree ^ 1 and so P(2) is 
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singular for only a finite number of values of z Choosjxg . f 
the point « = a: + iy Ues to the right of each of t^ zeros ^ 
are assured that P(z) possesses a reciprocal («), aaid, then, the 
equation P(z)Lr = Lf is equivalent to the equation 

Lr = p-i(2)Lf. 

Since a matrix is unambiguously determined by its Laplace transform 
it follows that our system of differential equations d(»s not po^ss 
more than one rest solution. We can, then, appropnately speak of 

the rest solution of the given system. _ ^ 

When the system of differential equations is a normal one the rest 
solution is the one which vanishes together with its denvatiyes up 
to the (n - l)st inclusive at « = 0. In fact smce Co “ “ 

the equation Coy(0) = 0 yields y(0) = 0; S 

+ Ciy(0) = 0 reduces, then, to CoDy(0) = 0 , and this yields Dy( ) 

= 0i and so on. Thus • . ^ 

The rest solution of a normal system of linear differen^ equations 
is that solution which vanishes, together with its derivatives up to the 

(n — list, inclusive, at f = 0. ^ 

We have seen that the Laplace transform of the rest solutaon of 

our system of differential equations (assuming that the 

of the rest solution possesses a Laplace transform) is furnished, whether 

the system is normal or abnormal, by the formula 

Lr = 

If each dement of P-Kz) is a proper rational fraction there exists an 
TO X m matrix Q{t) whose Laplace transform is P-\z) and so 

Lr = (LQ)(Ii). 

It follows, since the process of convolution is linear in each of its factors, 

^ * ii 

r = O *f 


(prove this) or, equivalently, that 

r(0 = I Q{t — r)f ( t) ” Jq ^ 

It may happen that not every element of P-^(z) is a proper rational 
fraction but that every element of ^ P-K®) is a proper rational fraction. 
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There exists, then, an m X matrix B(i) whose Laplace transform is 

L(r) = (L2t!)(«Lf) = (LB) {L(Df) + f (0) ) 

(it being granted that the vector f(0 possesses a piecewise-oontinuous 
derivative Df which has a Laplace transform). We obtain, then, the 
‘prind'plc of supcrposHton for any system of differentisJ eQuations, 

normal or abnormal, which is such that each element of - P~\z) is a 

proper rational fraction: 

r = Bf(0) + B * Df, 

or, equivalently, 

xit) = B(«)f(0) + B(« - r)Df(T) dr. 

Corresponding to the \mit impulse for a single differential equation 
we have an m X m matrix unit impulse for a system of differential 
equations. The first column of this matrix unit impulse corresponds 
to the situation where we apply a unit impulse to the first equation 
of our system and zero impulses to the other equations. The second 
column corresponds to the situation where we apply a unit impulse 
to the second equation of our system and zero impulses to the other 
equations, and so on. Denoting this matrix tmit impulse by its 

Laplace transform is ^ Since ^ it follows that 

B(f) is the mntriT of rest solutions corresponding to the matrix 
unit impulse 1. 

Thus the first column of B(<) is the rest sohition of our system of 
differential equations corresponding to the situation where we apply 
a unit impulse to the first of our differential equations and zero impulses 
to the rest, and so on. If, then, it happens that not every clement of 

- P~‘(z) is a proper rational fraction we know that there is no set of 

rest solutions of our system of differential equations corresponding to 
the matrix unit impulse. (Wo may take it as granted from the general 
theory of systems of linear differential equations with constant 
coefficients that every solution of such a system is such that its nth 
derivative possesses a Laplace transform, the applied impulses being 
constant.) 
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Note. We assume from now on that our system of differential 
equations is such that each element of is a proper rational 

fraction. If t.hia is not the case but each element of ~ is S' 

proper rational fraction we could introduce the m X m matrix S{t) 
whose Laplace transform is — and then 

Lr = (LS)(a*Ii). 

If f possesses a second derivative which has a Laplace transform, 
s*Lf = L(D*f) + *f(0) + Df(0), and since zLS = L(D/S) + SiO) we 
obtain 

Lr = (LS)L(D*f) + L(D/S)f(0) + -S(0)f(0) + (LS)Df(O). 

piTiPA every Laplace transform is null at a = « we must have SiO)f(fl) 
— 0 and if this condition is satisfied 

r = D/Sf(0) + SDf(0) +5*D»f, 

or, equivalently, 

r(0 = DS(f)f(0) + SiOmO) + - r)D»f(r) dr. 

This formula may be regarded as the extension of the principle of super- 
position to those systems for which not every element of is a 

proper rational fraction. Note that iS(0) is not the zero matrix since 
1 

the expanaon of - P-K«) near a = « starts out with the term 

and we have assumed that not every element of - is a proper 

z 

rfiltioii&I fraction. Hence the condition iS(0)f(0) = 0 on the applied 
impulse, which must be satisfied if a rest solution exists, is not vacuous. 

It is easy to verify that the vector function r = r(t) furnished by 
the formula 

t = m{0) +.R*'Dt 

actually is the \mambiguously determinate rest solution of the (vector) 
differential equation P(D)y = f . (We assume from now on that each 

element of the matrix - P“^(a) is a proper rational fraction and Bit) is 
z 
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the m X matrix whose Laplace transform is In fact 

1 , , , . «(0) . D5!(0) . 

i p-Mz) has near 2 = <» the development 1 5 h • ’ ’ 

z z z 

^ p>-^R(0) . gQ P“H«) lias near z = « the development 


p-i(z) = B( 0 ) + + 


+M+ 


On mxiltiplying both sides of this equation on the left by the matra 
CiZ”"! + • • • + C„ and equating ooeflficients of like 
powers of z we obtain the series of equations 

CoR(.0) = 0; 

CoD22(0) + Ci22(0) = 0; 


CoD»^ii2(0) + • • • + Cn-MO) = 0. 

Thus , • • • 7 

Each column vector of the m Xm matrix R(t) satisfies the inmcU 

conditions appropriate to a rest solution of the equation P(D)y = f. In 
particular, when the differenMoJl equation is normal, each column vector 
ofR{t) vanishes together with its derivatives up to the (n — l)st, inclusive, 

att = 0. . . 

This fact, combined with the relation P(D)R = JEm (which is a 

consequence of the relation L{P(D)B} = — (why?)), assures us that 

r is the rest solution of P(D)y = f. In fact 
Dr = D22f(0) + P(0)Df + DP * Df 
(see Exercise 5, p. 347) ; 

D*r = D*Pf(0) + DP(0)Df + P(0)D®f + D*P * Df, 
and so on. Hence 

P(D)r = P(D)Pf(0) + (P(D)P * Df) 

+ (CoD"^i + • • ■ + C„_i)P(0)Df + • • • + CoP(0)D"f 

= f(0) + (E„ * Df) 
a f(0) + f Df(T) dr = f(«). 
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Thus r = t(t) is a solution of the differential equation. Since every 
convolution is zero at f = 0 we have 

r(0) = E(0)f(0); 

Dr(0)-= DE(0)f(0) + ie(0)Df(0); 

D*r(0) = D»B(0)f(0) + DE(0)Df(0) + E(0)D*f(0), 

and so on. Hence r = r(i) satisfies the initial conditions appropriate 
to the rest solution. (Prove this.) We may summarize as follows the 
principle of superposition for a system of differential equations or, what 
is the same thing, for a vector differential equation: 

Under the hypothesis that each element of - P“^(z) is a proper 

rational fraction the vector differential equation 

P(D)y = f 

possesses an unambiguously determinate rest solution r = t(t) which 
is furnished by the formtila 

r(«) = E(t)f(0) + JJjSCt - r)Df(T) dr 

(it being assumed that f possesses a piecewise-continuous derivative 
which has at some point of the complex z-plane a Laplace transform). 

Here R(f) is the m X n* matrix whose Laplace transform is -jP“*(z) ; 

it satisfies the matrix differential equation 

P(I))R = Ern, 


and each column vector of R satisfies the initial conditions appropriate 
to a rest solution of the equation P(D)y = f. 

It renoains only to find the solution of the vector differential equa- 
tion P(D)y = f which, together with its derivatives up to the {n — l)st, 
inclusive, assumes appropriately assigned initial values. When our 
vector differential equation is normal these initial values may be 
assigned arbitrarily, but when it is abnormal this is not the case. In 
fact if we multiply the equation 


P-Ke) = R(0) + + 


+ + 


on the right 


by P(z) and equate coeflBcients of like powers of z we obtain the follow- 


ing relations: 
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J2(0)Co = 0; 

DB(0)Co + E(0)Ci = 0; 


D'^*E(0)Co + • • • + B(0)C„_i = Q; 

D“E(0)Oo + • • • + R(0)C« = E™; 
D’^>E(0)Co + • • • + DR(0)C, = 0; 


If, then, we multiply the equation P(D)y = f on the left by E(0) we see 
that any solution of this equation must satisfy the following vector 
differential equation of order n — 1 : 

E(0){CiD»-‘ + • • • + C„}y = E(0)f. 

Hence the initial values of y and of its derivatives up to the (» - l)st, 
inclusive, must satisfy the relation 

E(0){CiD’^‘y(0) + • ■ • + (?.J(0)} = i2(0)f(0). 

(When the system of differential equations is normal this relation is 
vacuous since 12(0) is, then, the zero m X m matrix.) When n > 1 

further such relations connecting y(0), • • • ,D’-^y(0) maybe obtamed 

as follows: On differentiating the equation of order n-1 obtamed 
above with respect to t and adding the result to the product of the 
original (vector) differential equation by DE(0) we obtain, by virtue 
of the relation I)/2(0)Co + R(fi)Ci = 0, 

|DB(0)C. + 2i(0)C.lJ>-J + • ■ • + ^ 

Hence 

mv»c~ + mo,]o-w) +■■■+ 

(When our vector differential equation is normal this relation is vacu- 
ous (why?)) . We shall not write down the various relations connect- 
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manner of deriving them is clear. 

We assume that the initial values of y, • • • , D^-^y have been 
pTopsrly assigned if the differential equation is abnormal and drbitrcirily 
assigned if the differential equation is normal, and we wish to determine 
the solution of P(D)y = f which satisfies these initial conditions. We 
observe that the matrix Q(<) = DE(<) satisfies the matrix differential 
equation 

P(D)Q = 0. 

In other words 

Each column vector of the matrix Q(jt) is a solution of the homogeneous 
vector differential equation 

P(D)u = 0. 

To prove this it suffices to show (why?) that the Laplace transform 
of P(I))Q is the zero matrix. We have 

L{P(D)<3} = L{P(D)DS} 

= L[D{P(D)B}1 = zL{P(D)P} - P(D)P(0). 

Since P(D)P = Em we have L{P(D)B} = “ Em and P(D)P(0) = Em 

z 

(why?). Hence L{P(D)Q} = 0. 

EXERCISES 

1. Show that r = B(0)f + Q * f. 

Sclviion. On writing B * f in the form I B(.T)f(f —r) dr we obtain 
D(B * f) = B(t)f(0) + f B(T)Df(< -T)dr 


= B(i)f(0) +B*Df -X. 


r 

On rewriting B • f in the form I B({ — r)f (r) dr we obtain 


r -D(B*f) 


j; 


B(0)f(«) H- T>R(t - T)f (r) dr 


«12(0)f(«) -hD22*f 
-B(0)f + Q*f. 


2. Show that whea the vector differential equation is normal r = Q * f. Hint 
22 ( 0 ) - 0 . 
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Since Q{t) is a solution of the homogeneous matrix differential 
equation 

P(D)U = 0 

so also are the various matrices DQ, D®Q, • • • . In fact 
P(D)(DQ) = D{P(D)Q} = 0, 
and so on. Hence the matrix 

= D"“‘QUo + D’‘“*QCi + • • • + QCn-i 
is a solution of the matrix differential equation 

P(D)U = 0. 

In other words each column vector of the matrix S»_i is a solution of 
the homogeneous vector differential equation 

P(D)u = 0. 

Furthermore 

= D"R(0)Co + • • * + DR(0)C«_i 


D"R(0)Co+ • 
E„ - R(0)Cn, 


-D®B(0)C«, and so on. 


and DiS»-i(0) = — DP(0)Cn; D®£in— 1(0) 

Similarly the matrix 

Sn-i — D"“®(2C'o + • • • + QCn-2 

is a solution of the homogeneous matrix differential equation 

P(D)I7 = 0, 

and -S«-*(0) = -R(0)Cn.i, DSn-aCO) = - mOn - DR(0)C^i, 

D*S„-*(0) = -DR(0)Cn - Z)*P(0)C„_i, and so forth. Proceeding m 
this way we construct the matrices Sk, k => n — 1, ' \ ‘ , 0, endmg 
with (So where So = <3Co, and wo set up the vector 

y = r + S»_iy(0) + Sn-*Dy(0) + • • • + SoD-iy(0), 

where r is the rest solution of the vector differential equation 

P(D)y = f. 

Each of the vectors S_iy(0), S«_oDy(0), • • ■ , SoD-*y(0) is a solu- 
tion of the homogeneous vector differential equation 
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P(D)u = 0 

(why?) and so y is a solution of the vector differential equation 

P(D)y = f 

(why?). Since r = iif(0) + E * Df we have r(0) = E(0)f(0) and so 
the value of y at i = 0 is 

B(0)f(0) + y(0) - E(0)C^(0) - E(0)C'„_iDy(0) 

E(0)CiD"“^y(0) = y(0) (since the initial values of y, • • • , D"“V 
are assTimed to have been properly assigned). Furthermore 

Dr = DEf(0) + DE * Df + E(0)Df 

so that Dr(0) = DE(0)f(0) + E(0)Df(0). Hence the value at < = 0 
of Dy is 

DE(0)f(0) + E(0)Df(0) - DE(0)C^(0) + Dy(0) - {E(0)C« + 
DE(0)C^i}Dy(0) - • • • - {E(0)C2 + DE(0)Ci}D’-iy(0) = Dy(0). 
Continuing the argument we see that, whether the vector differential 
equation 

P(D)y = f 

is normal or abnormal, the solution which takes on arbitrarily assigned, 
or properly assigned, initial values, as the case may be, is 

y = r + iS_iy(0) + iS„_sDy(0) + • • * + /SoD“-iy(0), 

where 

r = Ef(0) + E * Df ; 

-5,^1 = D-iQCo + D-»QCi + • • • + 

= D-*QCo + • • • QCn-j; 


So ~ QCo‘ 

Note. For a normal vector differential equation the initial values of 
E and of its derivatives up to the (n — l)st, inclusive, are zero while 
the initial value of D”E is Co“^. Hence the initial values of (2 = DE 
and of its derivatives up to the (» — 2)nd, inclusive, are zero while the 
initial value of D"^‘Q is Co“^. Thus 
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-S*-i(0) = =0, • • ■ , D»-‘-S^i(0) = 0; 

<S«_i!(0) = 0, DS„-2(0) = E„, • • • , D»-‘Sn-2(0) = 0; 


5o(0) = 0, • • • • • • , D’^‘)So(0) = Fm. 

Furthermore since 12(0) == 0, L(Q) = L(DE) = aL(i2) = P~\z). Since 
the general formula for y is fairly complicated we think it well to 
reformulate the result in the important special cases n = 1 and n = 2. 

Case 1. n = 1. This is the case of a first-order vector differential 
equation. The solution is 

y(«) = r(0 + QUoy(O). 

In the normal case the vector y(0) may be assigned arbitrarily while 
in the abnormal case we must have 

i2(0)Ciy(0) = 22(0)f(0). 


Furthermore Q(0)Uo = Em — R(fl)Ci. 

Case 2. n = 2. This is the case of a second-order vector differen- 
tial equation. It is of fundamental importance in the theory of the 
vibrations of mechanical and electric systems. The solution is 

y(t) = r(i) + (DQUo + QCi)y(0) -1- QCoDy(O). 

In the normal case the vectors y(0) and Dy(0) may be assigned arbi- 
trarily while in the abnormal case they are subject to the relations 

ie(0){CiDy(0) -f CsyCO)} « 22(0)f(0); 


{Dfi(0)Ci -h 22(0)Cj}Dy(0) + DJ2(0)Cdr(0) 


= D72(())f(0) -b 22(0)r>f(0) 


which may be written in the equivalent form 

-DB(0)CoDy(0) + R(.0)Ctj(fi) = 22(0)f(0); 

Dy(0) - D*12(0)CoDy(0) -h D22(0)U!sy(0) = 022(0)1(0) + 22(0)Df(0). 


Example 1 


(D — 1)* - 2y = t; 
-2* + (D - 1)2/ = /. 
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Here » = 1 and 




Thus the vector differential equation 


is normal, and x(0), y(0) may be assigned arbitrarily. Let us set 
a:(0) = 2, j/(0) = 4. We have 


P(2) 

so that 


■(■r 


det P( 2 ) = 2 * - 22 - 3 = (a - 3)(s + 1) 


P-Kz) 


2 - 1 


(2-3)(2 + 1) (2-3)(a + l) 

2 2-1 
L(2-3)(2+1) (2-3)(2+1) 


2(2-3) 2(2 + 1) 2(2-3) 2(2+1) 

1 1 1.1 


[2(2-3) 2(2+1) 2(2 - 3) 2(2 + 1)J 

Since L(Q) = (why?) -we have 

Ae’* + 

Since f = v{t, t) we have Q(t — T)f(T) = so that 

r = Q*f = J^‘Q(i-T)f(T)dT 

\9 3 9 9 3 9/ 

Since Cg = the desired solution is obtained by adding to r the result 
of operating on »(2, 4) by Q(i), namely, o(3e*‘ — e~*, 3e’‘ + er*). 
Hence 

= ^ _ « _ i _ L _ ?§£!! + 1 _ 1 


Q(t) 


:} 


9’ 


9 


Example 2 


(2D - l)x + (3D - 2)y = te‘; 
(2D + l)x + (3D + 2)p = <e“ 
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This is an abnormal first-order vector differential equation since the 
/2 3\ /2a - 1 3a - 2\ 


matrix Co 


■e:)' 


is singular. Since P(z) 


/2z - 1 
~ \2a -h 1 


3z -f-2; 


have det P(a) = 2z and so 


P-H*) = 


3+1 _3+l 

2 a 2 a 

-1-i. 1-1 

2a 2a 


Hence 


um = 


P-Kz) 


[1 + i _i + l 

2z a® 2a ^ a* 


2a» a 2z» 


so that 


Hence Q(t) 


/i + t - t + i\ 

/ 1 A 

= I )• Since 

-i/ 


we have E(0)Ci 


-U ^3 


BO that the initial values a:(0), j/(0) of 


X and y must satisfy the relation — 3a:(0) — 6y(0) — 0, or, equivalently , 
3.(0) -f 2y{0) = 0. Since Q(t - T)f(r) = v(t(€^ + e*0, - 
■we have Q * f = v(-|- -|- e'({ — 1) -+■ ■^®‘(2f — 1), ~ ~ ~ i) 

- ■i<*‘(2« - 1)). Hence r = P(0)f -|- Q * f = + ie‘(5t - 2) - 

+ 1), - f - ic'CS* - 1) + ie“(6* + !))• Since Q(OCo = 

the general solution is obtained by adding «(4a;(0) -i- 6i/(0), 

-2 -3/ 


-2a!(0) - 3i/(0)) to r(0. Taking into account the relation connecting 
®(0) and y(0) we find 

+ - 2) - ie*‘(4< + 1) + *(0); 

- 1 ) + + 1 ) + 2 /( 0 )- 
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Note. In this example f(0) = 0 so that, even though fi(0) 0, 

r(0) = 0 since r(0) = 12(0)f(0) (why?). Hence y is found by adding 
«(»(0), t/(0)) to r. 


Example 3 


(2D* - D + 9)x - (D* + D + S)y = 0; 
(2D* + D + 7)x - (D* - D + 6)y = 0. 


-e 3 


Here Ci 


tion is abnormal. P(z) 


so that the second-order vector differential equa- 
ls* - a d- 9 -(s* + s + 3)> 

,2s* -J- a -1-7 -(s*-a-l-6)> 


■e 




det P(s) 


= 6a* — 6s* -f 24s — 24 = 6(s — l)(a* + 4). Hence 



■-(a*-a-t-5) a*-f-a-f3 


1 

(a -1) (a* 4- 4) (a-l)(s*-h4) 


6 

-(2a* -fa -1-7) 2s* - a -f 9 



_(2- !)(»> + 4) («-1)(2‘ + 4)J 



r 1 1 1 , _ 

1 1 

1 

s*-f4 s-1 a*-|-4's-l 

6 

12 1 

2 


L J8 — 1 2 ^ + 4 z — ij 


Since each element of P~*(s) is a proper rational fraction we have 

• ) and so L(Q) = 


B(0) = 0 (since = E(0) + + 


P"*(s) (why?). Hence 

sin 2f — e* i sin 2< -f e* 

— -J- sin 2f — 2e* — i sin 2t -f 2e* 

and so 
Bit) = 


) 


( 


— i(cos 2t — 1) — (<f — 1) — ■3f(cos 2t — 1) -f- e* 

i(cos 2t - 1) - 2(e* - 1) i(cos 2< - 1) -f 2(e' 


Since DP(0) = Q(0) 


: 3 .> 
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we have DE(0)Ci = DB(0)Ct = Hence a:(0), 

3/(0), Dx(0), D3/(0) are connected by the relation 

-2x(0) - 23/(0) + 2Dx(0) + 2D3/(0) = 0 


or, equivalently, 

x(0) + y{0) - Dx(0) - D3/(0) = 0. 

Since f is the zero vector, r(<) is the zero vector (why?). Again 

sin 2t — sin ! 

; sin 2t sin ; 
cos 2t — e* cos 2t + c* 
cos 2t — 2e* — cos 2t + 2eV 
4 cos 2t — 2 cos 2i^ 

-4 cos 2t 2 cos 2tJ 


QC, 

DQ 


( 2 sir 
-2sii 

-•(- 






2 cos 2t + e‘ 

2 cos 2t + 2e‘ 


sin 2t\ 
sin 2t/ ’ 

'‘V 

2e‘/’ 

\ /2e' 2e‘\ 


cos 2t + <i* 
cos 2f + 2e‘> 


DQCo 
so that 

DQCo + QC 

Hence 

*(«) = i{(2 cos 2« + «^)»(0) + (e* - cos 2t)y{Q)} 

+ 2 sin 2fDx(0) - sin 2fl)3/(0) } ; 

vU) = ■i{(2c‘ - 2 cos 2f)a:(0) + (2e‘ + cos 20j^(0)} 

+ ^ { - 2 sin 2fDx(0) + sin 2(Dy(Sli) } . 


EXERCISES 

3. (D* - 8D + 2)» + (D - 1)2/ - 0; -(D - 1)» + (D» - 6D + 4 ) 2 / - 0; 
a(0) » 0, Dx(0) = 0; y(0) - 1, py(0) - 0. 

4. Solve the homogoneo\xs equations 

(D* + 1)* + (D* - 2D)y - 0; 

(D» + D)a + Dh/ - 0. 

5. Find the rest solution of the equations 

(3D + 2)» + Dy - 1; 

D» + (4D + 3)y - 0. 

6. Find the solution of the homogeneous equations 
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(3D + 2)* + Dy - 0; 

D* + (4D + 3)y - 0 
having assigned initial values a(0), y(fi). 


8. The determination of functions from their Laplace trans- 
forms 

When we are given a function of the complex variable z which is a 
proper rational fraction we have seen how to deter mi ne the function of 
which it is the Laplace transform by analyzing the given proper rational 
fraction into simple fractions. We have seen also that the develop- 
ment, near z = oo, of the proper rational fraction is 

m+Mi+ . . . I I . . . , 

a a* _ g" ’ 


where / = /(<) is the function of which the given proper rational frac- 
tion is the Laplace transform. We now proceed to prove a general 
theorem of which this result is a special case. 

Let 4>{z) be a function of the complex variable, and let a be a com- 
plex number whose real part is positive which is such that z"<t>iz) is 
analytic at z = <» so that, near z — <», 


^(z) = 

z“Zvz» 


Then the power series 


A/T{n -1- a) 


converges for every and the 


function 


0 


has <f)(z) as its Laplace transform at points z whose real part x is 
suflhnentiy large. 

Noie. The case where <p(z) is a proper rational fraction is cared 
for by the particular case of this theorem which occurs when a = 1. 
The proper rational fraction has, near 2 = « , a development 



376 


THE DETERMINATION OF FUNCTIONS 
and the function /(f) of which it is the Laplace transform is 



c« 

r(w + 1) 


f" 





The series whose sum is /(f) converges for every f and Cn = D’/(0). 

In order to prove our theorem we first observe that we are granted 

ao 

that the series converges if jzj is sufficiently large. Hence if 
0 

a:o > 0 is a sufficiently large positive real number the series 

converges. Since the terms of any convergent series constitute a 
bounded variable we know that there exists a positive number M, 
independent of n, such that 

lc«| ^ Mxo”-. 



Since = » — 1 + a it follows from the ratio test that 

r(n + 1 + a) 

the series 


eo 



r(n + a) 




is convergent for every value of t Hence, by the comparison test, the 
series 


00 

I- 


Cn 


r(n + «) 


f* 


is convergent for every value of f. We consider the function/(f) which 
is defined as follows: 


/(O 


= fa-iV — ^ — f» = V — iff>0; 

‘ 4r(n + «) 4r(»i + a) ' 


= 0; if f < 0, 

and we propose to show that the Laplace transform of /(f) is ♦(*)• 
Note. If the real part of a ^ 1, /(O) = 0 while if the real part of o 



376 


THE OPERATIONAL CALCULUS 


lies between 0 and 1, /(O) is not defined (f(t) being not bounded at 
< = 0). Nevertheless the Laplace transform of f{t) exists in the 
following sense: . 

L(/) = I = lim I e-^^f(t) dt; 5 > 0. 

J+o a»oJfi 

In order to show that f{t) possesses a Laplace transform and that 
this Laplace transform is <l>{z) we consider the integral 

I'e-fW dt - J V- j * • > 

0 

Since power series permit term-by-term integration over any (finite) 
subinterval of their interval of convergence (this process of term-by- 
term integration remaining valid if the series is multiplied by any 
continuous function) we have 

JVyffl it = 

0 

- {/.' - ‘‘“I- 

«0 eo 

Now the infinite series / . — r I dt = / con- 

/-iT(n + a) Jo 

■ 0 o' 

verges (why?). Hence the infinite series 


JLt [r(7i + a) Jr 


dt\ 


converges with the limit 


Jo ' 


dt. 


If, then, we can show that 
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has at T = « the limit zero we shall have proved the existence of the 

00 ... 

(improper) integral I e-^{t) dt with the value > In other 

Jo 

0 

words we shall have proved the equality of the two functions L(f) 

00 

= di and <t>{z) = of z at all points a: of the real axis 

0 

which lie to the right of Xo. This implies (why?) that the Laplace 
transform of / is 0(z) at all points z to the right of Xa. 

Let us apply repeated integration by parts to the integral 


When n = 1 we obtain 


X 


fl-xtpt+a-l 


I dt h - 

JT z xJt 


r(« + i)e-«'«’7’«-i 


dt 

xT 


f zT , \ 


where |8 


xj c”**i*~‘ dt 

~r(a)e-*’’r“-> " 


When n = 2 wo obtmn 




g-xTI'ct+l 

dt h 


X JT 


■»7“ dt 


r(« + 2)<r->»’7’" » I (x7')^ xT 

r(« + 2) r(« + 1) 


+ Ph 


and, generally, 

f ,u = '’(« + '») ■: -n- > I (;7r _ (.r )-' 

JT a:'*i ' ll’(oi + w) r(a + 71 — 


1 ) 


+ 


xT 


r(a + 1) ^ 


If wc denote by r„ the remainder aft((r n tenns of tho eonvergent series 

M 

we have to examine the behavior at Z’ = « of the series 
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r v' f ixT”) I 

I (r. - rOS + - >•«) ^ 




+ 


+ 


+ » - 1) 
xT 


+ P\ ' 


1 } 


r(a + 1) 

eo 

where ro = / ~ The sum of p terms of the infinite series which 
L^x’^ 


multiplies is 


(ro - rO^ + (ri - r*) jj, + ^} + 

+ - r>) (r( p _ 


+ 


xT 


ftp + fi 


xT 


r(« + 1) 


+ 


+ rjp_i 


r(a + 1) 

(j-y)?-! 


+ 


4 


r(a + p — 1) 






r(a + p - 1) 


+ 


+ 


xT 


r(« + 1) 


+ P 


The series jS + 


xT 


+ 


+ , 


{xT) 


n— 1 


+ 


V . IS con- 

r(a + 1) r(a + W ““ 1) 

vergent for every value of T (prove this by means of the ratio test), and 
lim r, = 0 (why?). Hence the sum of the series 

p- OP 


TqP + 




rn-l) 


■ -!-••• -4-. ' ■ -f- B 

r(a + n) r(a+l) 


y(xT)'^^ 
r»_i 


Let 


r(a + n - 1) 

2 

€ be any assigned positive number, and determine the positive integer 
N such that [rn] ^ e is n ^ iNT. Since {rn} is a null sequence it is 
bounded; in other words there exists a fixed number C such that 

K N » 

\rn\ < C for every n. Writing 


we obtain 


y. 


r«_i 


ixT) 


n— 1 


4/ ”-‘r(« + »- 1 ) 


Y 

Lt\v{a + n~ 


l)l+‘Zjr(« + n-l)r 


Y (a:r)»-‘ 


tr+X 
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00 

Since lim = 0, every fc, it will follow that 

r-oo 4-/ 


(xT)'^^ 

Tn-i TT can be made arbitrarily small (by making T sufficiently 

r(a + n-l) 

eo 

|r(a 4- n — 1)1 **’* 

W+1 

T = 00 , uniformly with respect to JV. To show this we observe that 


Z/lr(« + »- 1)1 lr(a + N )1 lr(« + iv + i)l ‘ ‘ 

iV+l 

. xT , 

^ lr(a + 1)1 |r(« + 2)1 ■*“ 

x^T» 


|r(a)l l(a4-l)a 


■1 

_ ,V (aT)””^ ^ 1 (Url" la:2’|“+^ 

so tnat r- 2^ + n - 1) ^ l*“-‘r(a)l 1"]^ l«(a + 1)1 

iv+i 

• ■ • } . Denote xT by { and Ra by ai (so that ai > 0). Th 
!«! ^ 1« + l| > «! + 1, and so on, and l®Tl“ = (iT)"*, |®rl* 

= (®2’)“‘’''S and so on. Hence 


rpa-l y ! 

4r(« 

Af+1 


(.xT) 


in—l 


+ n- 1) 


1 [t° 

a:«-‘lr(«)l la 


+ 


{«i+> 


ai ai(«i + 1) 


Jai J«i+1 

Oil denoting by s the sum of the series 1 z r-rr + • • • we 

Oil ai(o{i+l) 

have — 6* — and since s is zero when { ~ 0 it follows that 


= dt < e*r(ai) (why?). Hence 


. V (xT)-^ 


Z/r(a + n - 1) 

iVH -1 


^ r(ai) 
*<«-'lr(a)f 


N = 1, 2, • • • , 2’ an arbitrary positive mimlxir. Hence, since 

er’Xfo-^fi — > 0 as 2’ — »■ eo , 



380 


THE OPERATIONAL CALCULUS 


lim 

T"" to 


[<”• - + S''* “ 1?^+^ +•••+«)] 


- 0 , 


or, equivalently, 


lim 

, JP«» 00 


00 

y 

Z-/r(a + n) JT 


^^,*+0-1 


This proves our main theorem: 

00 

The function 4>(z) = is the Laplace transform of the sum f(,t) 


V' 


Cn 


of Uie eoerywhere-cowergent infinite series ^ f"***”"', it being 

0 

understood that the series defining <l>(z) converges if \z\ is sufficiently large 
and that , the real part of the complex number a is positive. 


Example 1 

Set 4>{z) = ~ e * = 


(-1)- 1 ■ 
n\ 


The function of which <l>{z) is 


the Laplace transform is the sum /{^) of the everywhere-convergent 


series 


Onsetting« = (0* 


we have 


m 


^ Y(-l)»r»” _ 
Z/ Tiln! .2*" 


22 ^ (22) (42) 


= Jo(r). 


In other words /(4) = /o(2<^). Hence 


L{J'o(2f^)} = — > a: > 0 (why?). 
z 


Example 2 

Set <j>(z) = - 
z 

function of which 0 ( 2 ) is the Laplace transform is the sum f{t) of the 


1 -i 

Set (l)(z) = — c *, where the real part of a is positive. Then the 
z 
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oo 

everywhere convergent series / (— 1)" - , ^ r On settine 

?i!r(n + a) * 

t — we have 

eo 

1 ^2n+2a-2 

/(o = 

0 

_ 1 
e » 

In other words L{^ ^ = — 9 R(a) > 0, a; > 0. 

Example 3 

On setting a = -J- in our general theorem we have the following 
important special case of this theorem: 

The function of which ( ^0 + ^ + • • • + + * • • ) is the 

Laplace transform is the sum/(0 of the eveiywhere-convergent series 

1 / Cj< , , 1 

fwPr'T'^w'^'"i 

-.r«r«(c. + i‘(20 + 5^W+ ■■■). 

If we choose the coefficients c», Ci, C 2 , • • ' so that the expression in 
parentheses is cosh i.e., if wo set Co = 1, Ci = ■ ■> Cs = TT^' 

“ “ ■ • ■ ' ^ + (2W- 

• • • I turns o\it to be ITemsc Ij I — J = e** = I - ) e^. 

EXERCISES 


1. Show that T4(Hinh t^) 
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2. Show that L} Jo(0 1 “ (1 + Write (1 + as 




1 1 (1)(3) 1 

‘ z 2z« (2) (4) 


S. Show that L > 0. 


,^4 -4- 


4. Show thatL (sin ^ « ^,x> 0. 


5. Show that 


defined by erf x 


z(l + z»)J^ 


2z» 

■ L(erf t^), X >0, where erf » is the error function 


^ r 

Z«Jo 


e-i* a. Hint. « = | and r(|) = 


REVIEW EXERCISES 

In each of the following exercises where yon have to determine a Laplace trans- 
form indicate the values of z for which the result is valid. 

2a» 

1. Show that L(sin erf — erf cos ai) “ ^ ^2)*’ 


s 

2. Show that L(cos od cosh erf) « 4^’ 

2a» 

3. Show that L(sinh erf — sin orf) = :• 

Z* — a* 

4. Show that' a particular solution of the differential equation (D* -- n*)a? ■* /(t) 


1 f* 

IS rc «= - I 

n Jo 


/(r) sinh n(t — t) dr. 

5. Deterroine the particular solution of the differential equation of Exercise 4 
which is zero when x ^ 0 and when x = L 


6- Show that L{Ji(i)} * 1 Hint. Ji{t) » D/o(0 and 

L{Jo(0} *= (1 + (se® Exercise 2, at top of page). 

7. Show that L[tJiit ) } - (1 + z*)-H. 

8. Determine the rest solution of (D* -f aD)« =■ te"^. 

9- Determine the rest solution of (D^ -|- n*)x » a sin rrf. 

10. Determine the rest solution of (D* -h l)*a; » sin 

11. Determine the rest solution of the vector differential equation 


(D* - 4)x - (D + 2)y + (D - 2)z « sin 2t] 

2D® - (D* - 3)y -1- (D* - 4)z = 0; 

(D - 2)® - y 4- (D* - 4)z =» 0. 

12. Determine the solution of the homogeneous vector differential equation 
(D* - 3D -h 2)® + p - l)y = 0; 

-(D - 1)® + (D* - 5D -h 4)2/ = 0; 
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for which a;(0) « 0, 2 /( 0 ) « 1, Da;(0) - 0, Dy(0) » 0. 

13. Show that L{J'o(0} = (1 + 2 ^)“^ by applying the Laplace transformation 
to the equation tDH + Uw + i-u « 0. Note. Any linear differential equation 
whose coefficients are linear functions of the independent variable tranrfonns, 
under the Laplace transformation, into a first-order differential equation. The 
solutions of the original differential equation which are “lost” on applying the 
Laplace transformation are those which do not possess a Laplace transform (e.g., 
Ksiif) in the case of Bessel’s equation of zero order). 
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